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ARX models for time-varying systems estimated by
recursive penalized weighted least squares method
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Abstract. We consider the modeling problem for time-varying systems by Auto-Regressive models with eX-
ogenous variables (ARX) models. To track the variations of time-varying systems, we propose a new Recursive
Penalized Weighted Least Squares (RPWLS) method to estimate the ARX models. Furthermore, by virtue of
Generalized Information Criterion, the proper ARX models by RPWLS are selected. Numerical examples are
provided to verify the performance of the proposed RPWLS method.
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1. INTRODUCTION are often used for balancing between the fitting and the smooth-
ness as well as for stabilization of the estimated parameters [4].
O We consider systems in which variables dfelient kinds in-  Selection of an appropriate model structure is crucial for a
teract mutually. While time-invariant systems are most commeqccessful modeling application. Akaike’s Information Crite-
way of describing a dynamical phenomenon, it is also quite gfon (AIC) [1] and Schwarz's Bayesian Information Criterion
ten useful or necessary to employ time-varying systems. Atim@iC) [7] can be used for the ARX model evaluation and selec-
varying system has parameters which are dependent to timeidh when the models are obtained by maximum likelihood es-
contrast to a time-invariant one. A typical example for tim&imation (MLE). However, AIC and BIC cannot be used in the
varying systems is the flight of the aircraft. Its time variardcenario for estimating the ARX models by RPWLS. This prob-
characteristics are caused byfelient configuration of control |lem may be solved by using the Generalized Information Crite-
surfaces during takefl cruise and landing as well as constantlyion (GIC) [3]. GIC can be used to evaluate statistical models
decreasing weight due to fuel consumption. estimated by various procedures other than MLE. In our previ-
It is not only theoretical but also practical interests to invegus study [6], we derived the GIC for time-invariant ARX mod-
tigate modeling methods for time-varying systems. For examis estimated by the penalized weighted least squares (PWLS)
ple, in adaptive control designs, it is necessary to construcingthod. As a natural continuation of that study, in this paper,
time-varying model, based on which the adaptive control cafe investigate what GIC carffer for evaluation and selection
be modified. In this paper, we discuss the estimation methodgfARX models estimated by RPWLS.

Auto-Regressive models with eXogenous variables (ARX) mod-The rest of the paper is organized as follows. Section 2 de-
els with time-varying parameters. scribes the ARX models estimated by RPWLS. GIC for select-
To estimate the ARX models for time-varying systems, rectifg the time-varying ARX models by RPWLS will be specified
sive modeling methods, such as recursive least squares mefackction 3. In Section 4, the numerical examples are provided.

and recursive instrumental variable method, have been propoggshilly, the discussion is stated in Section 5.

[5]. These two recursive methods do not take the regulariza-

tions of the ARX coficients into consideration. However, it

is known that regularization techniques are important when the

Hessian is an ill-conditioned matrix afod the model is spec- 2. ARXMoDELs ESTIMATED BY RPWLS

ified by too many parameters in comparison with the sample

size ([5], Sect. 7.4). To deal with such a problem, we déett denote the present time. The ARX model can be formu-

vised the recursive penalized weighted least squares (RPWIa&gd as follows.

method. There are two reasons for employing RPWLS. First, to m n

make the estimated ARX models capture the variations of t Vi = Zai)/t-i i Z'szut_j +a  &~N@O 02

time-varying system, we should assign less weight to the older = =

measurements that are no longer representative of the system.

Therefore, samples need to havfealient weights. fort = 1,---,N, wherey; € R is the output (target variable),
Second, regularization techniques for parameter estimatiorne RP denoteg external inputs (explanatory variables),c R
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andg; € RP are codicients, andn andn are the ARX model we can specify the weights in (3) up to the current tik@s
orders satisfyingn > n. follows:
0 ift<sN-7
2.1. RRAMETER ESTIMATION BY PWLS (5) We = { Net
ot if N—7t<t<N

The ARX models are estimated by minimizing the followingvhere 0< p < 1, andr is a pre-assigned natural number less
function based on the measuremefy), u(t)} with t = 1 - .oy

m2-m..0L....N The assigning method of the weights in (5) implies that the
N data withr steps before and more are totally discarded. Further-
2) Jpwis = ZW‘ {[yt - higl? + o€ Kg} more, the data are put _Iess weights exponentially as time steps
t=1 apart from the current timhl. Hence,r should be chosen to be
. . small if the system seems to be varying in a short period.
wherew; > 0 is the weight of thé-th sample, and Suppose t)kqat the data at tintes 1y_ 312 “m.. 8 1 N
h = , N (m+np x 1 are available. Le¥Wy denote the weight matrix at timg, The
v (yt‘l Yz oo MemUg Upp oo ut—“) -(m+np)x weight matrices can be formulated as follows:
£ = (o2 am By By -+ Bh) 1 (M+npx1 (6) Wy = diag(0.....0,0,p" ", p"2,....p,1) : N x N
LKy O - O Then, the estimated cfiiient vector based on the weight ma-
O LK, --- O trix (6) is given by the following formula:
K = ) :(m+ pn) x (m+ pn) R i
: Do Ev = (H'WWH +tr(Wy)o?K) ~ H'Wyy
(0] o - K
N
Here,K; : mxmis a positive-semi definite matrix corresponding7) = By [ Z N hiYi]
to the auto-regressive term of the formula (1), &d p x pis i=N—r+1
also positive-semi definite corresponding to the exogenous tewpT ere
Now, 4; > 0, A, > 0 are the regularization parameters to be
-1
tuned. N i 1-p"
The target function (2) can be also reformulated as follows: En = [ Z P 'hih + 1-p g K]
i=N-7-1
3)  Jpwis= (Y- HEY W(y — HE) + tr(W)o %' K¢
2.3. NON-REGULARIZED CASE
where
, In the special case df = O, i.e., without regularization case,
y = ( yo 2 o0 W ) PNx1 the parameter estimation formula (7) has a recursive formula,
H - ( hy hy - hy )/ N x (m+ pr) which is found in ([5], Sect. 11.2).
W = diag(wi,Wa,...,wy) i NxN. A

En_t + CNEn-1hn

(8) én

Here, diag(--) means a diagonal matrix. Léﬁ\, denote the

PWLS estimator obtained by the measurements up to Nime YN — h;\lgN—l

Then by solving the equatiofJpw s/ = 0, the PWLS esti- ©) N o + hyEn-1hy
matoréy that minimizesJpw s can be obtained as
_ En-1hnhyEn-1
2 -1 10 2y = g, , — ZNZ1TNTIN=N-T
(4) En = (H'WH + tr(W)o?K) ~ H'Wy. (10) N p ( N+ hEnth

The numerical results in our previous study [6] indicated thﬁere
the ARX models estimated by PWLS performed very well for
time-invariant systems. However, as a kind @flne estimate  w,_, = diag(o, .,0,0,07 L 072, o1, 0) “ N x N.
procedures, PWLS cannot adaptively handle the variations of
time-varying systems adaptively. Recursive methods are a pop-
ular way of solving such a problem.

,2N-1 andéy_y are derived by using the weight matrix:

2.2. RROPOSAL OF PARAMETER ESTIMATION BY RPWLS 3. GICror THE ARX MODELS ESTIMATED BY RPWLS

A natural way to track the variations of time-varying systemsjere, we will calculate GIC for the ARX models estimated by
the natural way is to assign less weights to older measuremeRBBWVLS at timeN. Defined = (£, o) and letf(y: | Ov) de-
that are no longer representative of the systems. Accordingipte an estimated ARX model, in whiély is an M-estimator
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obtained by solving the following implicit equation:

(11)

with ¢ being referred to ag—function [2]. According to [3],

N ~
D Wy 00) =0
t=1

the following theorem gives GIC for the models.

Theorem 1(GIC for M-estimators) GIC for f(y; | @N) can be

calculated as follows :

(12)

t=1

where matrices R and Q given by

(13)

(14)

An ARX model means that a conditional distributionypfis
a normal distribution having measj¢ and variancer?. Based
on this fact, we can construct/a-function as follows:

N
> vy 6)
t=1

(15)

By solving the equation (15), we arrive at the estimakgifor
the ARX models at time\:

aN:[‘f

The GIC for the ARX models obtained By, can be gotten from

ON

I}
2|~
M=

1 < Ay, 0)
_Nz—t

00

0=9N

N
GIC=-2)"log f(y | &n) + 2tr(R'Q)

5 101og (v

(Wi, On)

0

|0)‘

A 1,
;W‘a_e {'09 f(ye160) - é‘f Kf}

0-0,

ZHWA(y - HE) - trWh)KE

—tr(WN) + 1
(o

o3

EnHWyy

), Wy (y— HéN)

the following proposition.

Proposition 1. The GICs for the ARX models obtained lﬁ,q
are calculated as follows:

GIC

(16)

GIC(m,n, p, p,

) ]: J(y—HEN

A1, A2)

N
—ZZ[Iog fye | On)
t=1

- Wté-ﬁ,tr{(

—_—1
Ey A
a 2trown)

tr(Wi)

)

b — Kéy
C

I

(y — HE) Wi(y — HE)

bt
G

=0.

i

Y
u  —  uk z(k) z Jayt

—— H Pe 2 S —O0—

Figure 1: Input-output data sampled from a continuous-time
process

where
(17) a = 2tr(Wy)onKéy
1 )2
(18) b = &—ﬁ(yt—hth)ht
1 1 ;2 \2
(19) G = —5_—N+67(yt—hth)-

The readers are referred to [6] for the proof.

Finally, we can select the ARX models estimated by RPWLS
up to timeN by choosing the tuning parametersn, p, p, 11,
and., that minimize GIC inProposition 1.

Note here that the tuning parametdisand A, are used for
specifying the matrix<. Note also that the time-range param-
eterr can not be determined by minimizing GIC because the
likehood monotonically increases afecomes small.

4. NUMERICAL EXAMPLES
4.1. Stup oF ARX MODELS

Consider the Single-Input Single-Output (SISO) continuous-time
process; observed by a sampling peridd= 0.2 (second) in
Figure 1.

In Figure 1,H is a zero-order holder which transforms the
discrete-time input signal into a continuous-time signalk):

uk) = u if (t— )T <k<tT.

S is a sampler which transforms the continuous-time out(}t
into a discrete-time signaj:

z = ZK6(k—tT) for t=0,1,...,N

where

The discrete-time outpuat is corrupted by measurement noge
andy; is the measurement output. The continuous-time process
P is described by the following time-varying transfer function:

Y __ a)s+ak
U(9) ~ ba(K)S? + by(K)s + bo(k)

Pc:G(s k) =
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whereY(s) andU(s) are the Laplace transforms y(k) andu(k)
respectively, and are defined as follows:

fo B y(k)e Sk

f ) u(k)e Sk

0

Y(9)

U(s)

Here, a;(k), ag(k), ba(k), by(k) andbg(k) are continuous time-
varying codficients. In system and control theory, sudi(a, k)

Output

ut

is often used to describe the relation between the input and th

output of a time-varying continuous-time system [5].

i
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To obtain the input-output data, the system in Figure 1 is ex- () w

cited by using the input; which is a zero mean white signal with

variance 1. The simulation is conducted with the measurement

noise of NSR (noise to signal ratiol0%. NSR is defined as the

ratio of oe/0,, Whereoe ando, are the standard deviations of _ S
the measurement noise and of the noise-free output respectively. Figure 2: Input and output of time-invariant pattern
The time-varying coicients are operated in the following sub-

sections: 4.2. time-invariant pattern, 4.3. switching pattern aﬁ‘gble 1: Selected ARX models and the fimgent of determina-

4.4. constantly varying pattern.
Based on GIC, we select the proper tuning parameters A
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tion for time-invariant pattern

40
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andp for the ARX models. Thenandn are selected among the rm n p A1 A RZ

set{1,2,...,5}, 4 is selected fromy; = 1071, 1072, ...,10°1° 201 2 2 099 107 1073 | 0.9845
(i = 1,2) andp is selected fronp = 0.80, 081, ..., 0.99. Be- 40| 2 1 099 1067 102 | 0.9875
cause the system in Figure 1 is SIS©; 1 is fixed.K; andK; 60| 2 1 099 107 103 | 0.9877

are two diagonal matrices in which the diagonal elements are the

inverses of sample variancesypfindu; respectively. Then with

the selected tuning parameters, the ARX models are estimated

by the proposed RPWLS methods. All the simulations in tHfe3. CASE 2! SWITCHING PATTERN

following subsections were run for 80 seconds. The numerical ) ) )

results are shown in the following subsections. In this pattern, the transfer functids(s) is sw_ltched from one
Note that if the proper tuning parameters are selected by GR9del to another at 40 second as the following:

m andn are fixed in the recursive estimations of ARX models.

3s+1
However, in some cases andn are also time-varying. In such 213571 for 0<k<40
cases, the recursive calculation procedure of GIC is necessary G(s k) =
and this will be studied in the further research. 10s+5 for 40 < k < 80
2 +5s+5 -

The switching pattern simulates the variations of loading@nd
operation conditions in industry. The input and output of the
switching pattern are shown in Figure 3.

The numerical results selected by GIC toe 20,40, 60 are
listed in Table 2. Numerals in boldface denote the maximum
codficients of determination.

The numerical results indicate that GIC seleated 2 and
n = 1 forr = 20,40. This is identical to the orders &f(s, k).

We used tlme_-lnvarlant pattern to simulate a S_tea‘?'y IndusmIéHerefore, the minimal realizations of models are selected for
process. The input and output data are shown in Figure 2. Tpe

8 < - = 20,40. The cofficients of determination shows that
numerical results selected by GIC for= 20,40, 60 are listed in
; . : should not be too large.

Table 1. Numerals in boldface denote the maximunfiotients
of determination.

The numerical results indicate that GIC seleated 2 an
n = 1 for r = 40,60. This is identical to the orders &(s). .
Therefore, the minimal realizations of ARX models are selecttlé%;r;faﬁ?lns;ﬁg:yevsaxggtiasgem’ the transfer functigfs k)
for r = 40,60. The cofficients of determination indicated that y 9
7 produces trivial &ects on the selection of ARX models. This
is in accordance with the fact th@(s) is time-invariant.

4.2. Case 1: TIME-INVARIANT PATTERN

In the time-invariant pattern, the transfer functi@é(s) is sup-
posed to be as the following:

3s+1

G(s) = 282 +3s+1°

d 4.4, Case 3. CONSTANTLY VARYING PATTERN

(3+0.2k)s+1

Gk = G007+ @ 000sr 1




Pan Qin, Ryuei Nishii, Tadashi Nakagawa and Takayoshi Nakamoto 113

EP| 5
‘_% 0.5 ‘_% 0.5
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Time(sec) Time(sec)
Figure 3: Input and output of switching pattern Figure 4: The input and output of constantly varying pattern

Table 2: Selected ARX models and the fiméent of determina- Table 3: The selected ARX models and theftioeent of deter-

tion for switching pattern mination for constantly varying pattern for constantly varying
pattern

T m n P A1 Ao R2

200 2 1 095 107 10° | 0.9715 Timn op A A R*

40| 2 1 098 107 104 | 0.9455 20 2 1 0.94 10° 10| 0.9469

601 2 2 099 107 103 | 0.9251 40 2 1 0.96 10° 10*“ | 0.9448

60 2 1 099 10° 10* | 0.9270
We used such a pattern to simulate the constantly variations such
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