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Abstract. Compound distributions appear in applications to queueing theory and to risk theory.
A local property of those distributions on the real line is discussed. The result helps to derive
equivalnce conditions to be local subexponential for infinitely divisible distributions on the real line.
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1. INTRODUCTION AND RESULTS

Let ¢, (1, (3 be distributions on R. We write ("* for the nth-
convolution of ¢ with itself, and (3 * (2 for the convolution
of ¢; and (3. Furthermore, we denote by ((x) = (((x,0))
the right-tail of (. The class S of distributions on R is
defined by the requirements

lim M

(1) =1 forseR,

()

() _

lim = =
v=oo ((2)

Then ( is called subexponential. The condition (1) is not

(2)

needed in the case of subexponential distributions on [0, 00).

Here we mention that the class S plays an important role in
many applications (for instance, see [3, 4, 8, 9, 10, 14, 15]).
Nowadays the study of subexponentiality has a trend to-
ward more detailed properties. Any subexponential distri-
bution 7 satisfies

¢ (x) ~ n¢(w)

and thereby we have
" (2,2 + T]) = o((())

for any T with 0 < T < oo. More detailed properties
of n"*((z,z + T]) have really been investigated in some
papers [1, 2, 5, 16, 17]. Although the theory was scattered,
Asmussen, Foss and Korshunov have recently developed
the systematic theory. They introduced the notion of local
subexponentiality in [1]: Fix 0 < T' < oo and write A :=
0,TVand 2+ A :={z+y:y € A} = (z, 2+ T).

Definition 1.1. We say that a distribution ¢ on R belongs
to the class La if ((z + A) > 0 for all sufficiently large x
and

3) Clx+s+A)

Clx+ A)

— 1 asz — o0,

81

uniformly in s € [0,T].

Remark 1.1. We can choose a function h(z) — oo that
(3) holds uniformly in |s| < h(x). Furthermore, we always
take a function h(x) such that h(z) < z/2.

Definition 1.2. Let ¢ be a distribution on R. We say that
¢ is A-subexponential if ( € LA and

(4)

Then we write ¢ € Sa.

CHx+A) ~2(z+ A).

Remark 1.2. It follows from the definition that the class
Sa is included among the class S.

Our aim of the present paper is to investigate local subex-
ponentiality of infinitely divisible distributions. The reason
why we focus on those distributions is that they appear in
some probabilistic model. An infinitely divisible distribu-
tion p on R with Lévy measure v is characterized by its
characteristic function

/R %1 d)

exp [ — 271z + iz

o(2)

-|—/R(ei” -1- izm1{|x|§1}($))y(dx)]>

where v({0}) = 0 and [ (1A2?)v(dz) < oo, and a > 0 and
v € R. If p is an infinitely divisible distribution on [0, 00),
the characteristic function ¢(z) is represented as

)

p(z) = exp l/{o )(ei” — Dv(dx) + ivoz

where v({0}) =0, f[o ooy (1AZ)V(dz) < 00 and 7o > 0. The
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normalized Lévy measure vy is defined by

vay(dr) = ml{m>l}($)y(dx)'

In probability models, we often find a fact of the follow-
ing type: Let p and n are distributions on R. Then p € S
if and only if n € §. Moreover, if p € S, then

n(x)

lim ——= =c¢ € (0,00).

oo B(a)

The distribution p and 7 is what is called an “input”and an
“output”. The Cramér-Lundberg model, which is a basic
insurance risk model, is such a model. In this case, 7 is
an infinitely divisible distribution and p is its normalized
Lévy measure. Then Theorem A below is useful. We in-
troduce the early important work by Embrechts et al. as
Theorem A. See [7] for details: Let functions f(z) and g(x)
be nonnegative but positive for all sufficiently large z. If
the functions f(x) and g(x) satisfy
f(x)

lim —+ =1

Tr— 00 g(x) ’

then we write

f(@) ~ g(x).

Theorem A (Embrechts et al. (1979)) Let p be an
infinitely divisible distribution on [0, 00) with Lévy measure
v. Then the following assertions are equivalent:

() pes; (i) v €S (i) ale) ~ 7(x).

This result is extended to infinitely divisible distributions
on R by Pakes. See [11, 12]. Now we examine the Cramér-
Lundberg model in detail: The model is as follows. The
claim sizes {Xj}ren are positive i.i.d. random variables
having non-lattice distribution p with finite mean. The
claims occur at the random instants of time

O<Ty <To <--- a.s.
Then the inter-arrival times

Yl :Tlayk:Tk_Tk—hk:QvBa'”

are i.i.d. exponentially distributed with finite mean A7!.
In addition, { X} and {Y%} are independent of each other.
The number of claims in the interval [0, ¢] is denoted by

N(t)=sup{n>1:T, <t},

where we understand sup @ = 0. The total claim amount
distribution 7 up to time ¢ is defined by

H
~

]
o
\Y
8

7(z)

= ()"
- ( )pn*

n=0

(),
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where p%* is interpreted as the delta measure at 0. Then p
is an input, and 7 is an output whose distribution is com-
pound Poisson, that is, infinitely divisible on [0, 00). Let
p be subexponential. Theorem A yields that 7 is subexpo-
nential and
Ti(z) ~ M p(a).

As seen above, a compound distribution is important from
the viewpoint of applications. First, we consider local
subexponentiality of the distribution. A compound dis-
tribution 7 on R is defined by

ni=> pp*,
k=0

where p is a distribution on R and {px}72, is a discrete
probability such that

(6)

o0
po+p1 <1 and Zpkzl.
k=0

Qur result is as follows:

Theorem 1.1. Let n be a compound distribution satis-
fying (6). Suppose that p € LA and

(7) / e~ Yp(dy) < oo for some e > 0,
R

o0
Zpk(l + 5)k < oo for somed > 0.
k=0

(8)

Then the following assertions are equivalent:

(i) n € Sa; (i) p € Sa; (i) n(w+A) ~ p(z+ A)> kpy.
k=1

Theorem 1.1 immediately yields the following corollaries.
The proofs are omitted. In [16], the corollaries are already
delt with but need the assumption corresponding to The-
orem B below. If p is a distributions on [0, c0), Corollary
1.2 below is also found in [1].

Corollary 1.1. Let py = (1 —c)c¥, where 0 < ¢ < 1.
Suppose that p is in LA and satisfies (7). The following
assertions are equivalent:

() m € Sas (i) p € Sas (i) na+4) ~ T—p(a+A).

Corollary 1.2. Let p, = e~°c¥/k!, where ¢ > 0. Sup-
pose that p is in La and satisfies (7). The following asser-
tions are equivalent:

(i) n € Sa; (ii) p € Sa; (iii) n(z + A) ~ cp(x + A).

Example 1.1. Consider the Cramér-Lundberg model
again. By virtue of Corollary 1.2, if the claim size distri-
bution p is A-subexponential, then so is the total claim
amount distribution 7 and we have

(9) n(z + A) ~ Xtp(x + A).
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The equivalence of (ii) and (iii) in Corollary 1.2 is already
proved in Theorem 6 of [1]. So (9) is also shown by the
theorem.

The distribution 7 in Corollary 1.2 is called compound
Poisson, and is a typical infinitely divisible distribution.
Theorem 1.1 is helpful to obtain the result concerned with
local subexponentiality of infinitely divisible distributions.
Here we state the fact that have been known. One is
pointed out by Asmussen et al. To be precise, it is Theo-
rem 7 of [1]. The assertion is correct, but the proof that (ii)
implies (i) (see Theorem B) is lacking. We give the proof
as Proposition 3.1 in Sect.3. In what follows, we denote by
IDA the class of all infinitely divisible distributoins p on
R such that v(x + A) > 0 for all sufficiently large x.

Theorem B (Asmussen et al. (2003)) Let p be an in-
finitely divisible distribution on [0,00) with Lévy measure
v and let p € IDA. Furthermore, let 0 < T < oo, and as-
sume v(1y € La. Then the following assertions are equiva-
lent:

(i) vy € Sa; (i) v(z + A) ~ p(x + A).

Let p be an infinitely divisible distribution with Lévy
measure v. Through this paper, we decompose p as p =
11 * pa , where we put ¢ = v((1,00)) and p is a compound
Poisson distribution with Lévy measure cv(;). Then the
characteristic function ¢4 (z) of p; is represented as

p1(z) = exp [/(1 )(eizz _ l)z/(dx)] )

Another is due to Wang et al. See Theorem 4.2 of [16].
They showed that the equivalence condition p € Sa is
added to Theorem B under a certain condition ((10) be-
low):

Theorem C (Wang et al. (2005)) Let u be an infinitely
divisible distribution on [0, 00) with Lévy measure v and let
w € IDA. Furthermore, let 0 < T < oo, and assume that
there exists an integer k = k(c) > 0 such that

(10) ck™! <log?2 and ,u]fil* € L.

Then assertions (i) and (ii) of Theorem B and the following
assertion are equivalent:
(iii) p € Sa

Here, for t > 0, ut* is defined by the distribution having
the characteristic function

(1(2))" = exp lt /(1 )(em" - 1)V(dx)] .

We have succeeded in eliminating the condition (10) of
Theorem C, and have obtained a result in the case of in-
finitely divisible distributions on R. We find the necessity
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of the condition (11) below on the left-tails. Our result is
as follows:

Theorem 1.2. Let v be an infinitely divisible dis-
tribution satisfying (5) and let p € IDA. Suppose that
vy € La. Furthermore, we suppose that

(11) / e"“Yu(dy) < oo for some € > 0.
R

Then the following assertions are equivalent:
(i) p € Sa; (i) vay € Sa; (iil) v(z + A) ~ p(z + A).

Remark 1.3. For any € > 0, [, e"Yu(dy) < oo if and
only if f:olc e~ Yu(dy) < oo.

At the end of this section, we introduce two notations
which we use in the remaining sections. If the functions
f(z) and g(x) satisfy that

0< liminf@ < limsupM < 00,
e=00 g(x) T a—oo 9(2)
we write
f(z) < g(z).

For a distribution ¢ and a measurable function f(z), we
write

f(@)¢(dx)

(a;b]

l?@x@w:

for —co <a < b< 0.

2. PRroor or THEOREM 1.1

First of all, we mention a fundamental lemma to character-
ize local subexponentiality. It is analogous to Proposition
2 of [1].

Lemma 2.1 Let p be a distribution on R. Furthermore, let
X1 and X5 be independent random variables with common
distribution p. Then the following assertions are equiva-
lent:

(i) p € Sa

(ii) There exists a function h(x) such that h(z) — oo,
h(z) < /2 and p(x —y + A) ~ plx + A) as x — ©
uniformly in |y| < h(z), and

(12)  P(X1+Xs €x+A,|X1| > h(z),|Xa| > h(z))

— olp(z + A)).

Proof. Let h(z) be a function satisfying that h(z) — oo,
h(z) < z/2 and p(x —y + A) ~ p(x + A) as z — ©
uniformly in |y| < h(z). Put B := {X; + X5 € z + A}.
Now we have

p**(x 4+ A) = P(B) = P(B,|X1| < h(z))
+P(B, |X2| < h(z)) + P(B,|X1]| > h(z), | X2| > h(z)).
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Here we have
P(B,|X1| < h(z))

= [ eyt Apldy) ~ pla+ ),
ly|<h(z)

In the same way as above, we have
P(B,|X3| < h(z)) ~ p(z + A).
These imply the equivalence of (i) and (ii). O

The lemma corresponding to Lemma 1 of [1] is as follows:

Lemma 2.2. Let n and p be distributions on R. Suppose
that p is in La and satisfies (7). If n € Sa and

(13) plz+A) < n(z+A),

then p € Sa.

Proof. Let X7 and X5 be independent random variables
with common distribution p. Furthermore, let Y7 and Y5 be
independent random variables with common distribution .
By virtue of Lemma 2.1, it suffices to show that

P(X, + Xs €2+ A, |X1| > h(x), | Xa| > h(z))
= o(p(x + A)),

where h(z) is a common function associated with p and 7.
Put B := {X; + X3 € z + A} for > 0. Since

P(B,X; < —h(z), X2 < —h(z)) =0,

we consider only three cases: Let x be sufficiently large.
Take € > 0 satisfying (7). Since p € La, there is M > 0

such that
plz—y+A)

plz+A)
for all y < —h(z) (see Theorem 1.3.1 of [6]). Hence we have
P(B, X1 < —h(z), X2 > h(x))
plz +A)

_/ P(Xsex—y+ A, Xe > h(x))
(—o0,—h(z)) p(x + A)

< Me™

p(dy)

plz—y+A)
< ————r(dy
/(—oo,—h(m)) p(x + A) pldy)

—0

as r — 0o. In the same way as above, we have
P(B,X; > h(x), X < —h(z))
p(z+A)

Lastly, we have

—0 asz — oo.

P(B,Xl > h(.’l?),XQ > h(l‘))

z—h(z)
= / p(z —y+ A)p(dy)
h(x)

z—h(z)+T
_|_/ P(Xy ez —y+ A Xy > h(z))p(dy)
z—h(z)

=J1+ Jo.
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Here we see
Jo < p(xz — h(z) + A)P(X:1 > h(z)) = o(p(xz + A)).
Let x be sufficiently large. There is ¢; > 0 such that
px—y+A)<cnlz—y+A4)

for all y < x — h(x). We see that, for sufficiently large x,

Ji

IN

z—h(z)
a1 /h( ) n(x —y+ A)p(dy)

Clp(Xl +Y €x+ A,Xl > h(x),Yl > h(l’))

z—h(z)
= /h( ) plx —y+ A)n(dy)

z—h(z)+T
v oe / P(Xy €z —y+A, Xy > h(z))n(dy)
z—h(x)

IN

IN

z—h(z)
cf /h( | n(x —y + A)n(dy)

+c1 P(X1 > h(z))n(z — h(z) + A)
AP+ Yy €x+AY] > h(x), Yy > h(z))
+o(n(z + A))

= o(n(z+ A)).

IN

We used Lemma 2.1 in the last equality, because n € Sa.
As we have (13), the lemma has been proved. O

Let {X,,}52, be i.i.d. random variables with a common
distribution p. Put

Sy, = ZX’“ for n > 1.
k=1

The lemma corresponding to Proposition 4 of [1] is as fol-
lows:

Lemma 2.3. Let n and p be distributions on R. Suppose
that p is in LA and satisfies (7). Furthermore, let n be in
Sa and satisfy that

(14) -/Refeyn(dy) < 00

for some € > 0 and

A
lim sup M < 00.

(15) mSP e A

Then, for any 6 > 0, there exist xg =
V(8) > 0 such that

P (a4 A) < V(8)(1+8)"n(z + A)

zo(d) > 0 and

(16)
for any x > xg and any n > 1.

Proof. Let Y7 be an independent random variable of X3
with distribution 7. For g > 0 and k > 1, we put

kx

P (x + A)
A = _—
FTN et D)
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By virtue of the conditions (7) and (14
guments of Lemma 2.2, we have

), following the ar-

P(Yl + X, €x+ A, |Y1| > h($)7 |X1| > h(l‘))

— o(n(z + A).
Take € > 0 satisfying (14). As n € La, there is My > 0
such that
n(z—y+ A) _
— < <M €y
nw+a) =0

for y < 0 and sufficiently large z. Let b > 0 and take

sufficiently large x. Then we have

PYV1+Xiex+ A, X; <z—h(x))

(/ v %ﬁhm> (Y1 €z —y+ A)p(dy)

< Min(x + A)/

— 00

Yp(dy)

h(z)
+/ n(x —y+ A)p(dy)

—b
+P(Y1 + X € 1‘+A,Y1 > h(I),Xl > h(ZE))

Let §; > 0. Take sufficiently large b. Then there is ¢y > 0
such that

PVi+Xiex+A X <z—hx) <{A+d)n(z+A)

for x > xg. Let n > 2 and & > zo. Then we have

P(S, ex+A) P(S,cx+ A X, <z—h(x))
+P(S, € x+ A, X, >z — h(z))

J1+ Jo.

In addition, we take x; > 0 such that z; > z¢ and h(z) >
xg for x > x1. For z > x4,

z—h(x)
5= / P(Sp_1 € —y+ A)P(X, € dy)

— 00

z—h(z)
An_q / n(x —y+ A)P(X,, € dy)

— 00

Anflp(yvl +X,ex+ A7Xn <z— h(.’L‘))

IN

N

Here, if necessary, we take x¢ and x; such that

Li:= sup (nz+A) ! <o

ro<zx<T]
Then, for any = with x¢ < z < x1, we have

Jl S 1 S L1U($+A).

85

Let b > 0. We have

JQ = P(Sn—l + Xn €Ex+ A7Sn—1 < h(l’) +T7

X, >z — h(zx))

IN

b
/ P(X, €2 — y+ A)P(Sy_1 € dy)

o0

h(x)+T
+/ P(X, ex—y+A,
—b

Xn >z —h(z)P(Sp—1 € dy)
= Jo + Jao.
Let §; > 0. Here we can take sufficiently small ¢; > 0 such
that

/ e p(dy) < 1+ 6.
R

There is My > 0 such that

plz—y+A) plx—y+A) n@—y+A)
n(x+A) nx—y+4A)  n@+A)
S M26761y

for y < 0 and sufficiently large . Hence we obtain that,
for sufficiently large b,

—b

Jo1 < e~ YP(S,_1 € dy)

Mon(z + A) /

— 00

n—1
Ahmw+A)(ée*”pww>
< Mon(z + A)(1+6)"

IN

Here, if necessary, we take zg > 0 such that

L plz —y+A4A)
9 = sup —_— 7
—bey<h(@+T NT+A)
r>x0
_ qp  PEoytA) @ —y+ 4
—bey<h(@)+T N(T =y +A) n(z+A)
Tr>T0
< 00.
Hence,
Jog < sup P(XHEJJ—y—FA)
—b<y<h(z)+T
< Lon(z +A)

for x > x3. We consequently obtain that
Ay < (14 061)An_1 + (L1 + La) + M (14 61)" "
for x > xy. By induction, there is V; > A; such that
A, <Vin(1+6)"

for x > xg and n > 2.

Here there is a positive integer ng > 2 such that n < (1 +
§1)" L for n > ng. Taking 6 = 281 + 62 and V(8) = noV,
we obtain (16). O



86

The lemma corresponding to Proposition 3 of [1] is as
follows:

Lemma 2.4. Suppose that p is a distribution on R in
Sa. Let pj for j =1,2 be a distribution on R such that

pi(z+A)
plz+A)

for some constant c; > 0. Furthermore, we suppose that
for 3 =1,2, p; satisfies

(17) — ¢ asxT — 0o,

(18) /Re_ejypj(dy) < oo for some e; > 0.

Then

p1* p2(z+A)

(19) plx + A)

—cCc1+cy asx — o0.

Proof. Let h(z) be a function satisfying Lemma 2.1 (ii).
Furthermore, let X; and X5 be independent random vari-
ables with distributions p; and po, respectively. Put B :=
{X1 + X2 € z+ A}. Then we have

p1* p2(z +A)
= P(B,|X1| < h(z)) + P(B,|X2| < h(x))
+P(B,|X1| > h(z), | Xa| > h(z)).

Here we have that

P(B, | X1] < h(z))

/ PXoexz—y+A)
ly|<h(z)

plx + A) plz —y+A4)
X Wm(dy)

as x — oo. In the same way as above, we have

P(B, | X,| < h(x))
plz+A)

— 1 as x — oo.

Let x be sufficiently large. As p € La, there is M > 0 such
that

plz —y+A4)
plz +A)

for all y < —h(x). Let § > 0. This yields that

< Me—fly

PX1+ X ex+ A Xy < —h(x), X2 > h(x))
plz+A)
</ pa(z —y+A) plr—y+A)
(—o0,—h(z)) P(T—y+A) plx +A)

p1(dy)

< M(ea + 6)/ e~ Yo (dy)

(=00,—h())
for sufficiently large > 0. Hence,

P(Xi+Xo€x+ A, Xy < —Nh(x), Xy > h(x))
plz+A)

—0

Journal of Mathematics for Industry, Vol.1(2009B-1)

as x — oo. In the same way as above, we have

P(Xl +Xo€ex+ A, X > h(l‘),Xg < —h(x)) -
plz+A)

as x — 00. The remaining part follows from the arguments
of Lemma 2.2. We conclude that

P(B,[X1] > h(z),[Xz| > h(z)) = o(p(z + A)).
The lemma has been proved. O

In the case where p is a distribution on [0, 00), the fol-
lowing lemma is showed in [16]. Hence we prove it in the
case where p is a distiburion on R but not on [0, 00).

Lemma 2.5. Let p be a distribution on R satisfying (7).
Let N be a positive integer. If p € La and pN* € Sa, then
p € Sa.

Proof. Suppose that N > 2 and p((—oc,0)) > 0. Put

pr =1 Lasoy(@)p and  po = ¢y pacy(2)p.
Here ¢; = p([0,00)) and ¢z = p((—o0,0)). Then

p=cipy + C2p—.

It is obvious that p™* > c{vpf* and, by Proposition 1 of
[1], that p* € La for n > 1. Suppose that there is a
sequence {z,} such that lim z, = oo and

N A
lim pi(@n +4)

Py 2 In T2 .

Let 1 < k < N —1 and let n be sufficiently large. Take
€ > 0 satisfying (7). As p§* € La, there is M > 0 such
that

< Me™Y
P (20 + A)

for y < 0. Hence,

(20) e s )V (@, 4 A
PACENEN
_ At A /0 P (En =y + B) Nk g
PN (@ +A) S P (a+A) 7T
kox 0
P (wn + A) ey (N—k)
< LV T R e d
S Nt A) ) p= 7 (dy)
o Pt

X pf*(mn +4)
oV (@0 + B)

(/R e Yp_ (dy)> o :

Here, by Fatou’s lemma, we have

N A
liminf% > 1.
R et A)
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The right-hand side of the last inequality in (20) goes to 0
as n — o0o. Hence we obtain that
N
1 = lim p_\nT2) (0 +4)
B ¥z, + A)

n+ A
< clhmmmfilfgtgl
n—oo P (n+A)

N- b . (N—k)s
N—k1: Py x P (zn +A)
+ cie lim su
kzz:l < ) L T N @, + A)

= 0.
This is a contradiction. Hence

N *
Pyt (z+A)
li f——<>0
lfrglol.} pN* (x + A)
and thereby
Nz + A).

As pf* € La and pV* € Sa, it follows from Lemma 2.2
that p2¥* € Sa. By virtue of Corollary 2.1 of [16], we have
p+ € Sa. By using Lemma 2.2 again, we have p € SA. O

PR (x+A)=p

We have prepared for the proof of the theorem. Now we
prove Theorem 1.1.

Proof of Theorem 1.1. Suppose that n € Sao. Let N be
a positive integer such that N > 2 and py > 0. Then we
have N
1 P (4 A)
PN 22—
n(z+A)

Suppose that there is a sequence {z,} such that lim z,=
n—oo

oo and N A
lim panra) (@n +4) =0.
By virtue of Fatou’s lemma, we have
A
lim 1nfw >1
e @t A)
for 1 <k < N — 1. Here,
A N A A
limsupM = limsupp (@+24) . f[(er )
z—oo N+ A) r—oo M@ +A) PNz 4+ A)
< py' < oo

Hence it follows from Lemma 2.3 that for § > 0,
n(z, + A)
im ————=
n—oeo n(xn +4)
“(rn +A)
lim su .
p’;pkpN*(xn TA)

n—oo

pN*(mn + A)
n(zn +A)

IN

e kx
+ 1 r == 7
1im sup E Pk (],‘n )

IN
s}
o
=
s
_
_|_
N
B
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Here, from (8), we can take sufficiently large N such that

> V()

k=N+1

140)k

This is a contradiction. Thus

N
P (4 A)
hmmffn(x—kA)

r—00

>0

and thereby
PV (x + A) =z + A).

Here p € L implies that pV* € La. As pV* € LA and
n € Sa, it follows from Lemma 2.2 that pV* € Sa. By
Lemma 2.5, we have p € Sa.

Suppose that p € Sa. By virtue of Lemma 2.3, we can
use the dominated convergence theorem. Hence it follows
from Lemma 2.4 that

n(z+ A)

oy M+ 48) o (z + A)
e—o0 p(x + A)

Eim%£;7;;;zy

= Zpkk~
k=1

Then p € L implies that n € LA. Asn € LA and p € Sa,
we see from Lemma 2.2 that n € Sa, too.
Suppose that (iii) holds. Put

p+(dz) = 01_11[0700) (z)p(dz),

where ¢; = p([0,00)). Then we have

n(x + A)

— = > kpr as x — oo.
p+(z+A) kz:;

Theorem 2 (ii) of [1] holds for any ditribution G on R. Here
G appears in the statetment of the theorem. We can use
Theorem 2 (ii) of [1] and thereby p; € Sa. By Lemma 2.2,
we have p € Sa. O

3. PROOF OF THEOREM 1.2

Put ¢ := v((1,0)). We decompose p as 1 = py * pua, where
w1 is a compound Poisson distribution with Lévy measure
CV(1)y-

Proposition 3.1.  Let p be an infinitely divisible dis-
tribution satisfying (5) and let p € IDA. Suppose that
V(1) € La. If u(x + A) ~v(z+ A), then V(1) € SA.

Proof. Notice that

x k

M1=€702k,( )

k=1

o

Let A > 0. Hence we have

c= lim 7#(% +4)
T—00 1/(1)(1‘ —+ A)
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2 2% _ + A . . _
> e~ limsup & c / (V(l)) (x—y )Mz (dy) Suppose that there is a sequence {x,, } such that nILH;O T, = 00
e—oo 2! Jr (95 +A) and () ( A)
“(n +
vy (@ —y + A) lim —@) Tn —0.
S Ly ) rme et h)
E>1 By Fatou’s lemma, we have
. (v(1))* (z + A) A
> e °— limsup ————> . pox po(z 4+ A)
2 omeo vy(@tA) S R
(V) (z —y+A) / e —y+A)  ulz+A)
X dy > | liminf . d
/,A P ) paldy) S EIEEN L
—y+A =271
e ¢ Z I / lim inf ()™ (@ yA ),UQ(dy)
1127;2 R 7% V(l)(x +4) Let 1 < k < N. By Fatou’s lemma again, we have
1
= A
= liminf — PR T2 (fj” +4)
By Proposition 1 of [1], if v1) € La, then (v(1))* € La. EN
Hence we obtain from Corollary 1 of [1] that > lim NZ
n—oo (y(1))N*(zn + A)
? (v))**(z + A) ()™ (@n —y + A)
I > e —hmbu —_— —-A A e \H(1) In —Y (N—FK)*
- 2! m_,oop vay(z + 4A) H2(( ) x /Rh,{ri{&f (1)) ¥ (n + A) (1)) (dy)
k = 00.
+e~ ¢ Z %k’
k£2 Here we used (v(1))"* € La. Hence,
k>1
kx
This implies that lim (@)™ (@n + 4) =0.

n—oo  p(xn +A)
c—e %(ce® —c?)

Take € > 0 satisfying (11). As (yq))* € La, there is
2 (V(l))2*(l‘+A) ( )

> e “— limsup 2((—A, A]). M > 0 such that
2' z—00 V(l)(x + A) .
(@)™ @n =y +8) e

As A — oo, we have ) F (am + A)

9 > lim su w for y € R and all sufficiently large z,. Notice that (11)

= vay(z+A4A) yields .

Recall that v(;) € La. Using Corollary 1 of [1] again, we [m e~ Yz (dy) < oo.
have v(1) € Sa. O

Hence, using Theorem 26.8 of [13], we see

Proposition 3.2 Let u be an infinitely divisible distribu- Aol 2+ () < il (g 2
tion satisfying (5) and let p € IDA. Suppose that vy € Re py"(dy) < Re p2(dy) | < oo.

LA and p satisfies (11). If p € Sa, then vy € Sa.

For1 <k <N,
Proof. Recall that i (V)™ = 13" (zy + A)
imsup
N, P T e A)
H1 =€ Z E(V(l)) . . (V(l))k*(l'n + A)
k=0 <limsup —————+—=
n—00 (@ + A)
Take a positive integer N such that e=2N > 1. As we (V(l))k*(xn —y+A)
have (v(1))V* € La, it follows that / o 5" (dy)
’ R (V)" (@0 +4)
o p(z+ A) . ()™ (e + A) / eyl 2+
21 liminf —————F—— <limsup ——————= X M [ ¥ pu3"(dy
N )N -yt A =0
liminfe “— - o (dy)
/]R L0 N (v)Ve (@ + A) Now we see from Theorem 26.8 of [13] that

CN

—C

> e 15 () = o(exp(—ax log 7))
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for some o > 0. Furthermore, p € LA yields

lim e®®1°8% (x4 A) = oo.

r— 00

Thus, for k =0,
kx 2% A s
i @) R (@ +A) s (e + A

=0.
n—00 w(xn, + A) n—oo p(x, + A)

Notice that

and recall that e °2V > 1. Here we have

2%
2= fim 0D

—2c (2C)k kx* 2%
e Y S @) 5 (w + A)

(@, + A)

(23)

= lim
n—oo

Furthermore, we have

p pro(Tn + A)
@y + A)

e i ¢k (v)™ * i3 (wn + A)
- = k! w(zy, + A)

—2c G (2C)k kx* 2%
ey o (@)™ (e + A)
k=N+1 :

_|_662—(N+1)
p(@n + A)

Hence it follows that

ok po (T, + A)

< 27N,
pw(xn +A) 7~

(24) lim sup

n—oo

Therefore we obtain from (22), (23) and (24) that

2%
. pT (T, + A)
]_ = 1 _—_—
e )
> o Uiming @+ A) /(e + A)
- n—oo s po(Tn + A)/p(@n + A)

> 1.

—1
Z 2 ) ec2fN

This is a contradiction. Thus,

(va) ¥ (z + A)

>0
mwx+A)

lim inf

and thereby we see from (21) that
(V(l))N*(.’L' + A) = /,L(.’l? + A)

As (v1))V* € La and p € Sa, it follows from Lemma 2.2
that (V(l))N* € Sa. Furthermore, we have v(;) € Sa by
Lemma 2.5. O

89

Remark 3.1. If we can show that v(;) € LA implies p €
LA, the proof of this proposition becomes simple. We could
not do it, but find the way to avoid using it. Here we pose
an open problem:

Problem. If v(1) € LA, then does it hold that p € LA?

We have prepared for the proof of the theorem. Now we
prove Theorem 1.2.

Proof of Theorem 1.2. We see from Propositions 3.1 and
3.2 that (iii) implies (ii), and that (i) implies (ii). Suppose
that (ii) holds. It follows from Corollary 1.2 that p; € Sa
and

w(z+ A) ~v(x + A).
By virtue of Theorem 26.8 of [13], we have

pa(z + A) = o(exp(—axlogx)) for some a > 0.

Furthermore, as v(1) € La, we have

lim e*vq)(z+ A) = oco.

r—00

These yield that

G Y B
T—00 1/(1)(37 —+ A)
Here (11) implies that

/e_eyuj(dy) <oo forj=1,2.
R

Hence it follows from Lemma 2.4 that

p * po(z + A)

v(z + A) =1

xr—00

This is assertion (iii) and thereby, we see that p € La. We
obtain from Lemma 2.2 that u € Sa too. Assertion (i) also
has been proved. O
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