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Abstract

Among Professor Kiyosi It6’s achievements, there is the 1t6-Nisio theorem, a com-
pletely general theorem relative to the Fourier series decomposition of the Brownian
motion. In this paper, some of its applications will be reviewed, and new applica-
tions to 1-soliton solutions to the Korteweg-de Vries (KdV in short) equation and
Eulerian polynomials will be given.
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1 Introduction

Professor Kiyosi [t6’s careful study about the work by N. Wiener on Brownian
motion started around 1943, after he moved to Nagoya University; in the
foreword to “Kiyosi It6 Selected papers”; he said ([21, pp.xiv-xv])

“Although I had heard much of N. Wiener’s great contribution to probability
theory, I had not read his work carefully until I went to Nagoya. Even his
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theory of Brownian motion I learned from Lévy’s book and Doob’s papers.
Reading some of his papers I was impressed by the originality with which
he initiated not only measure-theoretic probability theory but also path-
theoretic process theory as early as the 1920’s.”

He then learned the Fourier series expansion of Brownian motion by N. Wiener
in 1924 ([41]) and R. E. A. C. Paley-N. Wiener in 1934 ([34]). It6 was par-
ticularly interested in the latter paper, where the construction of the path of
Brownian motion was used to construct the Wiener measure. As Ito wrote
in the Commentary in [42, pp.513-519], it is not easy to read Wiener’s paper
of year 1923 ([40]), in which the existence of the Wiener measure was first
proved, because of the heuristic nature of its presentation. In contrast, the
Fourier series expansion given in Paley-Wiener [34] is more satisfactory from
the logical point of view. Being interested in the method, It6 introduced the
Fourier series expansion in detailed and clearly understandable manner in his
Japanese book [20, §§38-39] published in 1953. This is an example of Itd’s
attitudes to devote extraordinary efforts to approaching central problems in
probability theory with prior knowledge as little as possible. After the publi-
cation of his book, the Japanese mathematicians with interests in probability
theory easily understood Chapters IX and X in Paley-Wiener [34].

It should be also mentioned that the sections from 64 to 66 in Itd’s book are
devoted to the theory of stochastic differential equations, which was created
by him in 1942 ([16]). In 1950’s, in Japan, many probabilists started the study
of probability theory with this book, and then read together the books by J.
Doob [3] and W. Feller [5].

Another Fourier series expansion of Brownian motion is the one by P. Lévy in
1940 ([27]), where the Haar wavelet expansion was used. The wavelet expan-
sion is now used widely. For example, see Z. Ciesielski [1], M. Kac [24], and
M. Pinsky [36].

Retaining an interest in the Fourier series expansion of Brownian motion, Ito
established a theorem in 1968 in the joint paper with Makiko Nisio ([23]), the
[to6-Nisio theorem, which is a complete generalization of Wiener’s construc-
tion of the Brownian motion; they formulated the expansion as a problem on
convergence of sums of independent random variables with values in a Banach
space, and applied the concept of tightness due to Y. Prohorov [37] to see the
convergence. Their result in the most simple case asserts that

Theorem 1 (It6-Nisio[23], p.45, Theorem 5.2) Denote by H the Cameron-
Martin space of real valued functions over [0,1], that is, the real separable
Hilbert space of all real, absolutely continuous functions h on [0, 1] with h(0) =
0, possessing square integrable derivatives. Let {u,}5°, be an orthonormal ba-
sis of H, and {£,}5°, be a sequence of independent and identically distributed



random variables, each of which obeys N (0, 1), the normal distribution of mean
0 and variance 1. Then, the sequence

i Eaun(t), t€]0,1]

converges uniformly int a.s., and the limit process {S(t) }icpo,1) 45 a 1-dimensional
Brownian motion.

In addition to this, we would like to remark that It6 was very much interested
in Prohorov’s work [37]. For example, in 1964, 4 years before the above article
on the Fourier series expansion appeared, he wrote another paper with M. Ni-
sio ([22]) using Prohorov’s result. It6 had been interested in the metric space
structure of the space of probability measures. It should be recalled that the
metric space structure of P(R) (= the space of probability measures on R)
was already studied in 1930’s by Lévy ([26]), and, in 1956, Prohorov intro-
duced a distance between two measures on a complete separable metric space,
which is analogous to the Lévy distance on P(R). Being very much interested
in the results of 1930’s, in 1943, about two decades before the joint articles
with Nisio, [t0 wrote an introductory book to probability theory in Japanese,
where he gave a concise account of the metric space structure of P(R) ([17]).

Now returning to our subject, we recall the first section of Lévy [28, pp.171-
172], where he discusses the importance of using the Fourier series expansion.
After giving two definitions of the Brownian motion: the first one in the fourth
line on page 171:

“Let X (t) be Wiener’s well known random function, defined up to an addi-
tive constant by the condition

(111) X(t) — X(t[)) = gvt — 19, T > to,

¢ being a real and normalized Laplacian (often called Gaussian) random
variable”

and the second one in the fourteenth line:

“(1.1.5) X(t) = 5,2% 3 n\l/%[fn(cosnt — 1) + &, sinnt],
1

the Greek letters indicating normalized Laplacian random variables, all in-
dependent of each other”

he wrote



“ Thus, the same random function may be defined by (1.1.1) or by (1.1.5).
This theorem was proved by N. Wiener [9] in 1924, and ten years later,
formula (1.1.5) was used as a definition by Paley and Wiener. Starting from
one or the other point of view, it is easy to prove that X (¢) is almost surely
a well defined and continuous function; 6 X (¢) is generally O(v/dt) (dt > 0),
and not O(dt). Thus X (¢) is not differentiable.

The explicit representation of X (t), given by (1.1.5), is often very useful.
Yet, during more than twenty years, the author and other mathematicians
did not have the idea of using it. We shall now apply it to the study of the
Brownian plane curve.”

Lévy’s method has been well known recently, and used widely by many people,
for example, [24] and so on. In particular, it is indispensable in the study
of quadratic Wiener functionals, which plays an essential role in stochastic
analysis. Moreover, as for the Malliavin calculus, another important research
field in stochastic analysis, P. Malliavin has taken the advantage of the Ito-
Nisio theorem in many situations.

As N. Wiener wrote in his autobiography [43, pp.37-39], when the study on
Brownian motion, his first major mathematical work, started, he was strongly
influenced by the book of J. Perrin [35]. Perrin noted similarities between on
one hand the non-differentiable function, which was constructed by K. Weier-
strass in 1872 with the use of sums of trigonometric functions, and on the
other hand the irregular movement of physical Brownian motion. The result
by Weierstrass was refined by G. Hardy in 1916 ([9]). Having close exchanges
with Hardy and Littlewood, Wiener must have had a detailed knowledge of
these preceding results. He began to study the Brownian motion in early 1920.
There is a mention that makes one guess that, from the very beginning, he
had in his mind an idea of using Fourier series expansions. Actually he tackled
straightforwardly the problems of Fourier series expansion in the paper of year
1924, and in the joint paper with Paley [34], he discussed systematically about
the construction of Wiener measure along this line. See also [28].

As was mentioned before, the studies of the Fourier series expansion of Brow-
nian motion bore as a fruit Lévy’s Haar function expansion, and then came
up to the It6-Nisio theorem, the complete generalization. On one hand, if one
approaches the study of diffusion processes with heat kernels, then the Fourier
series for regular functions play a key role. On the other hand, studying Brow-
nian motion from the point of view of path behaviour (particle movement),
then the It6-Nisio theorem and the Fourier series of irregular functions play a
fundamental role. In this paper, we shall see several more concrete examples
where [to-Nisio’s Fourier series expansions are indispensable, and we shall give
some applications of them.



As shown in his study attitude of deepening the understanding of the Wiener
measure by constructing the paths of Brownian motion, It6 had a tendency
to dwell on essentials of problems. This can be also seen as he developed the
understanding of Kolmogorov’s work [25] on diffusion processes by stochastic
differential equations. Apart from stochastic topics, we would like to exhibit
more episodes of Itd’s interests in fundamental subjects. Itd, who returned
again and again to logical structures of research subjects, was interested in
extensive range of mathematics, not only probability theory. For example,
in the late 1940’s, he was fascinated by Godel’s theory, and his review [18]
of the Japanese translation of Godel’s book received attention of Japanese
mathematicians who were interested in Godel’s work. In 1960’s, through the
lecture by Martin Lof at Aarhus University, he was also very much interested
in the concept of a random sequence by Kolmogorov.

All of It6’s mathematical works, including the It6-Nisio theorem, consistently
gave motivations and directions for our researches. Not only in his lectures, but
also Ito was willing to tell young mathematicians privately what was behind
his research topics. By such private conversations, we learned a lot of things
and enriched our understandings over many topics. It is a great honor for us
to write a paper for this Tribute to Professor Kiyosi Ito, and on this occasion
we would like to express our deepest respect and gratitude to him for all he
taught us directly and indirectly.

2 A generalization of Lévy’s stochastic area formula

Let W be the space of all continuous functions w on [0, 00) taking values in
R? with w(0) = 0, and let P stand for the Wiener measure on W. For z € R?,
we set

we(s) =z 4+ w(s), se€][0,00),weW.

To avoid any confusion, under P, we continue to write w(s) and do not use
wo(s). Take the differential 1-form 6 = (1/2)(x'dz?—22dx'), » = (2!, 2?) € R?,
on R?. Tts exterior derivative df is the area element dz' Adx?. We define S (¢, w,)
to be the stochastic line integral of § along the curve [0,t] 3 s — w,(s) € R

S(t,w,) = / 0.

wg [0,t]



For stochastic line integrals, see [12,15]. S(t,w), i.e. S(t,w,) with x = 0, is
called Lévy’s stochastic area. It holds:

S(t,w,) = /thm ), dw,(s)),

0—-1

where J = ( > and (-,-) denotes the standard inner product in R
1 0

(z,y) =2'y' + 2%, v = (z",27), y = (v',y°) € R

From this expression with [to integral, we see that the stochastic area is a
quadratic Wiener functional, i.e., an element of the homogeneous chaos of
order 2 of Wiener-Ito, which plays a key role in stochastic analysis. For details,
see the second proof of Proposition 2.

While Lévy defined the stochastic area in his own manner in [27], it is now
standard to use I[t0’s stochastic integral to define the area. The discontinuity
of S(t,w) in w requires special care in defining the stochastic area ([15,29]).

Let a, 8 € R, and define

p(t,z,y; o, B)

—/exp< “TasS(t,w,) — g/t 9l ds) J(wa (1) P(dw), (1)

0

where d,(w,(t)) stands for Watanabe’s pull-back of the Dirac measure 4,
concentrating at y € R? through w,(t). For the pull-back, see [15]. Then
p(t, z,y; «, B) is the fundamental solution to the partial differential equation

ou 2,
E— <£o¢_2|x| >U,

where

om/—1<18 28)_a2| 2
T o T ap g

1
Ea - iA + (2)

A being the Laplacian. See [15]. The heat equation was deeply studied by
Gaveau [7].



It follows from the result by H. Matsumoto ([31]) that

Proposition 2 Let a, 3 € R, and set m; = (a® +458%)Y/2. Then it holds that

( —las(tw) - 62/ |w(S>|2d8)5y<w<t>>P<dw>
1 mgt/2 1 myt/2 , )
_QSlnh(ﬂwf/?)eXp(_Zttanh(nm/Q)w' ) y € R”, (3)

Matsumoto’s result is based on the Van Vleck formula, the formula established

n [11], which is a Wiener integral counterpart to the application in the Feyn-
man path integral theory of the result due to Van Vleck [39] on fundamental
solutions.

PROOF. The assertion is a special case of the observation made by Mat-
sumoto in [31, pp.172-173]. We shall give the proof after briefly revisiting his
result.

Let ki, ks > 0 and B € R. Denote by ¢(t,a,b), t > 0,a,b € R?, the heat kernel
associated with the differential operator

1 9 1
SO (VT - ) LRGN+ B
=1
1
= Ly — SR+ K67,
where 0, = x9/2 and 6, = —x1/2, and Lp is the operator defined in (2).
Setting

my = {(k1 + ka2)* + 32}, mo = {(k1 — kz)z + B*},

mi + Mo —mi + My
S1 = 3 So9 = )

2 2

K(t) = 2k ko B?(cosh(syt) cosh(syt) — 1)
—{B*(k? 4+ k3) + (k1 — ky)*} sinh(st) sinh(syt),

a;(t) = s1(s3 — k?) cosh(s;t) sinh(syt)
—85(s? — k?) sinh(s;t) cosh(sat),



Bi(t) = 32(5% — k’f) sinh(syt) — 31(33 — k:f) sinh(sot), i=1,2,

v(t) = 2k1ko{cosh(sit) cosh(sat) — 1}
+(m? — 2k, ky) sinh(s,t) sinh(syt),

> mime mime

Scl(t, a, b) = K(t) al(t){(al)Q + (b1)2} -+ K(t) ﬁl(t)albl
*?@2%@){(@2)2 + (0%)*} + S5 Ba(t)a’?
V-1 B(k{ — k3)
2K (1)
\/—_1k1k2m1mgB
a K(t)

mims

K(1)

y(t)(a'a® = b'b7)

{cosh(s;t) — cosh(sat)}(a'b* — a?bt),

Matsumoto [31] showed that

1 [kikom3m3\ /2 ~
= ———= —Sy(t,a,b)). 4
In our situation, B = «, k; = ks = 3, a = 0, and b = y. Hence m; =

(a®+46%)Y2 and my = |a|. Using the identities: cosh z cosh y —sinh z sinhy =
cosh(z — y) and coshz — 1 = 2sinh®(2/2), we see that

K(t) = 4a24? sinh?(mqt/2),

which implies:

kikomim3  (mq1/2)?
K(t)  sinh?(mgt/2)’

Since

s1(s3 — B%) = sa(s] — 5°) = —=f%|o

and sinh x cosh y — cosh x sinh y = sinh(x — y), it holds that

a1 (t) = ay(t) = |a|B* sinh(mt).

Then

~ mi1me 2 1 mlt/Q 2
S.(t.0,y) = Hly? = —— 2
((£,0,9) 2K(t)a1( Iyl 2t tanh(m,t/2) ]




Plugging these into (4), we obtain the desired identity. O

Remark 3 The identity in the case when o = 0 can be shown as an appli-
cation of the Feynman-Kac formula. If 5 =0 and y = 0, then the identity is
well-known Lévy’s formula ([28]).

Remark 4 Observe that

t t

a/wl(s)dw2(s) +5/w2(s)dw1(s) -

0 0

a—p
2

a—+p

S(t,w) + w' (t)w?(t).

This identity was used by M. Yor [14] to study the joint distribution

(/1 wl(s)dup(s),/lwz(s)dwl(s)).

Using this expression, we obtain a variant of Matsumoto’s result to the oper-

ator

BlfL‘2
2

2 8 BQ(I)I
) (Vg T

(s Voo

with By, By € R.

In the remainder of this section, we shall give an alternative proof of Propo-
sition 2 with 8 = 0 by using the general Fourier series expansion of Brown-
ian motion due to It6-Nisio. The method was first used by Lévy [28] in the
case when y = 0. The following observation was essentially made by Ikeda-
Watanabe [15, pp.476-478|, and we are aiming to make clear which specified
trigonometric functions are involved in this computation.

PROOF. (An alternative proof of Proposition 2 for 5 = 0)

Suppose 3 = 0. Due to the scaling property of Brownian motion, it suffices to
show (3) for t = 1. Hence we work on the space {w|j1j|w € W} of restrictions
of elements in W on [0, 1]. For the sake of simplicity, we use the same letter
W to indicate the space of restrictions. Let H be the corresponding Cameron-
Martin space. Then:

L*(W;P)=EpC,
n=0



denotes the decomposition of L?(W; P), the Hilbert space of square integrable
variables with respect to P, in terms of the homogeneous chaos of Wiener-1t6
([19]). A quadratic Wiener functional is an element of Cy. By the result of It6
on multiple Wiener integrals ([19]), each quadratic Wiener functional F' € Cy
admits a kernel representation;

F(w) = 22: {j/Fij(t,s)dwj(s)dwi(t) +/1/3Fij(t, s)dwi(t)dwj(s)},

ij=1

where F' is square integrable on [0, 1]? with respect to the Lebesgue measure
and F(t,s) = FJi(s,t),t,s € [0,1], 4,7 = 1, 2. Setting the 2 x 2 matrix F(t, s)
to be (F(t,5)),<; j<p» We define a symmetric Hilbert-Schmidt operator B of
H into H by

(Bh)'(1) = / F(t, ) (s)ds, he H,

where h' denotes the derivative of h. Such a correspondence between quadratic
Wiener functionals and symmetric Hilbert-Schmidt operators of H into H is
bijective ([13]).

It is easily seen that S(1,w) is a quadratic Wiener functional. The correspond-
ing kernel F(t,s) = (F(t,5)),<; j<, 18 given by

F'(t,s) = F®(t,s) = 0,

F(t,s) = F*'(s,t) =

Moreover, if we set

then the Hilbert-Schmidt operator B associated with S(1,w) is represented
as

B = By + By, ()

10



where

(Beh)(s) = 5TURI(s),  (Beh)(s) = — (/M) (1)s, s € [0,1].

Let Hy = {h € H|h(1) = 0} and set B¥ = myBm,, T being the orthogonal
projection of H onto Hy. Then the above decomposition (5) implies that

(B#h)(s) = ;I[Jh](s) - ;I[Jh](l)s, s€0,1]

It is then easily checked that B# admits the eigenfunction expansion:

11 -
B# = - Ik Qk, +k,Qk
> 227W{ 0 @ kn + Ky ® K},

neZ\{0}

where k ® k : H — H is defined by (k ® k)(h) = (k,h)gk, h € H, and

T

1 [cos(2nms) —1 -
kn(s) = — , s€10,1], k,=Jk,.

sin(2nms)

See [13,32]. This leads us to the orthonormal basis {¢}, ¥} 1, 92,2, 122, of
H defined by

¢;<s>=£(cos(2"”)_1), B(5) ﬁ(( O)_l),

0 2nm 2nms

wﬂs):ﬁ(mzo””)), @bi(s):zﬁ( | (20 )).

Applying the Ito-Nisio theorem, we obtain the expansion:
o0

wls) = {3 €l (5) + 3 nw)el (o))

11



where

€0 (w) = [(6L) (), duls)), 0 (w) = [((wh,)(5). dus)).

Since X} (w) = w'(1), in terms of components, this can be rewritten as

w'(s) = w'(1)gg" + D &P (w)ey'(s) + - n (w)ey'(s), i =1,2,
n=1 n=1

2,1 i,1

where ¢! = (%2) and ¢ = (7%2 ) It is easily seen that {w’(1),&W ;i =
bn Uy

1,2,n = 1,2,...} are independent random variables, each of which obeys

N(0,1). These expansions are exactly the same as the ones used in [15, pp.476-

477]. In particular, we have that, P-a.s.,

S(Lw) = Y (P (w) — V2w (1))ED — (1O (w) — VEuwr(1)ED}.

i 2mn
As was seen by Ikeda-Watanabe, it holds that

EleV™*Wjw(1) = y]
5 a? \! < (a/27n)? 5
B nl;ll(l + (2n7r)2> exp( nzzjl 1+ (a/2mn)? vl )7 (©6)

where E[-|w(1) = y] stands for the conditional expectation given w(1) = y. In
conjunction with the well-known formulas

. ) .CEQ 1 o 1
Slnhx:q}E(l—’—ﬂ_an), COthI’:;‘f‘anglm (7)
and the identity
1
/eﬁaS(l,w)(sy(w<1))P(dw) — ge*\yP/QE[e\/jlaS(l)‘w(l) — y]
w

we arrive at the desired identity. 2 O

2 In [15, p.478], the multiplication by 1/2 is missing when the infinite series expres-
sion of cot is applied.

12



Remark 5 The first product in (6) can be rewritten as

ﬁ (1 + (2(;;)2>_1 = {dety(] — 2v/—1aB#)}71/2,

n=1

Remark 6 It is well known ([13,28,32]) that the Hilbert-Schmidt operator B
18 decomposed as

1 1 . -
B=SN -— (WP onB+hBahnl
26222(2n+1)7r{"® n ot h ® I}
where
1 cos((2n + 1)mt) — 1, -
h2(s) = ( (@n+ L)t) ) W b,
Cn+ D7\ sin((2n + 1)7t)

In particular, B has the eigenvalues 1/{2(2nm)w}, n € Z, the multiplicity of
each being two, and:

/eﬁasu)dp _
W

71 = {de —2vV—1a -1z
cosh(a]2) {dety(I — 2¢/—1aB)} 2.

Remark 7 The formulas in (7) are the well known Euler formulas. The latter
proof relies upon these formulas. Conversely, the Euler formulas can be shown
by combining Proposition 2 and the identity (6).

In [24, Sections 2 and 7], M. Kac also gave two such directions to approach
Lévy’s formula in the case when o = 0, i.e., the case of harmonic oscillator.
The importance of proving Lévy’s formula from two directions is discussed
there. Two such types of computation are widely known in the theory of Feyn-
man path integrals. See for example [6, Problems 2-2, 3-8, pp.71-73].

3 Lévy’s stochastic area formula for Ornstein-Uhlenbeck processes

In [14,38], the authors gave a probabilistic approach to reflectionless potentials,
soliton solutions and the 7-function to the KdV equation. Their observation
is based on quadratic Wiener functionals obtained as the square norms on
time interval for Ornstein-Uhlenbeck processes. In this section, we investigate
stochastic areas determined by Ornstein-Uhlenbeck processes, and establish
a similar result to the one in [14]. In the case of the Brownian motion, i.e.,
the Ornstein-Uhlenbeck process with p = 0, the result is well known ([8,28]).
We continue to work on the Wiener space (W, P) of 2-dimensional Brownian

13



motion. To apply the KdV equation, real numbers x, y, z instead of s,t,u are
used to indicate time parameters.

For p € R, define the 2-dimensional Ornstein-Uhlenbeck process {£P(z)}.>o to
be the solution to the stochastic differential equation

deP(y) = dw(y) + p&¥(y)dy, €P(0) =0

that is, if we represent: £(y) = (7'(y),£72(y)) and w(y) = (w'(y), w?(y)),
then

deP'(y) = dw'(y) + &' (y)dy, €"(0)=0, i=1.2.

In the sequel, let z > 0. By the Maruyama-Girsanov theorem [30,15], the

process {w(z) -l pw(y)dy}ze[o . is a 2-dimensional Brownian motion under

the probability measure exp(p [y (w(y), dw(y)) — (p*/2) [ |w(y)|*dy) dP. Since
Jo (w(y), dw(y)) = %\w(x)ﬁ — x, we have:

/@{5 )}zeloa)dP

:VZCID({w(,z)}ZE[O,I])exp(i\w(gg)]2 _ 19220/$|w(y)‘2dy>13(dw)e—px

for every ® € Cy(W,), where W, = {w|jq |w € W}. In particular, for ¥ €
Cy(W,) such that W({&P(2)}.cpo,) is smooth in the sense of the Malliavin
calculus, it also holds that, for any b € R?,

[ O )Y ctoa)on( ()P

- /\Ij({w(z)}ze[QI])eXp(_g/|w(y)|2dy>5b(w<x))P(dw)@p{(|b|2/2)_x}'
w 0

Thus we arrive at

Proposition 8 For b € R?, o, C € R, it holds that

/ exp(“‘_l‘)‘ Jue).dew) - 0|§p<x>|2)5b<sp<x>>dp

2
0

—/exp( TaS(r.w) /|w !dy>5b( () P(duw)

14



xexp({g —C’}|b|2—px>. (8)

It should be mentioned that the above expression is meaningful for any C|
while the integrand exp(---) on the left hand side is not smooth in the sense
of the Malliavin calculus for C' < 0 with large absolute value. Namely, by the
localization via &, (£P(x)), one may replace |€P(x)|? by (|£€P(2)]?) with smooth
1 : R — R which is compactly supported and equal to the identity function
on the interval [0,2|b]?). After this replacement, one can take the pairing with
Watanabe’s pull-back.

In conjunction with Proposition 2, this proposition implies that

Theorem 9 Let o, C € R and set my = (a? + 4p*)Y/2. Then it holds that

/ exp(“?“ [ asw) - C\&”(y)|2>5b(£”(y))dp

W

B 271m: sinzzil/j/z) P (_{sz +(C- g)}\bP - pw)- (9)

Moreover, if C' > p/2, then it holds that

[eo(¥5 [uet.dew) - ciewr)ar
w

0
mpe P*

B my cosh(myx/2) + (4C — 2p) sinh(mx/2) (10)

PROOF. The identity (9) follows immediately from Propositions 2 and 8.

If C' > p/2, then

I myx/2 p
2z tanh(myz/2) * (O 2) > 0.

Integrating (9) in b over R? we come to the identity:

/ exp<ﬁ“ / (€ (). e () - 0|§£|2>dP
w

2
mi /2 1 /2 YU e
- sinh(m,z/2) {2<2:13tanh(m1x/2) * (C B 2)>} <
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which implies (10). O

We first apply Theorem 9 to reflectionless potentials. For n,m > 0, the re-
flectionless potential with scattering data (n,m) is the function on R of the
form

—2(d/dx)? log<1 + ;:] 62”‘”)

See [33]. We have that

Corollary 10 We continue to use the same notation as in Theorem 9. Let
C € /2, (p/2) + (m1/4)), and put

= [ (V5 Juew.azw) - clewr)ar),

Then the function q = 2(d/dx)*Q is the reflectionless potential with scattering
data

my my(my — 4C + 2p)
27 m1—|—4C—2p ‘

If p <0, then we can take C' = 0 in the above equation and
2(d/dx)? 10g<{!exp<

is a reflectionless potential.

vV—1a«
2

Z(Jép(y),df”(yD)dP)

PROOF. Define v > 0 so that

tanhy = 4C — 2 ie,e N = — — "°
mq tanh ~y p, le. e my 40 — 2p

(11)
Since cosh(t + s) = cosht cosh s + sinh ¢ sinh s, we have:

my cosh(myz/2) + (4C — 2p) sinh(myz/2)

(m1z/2)+y
mp € -2y _—mix
pum— ]_ ,Y 1 .
cosh 2 (1+e™e )
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By Theorem 9, it then holds:

q(z) = —2(d/dx)*log(1 + e 27 e~™%),
Thus q is the reflectionless potential with scattering data (mq/2, mie”7). O

As an application of the corollary, we consider a stochastic representation
of 1-soliton solutions to the KdV equation. After deforming the Brownian
motion into Ornstein-Uhlenbeck processes with parameter p, we shall obtain
a l-parameter family of soliton solutions of the KdV equation which varies
according to the initial condition.

To see this, for p € R, ¢ > 0, we set

V() = 1og(J exp<“?o‘ / (JE (y). dE¥(y))

—{]2” + tanh(mit/gz)}w(xn?) dP)
and

VP (x,t) = 2(0/0x)?V (z,1).

The 1-parameter family {v?;p € R} satisfies:

Corollary 11 {v”;p € R} is a 1-parameter family of 1-soliton solutions vP
to the KdV equation

5B (a2 + 4p2)1/2

ou 3 Ou 1 th u(z, 0)
= —— withu(x,0) = — :
4 Oz ’ 2 cosh®((a2 + 4p?)Y/2x)

E‘?“ax

PROOF. Due to Corollary 10 and (11), for each ¢ > 0, vP(+,t) is the reflec-
tionless potential with scattering data (my /2, mye~2"/2°) Then it is well
known that v” is a 1-soliton solution (cf. [33]). The initial value vP(z,0) is
easily computed. O

4 Eulerian polynomials and stochastic area

Recently F. Hirzebruch [10] and A. Cohen [2] began to study several types of
Eulerian polynomials from a new point of view. In [28], Lévy pointed out that
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the stochastic area is related to Euler and Bernoulli numbers. In this section,
we shall see that the stochastic area is also related to Eulerian polynomials
introduced by Euler [4] (also see [2,10]).

Define the Eulerian polynomials P,(§), n =0,1,..., by

o] Pn
kzzjo(k + 1)k = (1—25)7)”1 €] < 1.

For the convenience of the reader, let us recall that

1 e k
- 1
¢ kEZOS el <1,

so that Py(§) = 1. Differentiating both sides of the previous identity, we get:

P(§) =1

Further differentiating both sides of the identity, thus defining P,, by induc-
tion, we see that P, is of degree n — 1 (cf. [10]).

From the definition, we easily obtain the exponential generating function for
the Eulerian polynomials ([10]):

[e%e) >\n B (1 _ 5)6(1_£)>\ . (1_5)/\
T;P”(S)E - m for A € R with [{|e < 1. (12)

We shall show that

Proposition 12 For —1 < ¢ <0 and A € R with |¢[e~9* < 1 and |\ < 1,
it holds:

%) A" _ ) § . )
S Pu()ny = [ VTN URI MR Py
=0 oW

y / eV "TU=OASLw)+A+ONWD/4 (o). (13)
w

The above product may be gathered into one integration with respect to 4-
dimensional Brownian motion. Before proceeding to the proof, we see that
exact representations of Eulerian polynomials follow from (13). Namely, the
identity (13) yields:
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n

PO = 3 gt [{vATa - 95w + EE U by

= ) 4

y /{\/__m —6)S(1,w) + W}n_kP(dw). (14)

For example, we can compute P;(§), Py(§), and P5(§) as follows. Let

O = /S(l,w)j|w(1)|2kP(dw).
w

Applying It6’s formula, we see:

C'1,0 — Cl,l - C'1,2 - CS,O - 07 (15>
1 5
Cor =2k, k=1,2,3 Cop= T Cyy = 5 (16)

Then it follows from (14) and (15) that

1
Pl(f) = 500,1,
O CQ C 02
Py(§) = {—202,0 + % + 2”31} +4Cy € + {—202,0 + % - 20?;1}52,

3 1 3 3
Ps(&) = {—202,1 + ﬁco,?, — 5007102,0 + 2500,100,2}
+{30271 -+ 300710270}{‘
3 3 3 3
+{—202,1 + 500,3 — 500,102,0 - 2500,100,2}52-

Substituting (16) into these, we arrive at the well known expressions ([10]):

P& =1, P =1+¢ P =1+46+¢&

For the proof of Proposition 12, we prepare a lemma.

Lemma 13 Fora € R and § € R with |a| < 1/2 and —af < 1, it holds:

-1

/ eV TBIS (L) V= Talu()/2} P gy) — {(1 n a) I (1 _ a) 6/3/2}
2 2
w

PROOF. Since —af8 < 1, eV~ 1B8{80w)+v=Talw)*/2} j5 smooth in the sense of
the Malliavin calculus. Then we have:
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eV TIBLS LW+ Talw(DE/2) p( gy

Se—

/ /Fﬁ{smwfalw(l'/?}d( (1) P(dw).

By Proposition 2, this is equal to

217r 81115/5/2 /dye p( ﬂ(/ﬁ/2>{cosh(ﬁ/2) + 2asinh(ﬁ/2)}|y2’>.

Notice that

1 1
cosh(/2) + 2asinh(5/2) = (2 + a) e’ 4 (2 - a) e P2 > 0.
Then, by an elementary change of variables, we obtain the desired identity. O

We now proceed to the:

PROOF of Proposition 12. Suppose that —1 < £ < 0, [¢[e1~9* < 1, and
|A| < 1. Observe that

o0

A" 19 -
P(6) = ((1-9A/2 ~(1-9N/2 _ (1-or2( 1

Applying Lemma 13 with a = —1/2 and g = (1 — &)\, we have:

/ VT O-ONSLw)H1-ONW(DE /L P(yy) — 1-ON2, (18)

Ifa=—-14+&/{2(1 =&} and 5 = (1 — &), then |a| < 1/2 and —af < 1.
Applying Lemma 13 again, since (1/2) +a = —¢/(1 —¢) and (1/2) —a =
1/(1 =&), we obtain:

/ eV T U=OASWw)+I+ONWDI/4 ()

~1
D S S ) PVC R SR cevi V2 G
1-¢ 1-¢

Plugging this and (18) into (17), we obtain the desired identity. O
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Let P(B,;¢) be the Eulerian polynomial of type B, where we have borrowed
the notation from Cohen [2]. Then it holds ([2,10]):

];)(Qk+1> £ = T

A similar result as above can be shown for P(B,;¢), n =0,1,... Namely, the
exponential generating function satisfies:

)\n _a —f) (=0 2(1-6)A

It follows from this expression that

P(B,;—1)=2"E,,

where the Euler number E,, is the n-th derivative of 1/ coshz at x = 0 ([10]).
Suppose that —1 < ¢ <0, |{[e?3=9* < 1, and |A| < 1. Applying Lemma 13
witha = —(1+¢)/{2(1 — &)} and 8 = 2(1 — &)\, we obtain:

i A [ T OSOOR 2 p(ay),
= 1%
and
1 1 2\n
1%
References

[1] Z. Ciesielski, Holder conditions for realizations of Gaussian processes, Trans.
Amer. Math. Soc. 99 (1961) 403-413.

[2] A. Cohen, Eulerian polynomials of spherical type, Miinster J. of Math. 1 (2008)
1-8.

[3] J.L. Doob, Stochastic processes, John Wiley, 1953.

[4] L. Euler, Remarques sur un beau rapport entre les séries des puissances tant
directes que réciproques, Académie des sciences de Berlin, Lu en 1749, Opera
Omnia Serie I, 15, 70-90.

[5] W. Feller, An introduction to probability theory and its applications, vol.1, 2,
John Wiley, 1950, 1966.

21



[6] R. P. Feynman and A. R. Hibbs, Quantum Mechanics and Path Integrals,
McGraw-Hill, 1965.

[7] B. Gaveau, Principe de moindre action, propagation de la chaleur et estimées
sous elliptiques sur certains groupes nilpotents, Acta Math. 139 (1977) 95-153.

[8] K. Hara and N. Ikeda, Quadratic Wiener functionals and dynamics on
Grassmannians, Bull. Sci. math. 125 (2001) 481-528

[9] G. H. Hardy, Weierstrass’s Non-Differentiable Function, Trans. Amer. Math. Soc.
17 (1916) 301-325.

[10] F. Hirzebruch, Eulerian polynomials, Miinster J. of Math. 1 (2008) 9-14.

[11] N. Ikeda, S. Kusuoka, S. Manabe, Lévy’s stochastic area formula and related
problems, in “Stochastic analysis (Ithaca, NY, 1993)”, 281-305, Proc. Sympos.
Pure Math., 57, Amer. Math. Soc., 1995.

[12] N. Ikeda and S. Manabe, Integral of differential forms along the path of diffusion
processes, Publ. Res. Inst. Math. Sci. 15 (1979) 827-852.

[13] N. Ikeda and S. Manabe, Van Vleck-Pauli formula for Wiener integrals and
Jacobi fields, in “Itd’s stochastic calculus and probability theory”, pp. 141-156,
Springer, Tokyo, 1996.

[14] N. Ikeda and S. Taniguchi, Quadratic Wiener functionals, Kalman-Bucy filters,

and the KdV equation, in: H. Kunita, S. Watanabe, Y. Takahashi (Eds.)
Stochastic Analysis and Related Topics in Kyoto, In honor of Kiyosi 1t6, Adv.
Studies Pure Math. 41, Math. Soc. Japan, Tokyo, 2004, pp. 167-187.

[15] N. Ikeda and S. Watanabe, Stochastic differential equations and diffusion
processes, Second Edition, North-Holland /Kodansha, 1989.

[16] K. Ito, Differential equations determining a Markov process (in Japanese), Jour.
Pan-Japan Math. Coll. 244 (1942), 1352-1400 (English translation: [21] pp. 42—
75).

[17] K. 1t6, Foundation of Probability Theory (in Japanese), Iwanami, 1943. (The
reference Books|a] in the Bibliography of Kiyosi Itd, Kiyosi Itd Selected Papers

[21])

[18] K. It6, A Review on the Japanese translation of “Kurt Godel: The Consistency
Continuum Hypothesis” (in Japanese), Sugaku 1 (1947) 47-48.

[19] K. It6, Multiple Wiener integral, Jour. Math. Soc. Japan 3 (1951) 157-169

[20] K. It6, Probability Theory (in Japanese), Iwanami, 1953. (The reference
Books[b] in the Bibliography of Kiyosi Ito, Kiyosi It6 Selected Papers [21])

[21] K. Tto, Kiyosi Itd Selected Papers, D. W. Stroock and S. R. S. Varadhan eds,
Springer, 1986.

[22] K. It6 and M. Nisio, On stationary solutions of a stochastic differential equation,
Jour. Math. Kyoto Univ. 4 (1964), 1-75.

22



[23] K. It6 and M. Nisio, On the convergence of sums of independent Banach space
valued random variables, Osaka Jour. Math. 5 (1968) 35-48.

[24] M. Kac, Integration in function space and some of its applications, Lezioni
Fermiane, Accademia Nazionale del Lincei Scuola Norm. Sup. Pisa, 1980.

[25] A. N. Kolmogorov, Uber die analytischen Methoden in der
Wahrscheinlichkeitsrechnung, Math. Ann. 104 (1931) 415-458.

[26] P. Lévy, Théorie de I’addition des variables aléatoires, Gauthier-Villars, 1937.
[27] P. Lévy, Le mouvement brownien plan, Amer. J. Math. 62 (1940) 487-550.

[28] P. Lévy, Wiener’s random function, and other Laplacian random functions,
Proc. 2nd Berkeley Symp. Math. Statistics Probab. 1950, pp. 171-187, University
of California Press, 1951.

[29] T. Lyons and Z. Qian, System control and rough paths, Oxford Math.
Monographs, Oxford University Press, 2002.

[30] G. Maruyama, On the transition probability functions of the Markov process,
Nat. Sci. Rep. Ochanomizu Univ. 5 (1954) 10-20.

[31] H. Matsumoto, Semiclassical asymptotics of eigenvalues for Schrédinger
operators with magnetic fields, Jour. Funct. Anal. 129 (1995) 168-190.

[32] H. Matsumoto and S. Taniguchi, Wiener functionals of second order and their
Lévy measures, Elect. Jour. Probab. 7 No.14 (2002) 1-30.

[33] T. Miwa, M. Jimbo and E. Date, Solitons, Cambridge Univ. Press, Cambridge,
2000.

[34] R. E. A. C. Paley and N. Wiener, Fourier Transforms in the Complex Domain.
Amer. Math. Soc. Collog. Publ. 19. Providence, R.I., AMS, 1934.

[35] J. Perrin, Les Atomes, Félix Alcan, 1913.

[36] M. Pinsky, Introduction to Fourier analysis and wavelets, Brooks/Cole, Pacific
Grove, 2002.

[37] Y. Prohorov, Convergence of random processes and limit theorems in
probability theory, Theor. Prob. Appl. 1 (1956), 157-214.

[38] S. Taniguchi, Brownian sheet and reflectionless potentials, Stoch. Proc. Appl.
116 (2006) 293-309

[39] J. H. Van Vleck, The correspondence principle in the statistical interpretation
of quantum mechanics, Proc. Nat. Acad. Sci. U.S.A. 14 (1928), 178-188.

[40] N. Wiener, Differential space, Math. Phys. 2 (1923) 131-174.

[41] N. Wiener, Un probléme de probabilités dénombrables, Bull. Soc. Math. France
52 (1924) 569-578.

23



[42] N. Wiener, Collected works with commentaries / Norbert Wiener ; vol. 1, P.
Masani ed., MIT Press, 1976.

[43] N. Wiener, I am a mathematician, The later life of a prodigy, Doubleday & Co.,
1956

[44] M. Yor, Remarques sur une formule de Paul Lévy, Séminaire Prob. XIV, Lect.
Notes Math. 784 (1980) 343-346.

24



List of MI Preprint Series, Kyushu University

MI

MI2008-1

MI2008-2

MI2008-3

MI2008-4

MI2008-5

MI2008-6

MI2008-7

MI2008-8

MI2008-9

The Global COE Program
Math-for-Industry Education & Research Hub

Takahiro ITO, Shuichi INOKUCHI & Yoshihiro MIZOGUCHI
Abstract collision systems simulated by cellular automata

Eiji ONODERA
The intial value problem for a third-order dispersive flow into compact almost
Hermitian manifolds

Hiroaki KIDO
On isosceles sets in the 4-dimensional Euclidean space

Hirofumi NOTSU
Numerical computations of cavity flow problems by a pressure stabilized characteristic-
curve finite element scheme

Yoshiyasu OZEKI
Torsion points of abelian varieties with values in nfinite extensions over a p-

adic field

Yoshiyuki TOMIYAMA
Lifting Galois representations over arbitrary number fields

Takehiro HIROTSU & Setsuo TANIGUCHI
The random walk model revisited

Silvia GANDY, Masaaki KANNO, Hirokazu ANAI & Kazuhiro YOKOYAMA
Optimizing a particular real root of a polynomial by a special cylindrical al-
gebraic decomposition

Kazufumi KIMOTO, Sho MATSUMOTO & Masato WAKAYAMA
Alpha-determinant cyclic modules and Jacobi polynomials



MI2008-10

MI2008-11

MI2008-12

MI2008-13

MI2008-14

MI2008-15

MI2009-1

MI2009-2

MI2009-3

MI2009-4

MI2009-5

Sangyeol LEE & Hiroki MASUDA
Jarque-Bera Normality Test for the Driving Lévy Process of a Discretely Ob-
served Univariate SDE

Hiroyuki CHIHARA & Eiji ONODERA
A third order dispersive flow for closed curves into almost Hermitian manifolds

Takehiko KINOSHITA, Kouji HASHIMOTO and Mitsuhiro T. NAKAO
On the L? a priori error estimates to the finite element solution of elliptic
problems with singular adjoint operator

Jacques FARAUT and Masato WAKAYAMA
Hermitian symmetric spaces of tube type and multivariate Meixner-Pollaczek
polynomials

Takashi NAKAMURA
Riemann zeta-values, Euler polynomials and the best constant of Sobolev in-
equality

Takashi NAKAMURA
Some topics related to Hurwitz-Lerch zeta functions

Yasuhide FUKUMOTO

Global time evolution of viscous vortex rings

Hidetoshi MATSUI & Sadanori KONISHI
Regularized functional regression modeling for functional response and predic-
tors

Hidetoshi MATSUI & Sadanori KONISHI

Variable selection for functional regression model via the L, regularization

Shuichi KAWANO & Sadanori KONISHI

Nonlinear logistic discrimination via regularized Gaussian basis expansions

Toshiro HIRANOUCHI & Yuichiro TAGUCHII
Flat modules and Groebner bases over truncated discrete valuation rings



MI2009-6

MI2009-7

MI2009-8

MI2009-9

MI2009-10

MI2009-11

MI2009-12

MI2009-13

MI2009-14

MI2009-15

Kenji KAJIWARA & Yasuhiro OHTA
Bilinearization and Casorati determinant solutions to non-autonomous 1+1
dimensional discrete soliton equations

Yoshiyuki KAGEI
Asymptotic behavior of solutions of the compressible Navier-Stokes equation
around the plane Couette flow

Shohei TATEISHI, Hidetoshi MATSUI & Sadanori KONISHI
Nonlinear regression modeling via the lasso-type regularization

Takeshi TAKAISHI & Masato KIMURA
Phase field model for mode III crack growth in two dimensional elasticity

Shingo SAITO
Generalisation of Mack’s formula for claims reserving with arbitrary exponents
for the variance assumption

Kenji KAJIWARA, Masanobu KANEKO, Atsushi NOBE & Teruhisa TSUDA
Ultradiscretization of a solvable two-dimensional chaotic map associated with
the Hesse cubic curve

Tetsu MASUDA
Hypergeometric T -functions of the g-Painlevé system of type Eél)

Hidenao IWANE, Hitoshi YANAMI, Hirokazu ANAI & Kazuhiro YOKOYAMA
A Practical Implementation of a Symbolic-Numeric Cylindrical Algebraic De-
composition for Quantifier Elimination

Yasunori MAEKAWA
On Gaussian decay estimates of solutions to some linear elliptic equations and
its applications

Yuya ISHIHARA & Yoshiyuki KAGEI
Large time behavior of the semigroup on L? spaces associated with the lin-
earized compressible Navier-Stokes equation in a cylindrical domain



MI2009-16

MI2009-17

MI2009-18

MI2009-19

MI2009-20

MI2009-21

MI2009-22

MI2009-23

MI2009-24

MI2009-25

Chikashi ARITA, Atsuo KUNIBA, Kazumitsu SAKAI & Tsuyoshi SAWABE

Spectrum in multi-species asymmetric simple exclusion process on a ring

Masato WAKAYAMA & Keitaro YAMAMOTO
Non-linear algebraic differential equations satisfied by certain family of elliptic
functions

Me Me NAING & Yasuhide FUKUMOTO
Local Instability of an Elliptical Flow Subjected to a Coriolis Force

Mitsunori KAYANO & Sadanori KONISHI
Sparse functional principal component analysis via regularized basis expan-
sions and its application

Shuichi KAWANO & Sadanori KONISHI
Semi-supervised logistic discrimination via regularized Gaussian basis expan-
sions

Hiroshi YOSHIDA, Yoshihiro MIWA & Masanobu KANEKO
Elliptic curves and Fibonacci numbers arising from Lindenmayer system with
symbolic computations

Eiji ONODERA
A remark on the global existence of a third order dispersive flow into locally
Hermitian symmetric spaces

Stjepan LUGOMER & Yasuhide FUKUMOTO
Generation of ribbons, helicoids and complex scherk surface in laser-matter
Interactions

Yu KAWAKAMI

Recent progress in value distribution of the hyperbolic Gauss map

Takehiko KINOSHITA & Mitsuhiro T. NAKAO
On very accurate enclosure of the optimal constant in the a priori error esti-
mates for H32-projection



MI2009-26

MI2009-27

MI2009-28

MI2009-29

MI2009-30

MI2009-31

MI2009-32

MI2009-33

MI2009-34

MI2009-35

Manabu YOSHIDA
Ramification of local fields and Fontaine’s property (Pm)

Yu KAWAKAMI
Value distribution of the hyperbolic Gauss maps for flat fronts in hyperbolic
three-space

Masahisa TABATA
Numerical simulation of fluid movement in an hourglass by an energy-stable
finite element scheme

Yoshiyuki KAGEI & Yasunori MAEKAWA
Asymptotic behaviors of solutions to evolution equations in the presence of
translation and scaling invariance

Yoshiyuki KAGEI & Yasunori MAEKAWA
On asymptotic behaviors of solutions to parabolic systems modelling chemo-
taxis

Masato WAKAYAMA & Yoshinori YAMASAKI
Hecke’s zeros and higher depth determinants

Olivier PIRONNEAU & Masahisa TABATA
Stability and convergence of a Galerkin-characteristics finite element scheme
of lumped mass type

Chikashi ARITA
Queueing process with excluded-volume effect

Kenji KAJIWARA, Nobutaka NAKAZONO & Teruhisa TSUDA
Projective reduction of the discrete Painlevé system of type(Ay + A1)

Yosuke MIZUYAMA, Takamasa SHINDE, Masahisa TABATA & Daisuke TAGAMI

Finite element computation for scattering problems of micro-hologram using
DtN map



MI2009-36

MI2009-37

MI2010-1

MI2010-2

MI2010-3

MI2010-4

Reiichiro KAWAI & Hiroki MASUDA
Exact simulation of finite variation tempered stable Ornstein-Uhlenbeck pro-
cesses

Hiroki MASUDA
On statistical aspects in calibrating a geometric skewed stable asset price
model

Hiroki MASUDA
Approximate self-weighted LAD estimation of discretely observed ergodic Ornstein-
Uhlenbeck processes

Reiichiro KAWAI & Hiroki MASUDA
Infinite variation tempered stable Ornstein-Uhlenbeck processes with discrete
observations

Kei HIROSE, Shuichi KAWANO, Daisuke MIKE & Sadanori KONISHI
Hyper-parameter selection in Bayesian structural equation models

Nobuyuki IKEDA & Setsuo TANIGUCHI
The It6-Nisio theorem, quadratic Wiener functionals, and 1-solitons



