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Abstract

Decay estimates on solutions to the linearized compressible Navier-
Stokes equation around a Poiseuille type flow are established. It is
shown that if the Reynolds and Mach numbers are sufficiently small,
solutions of the linearized problem decay in L? norm as n — 1 di-
mensional heat kernel. Furthermore, it is proved that the asymptotic
leading part of solutions is given by solutions of an n — 1 dimensional
linear heat equation with a convective term.
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1. Introduction

This paper is concerned with the asymptotic behavior of solutions to the
compressible Navier-Stokes equation around a Poiseuille type flow.
We consider the system of equations

(1.1) Op + div (pv) = 0,

(1.2) p(Ow + v - V) — uAv — (p+ p')Vdive + VP(p) = gpf .,
in an n dimensional infinite layer 2, = R"™* x (0, ):
Q = {z=(2,2,);

¥ = (v, ,r,1) ER"L 0<x, </}
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Here n > 2; p = p(z,t) and v = (v!(z,t), -+ ,v"(x,t)) denote the unknown
density and velocity at time ¢ > 0 and position z € Qy, respectively ; P(p) =
Kp* is the pressure, where K > 0 and a > 1 are constants; p and yu’ are
the viscosity coeflicients that are assumed to be constants satisfying pu > 0,
%,u—l— w1 > 05 g is the gravity constant; and f, is an external force of the form

fo = (sine,0,---,0,—cos ) with a constant .
The system (1.1)—(1.2) is considered under the boundary condition
(1.3) ’U|xn:07g = 0.

It is not difficult to see that the problem (1.1)—(1.3) has the stationary
solution ug = (p,, Ts)0

1

— — a— a—1)gcosa a—1
P = Pulwn) = (prt o+ eeme (0= g))

vs: (ﬁi(xn)a 07 70)7

= sina ! —
Uy(2n) = 202 [o Gol@n, Yn)Ps (Yn) AYn,

%(f — ) Yn (0 <y, < zp)

Go(Tp,yn) = {

%xn(é —Yn) (T, <yn < ).
Here p, is a given positive constant. See the figure below.

l gl gravity

T

T, =¥

z, =0

We are interested in the large time behavior of solutions to problem (1.1)—
(1.3) when the initial value (pg,vo) is sufficiently close to the stationary so-
lution @y = (o, Us).

The stability problem of flows in an infinite layer or cylindrical domains
has been widely studied as a good subject to study pattern formation phe-
nomena and turbulent flows. Basic analysis with mathematical rigor has
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been well established for incompressible flows in these domains. For exam-
ple, one can systematically analyze qualitative properties of solutions of the
governing equations such as the stability and bifurcation, since the incom-
pressible Navier-Stokes equation can be treated in a category of semilinear
parabolic equations (e.g., [1, 2, 3, 4, 5, 6, 17, 23, 24]). On the other hand,
it seems that there has been not so much mathematically rigorous analysis
for compressible flows in these domains. This is because the governing equa-
tions for compressible flows are hyperbolic-parabolic systems of quasilinear
equations; and, thus, the extension of the analysis for the incompressible
case to the compressible one is not straightforward. As a first step of the
mathematical analysis for compressible flows, we have begun to investigate
the dynamics around simple flows such as the motionless state and parallel
flows. The stability of the motionless state was investigated in [8, 9, 10] and
it was shown that the motionless state is stable for sufficiently small initial
disturbances and the disturbances behave in large time as solutions of an
n — 1 dimensional linear heat equation. A similar result also holds for the
case of cylindrical domains ([13]). As for parallel flows, it was proved in [11]
that the plane Couette flow is asymptotically stable for sufficiently small ini-
tial disturbances if the Reynolds number and Mach number are sufficiently
small. Furthermore, the disturbances behave in large time as solutions of an
n — 1 dimensional linear heat equation with a convective term. This kind of
diffusive behavior is different from the case of unbounded domains such as
the whole space, half space and exterior domains, where hyperbolic aspect of
the system also appears in the asymptotic leading part of solutions in large
time (e.g., [7, 12, 15, 16, 18, 19, 20, 21]).

Our next step is to extend the analysis of the plane Couette flow to the
case of a Poiseuille type flow. In this paper we will consider the linearized
problem around such a flow and establish decay estimates on solutions similar
to those in the case of the plane Couette flow. Based on the analysis in this
paper, the nonlinear problem will be treated elsewhere.

Our main results of this paper are summarized as follows. A non-dimensional
form of the linearized system is written as

(1.4) Owu+ Lu=0
on the domain 2 = R"™! x (0,1):
Q = {z=(2,z,);

v = (1, ,x,) ER"L 0< 2, <1}
under the initial and boundary conditions

(1-5) U’tzO = Uy, w|xn:O,1 =0.
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Here u = T(¢, w) and

o Y2div (ps -)
L= N /
v <P2(ps) ) — v AL, — Yydiy
¥2ps Ps Ps

0 0
+ v 1 N T )
—=3,-e 00z Iy + (02,05 )er” ey,
where p,, v} and P'(p,) are the non-dimensional form of 5,, o: and P'(5,)
respectively; I, denotes the nxn identity matrix; e; denotes the unit vector in
z; direction; e;” e, is the matrix with (¢, j) components given by §;19,;; v, 1/
and v? are some positive constants. Here and in what follows the superscript
T. means transposition. The Reynolds number Re and Mach number Ma are
given by Re = 1/v = pu/(plV) and Ma = 1/v = V/\/P'(p.), respectively,
with V' = (p.gf*sina)/p. We also introduce the parameter w = ((a —
1)gl cosa)/(ap? ' K). We will prove that there exist positive numbers Rey >
0, Mag > 0 and wg > 0 such that if Re < Rey, Ma < May and |w| < wy,
then the solution u(t) = (¢(t),w(t)) of the linearzied problem (1.4)—(1.5)
satisfies

10%,0% u(t)]]2
(1.6) - )
< C{t= 7 “2Juol|pr + e ([Juoll g1 x L2 + [|OwwolL2) }

fort>1,k+1<1, and

||U(t) — Gy xy H(O)UOHL2
(17) T )
< Ot~ 7 2 Jugllr + e (JJuoll rxr2 + |OwwollL2) }

for t > 1 with a function Gy %, IT©wu, whose Fourier transform in 2’ is given
by
F (G % TOug) = e~ mobitmEdtmale )G (¢1)], (),

Here &' = (&,¢") € R*1, ¢ = (&, -+ ,&,1) € R™2; u® is a function of
Ty only;

Bo(e")] = / Bo(€, 20 dn:

ng is the Fourier transform of ¢y in 2’; and x; (j = 0,1,2) are positive
constants depending on p,, ¢, V', u, i/ and P’(p,). Precise statements of the
results will be given in section 3.



As in the case of the plane Couette flow [11], these decay estimates will
be useful for the nonlinear problem. In contrast to the case of the plane Cou-
ette flow, besides the decay estimates themselves, a decomposition argument
in the proof will also play an important role in the study of the nonlinear
problem.

To obtain the decay estimates, as in [11], we consider the Fourier trans-
form of (1.4) in 2/ € R"1:

ou+ Leu=0, U= = U,

where & = (&,-++,&,_1) € R"! denotes the dual variable.

The operator Le has different characters between the cases |¢/] < 1
and [¢'] > 1. We thus decomposeA the semigroup e‘tf associated with
(1.4) into two parts: et = F " (e7 ¢ | e1<p) + . F (e || 5) for some
R > 0, where .Z ! denotes the inverse Fourier transform. To analyze the
high frequency part [{'| > R, we employ the Fourier transformed version
of Matsumura-Nishida’s energy method and derive the exponential decay
property of the corresponding part of the semigroup e~**. This can be done
exactly in the same way as in [11]. To investigate the part of bounded fre-
quencies |'| < R, we make use of a certain decomposition of the correspond-
ing part of the semigroup based on the spectrum of the operator of the zero
frequency & = 0. Concerning this part we need more precise argument than
that in [11]. The decomposition argument for the bounded frequency part
will be also useful in the study of the nonlinear problem. Once the necessary
estimates for the bounded frequency part are obtained, then the asymptotic
behavior (1.7) follows from the analysis of the low frequency part |'| < 1 in
a similar manner to that in [11].

This paper is organized as follows. In section 2 we rewrite the problem
into the system of equations for the disturbance in a non-dimensional form.
Our main results in this paper are then stated in section 3. In section 4 we
prove the decay estimates, and, in the proof, we employ a certain decompo-
sition argument for the bounded frequency part. A proof of the asymptotic
behavior (1.7) is then outlined in section 5.

2. Stationary Solution and Reformulation of the Problem

In this section we rewrite the problem into the one for the disturbance in
a non-dimensional form.

Let p, be a given positive number. We will look for a stationary flow
whose density p, satisfies
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With this in mind we introduce the following dimensionless variables:

~ 0~ - ~ ~
T =2, t:vt, v=V70, p=p.p, P=p VP
with
v P+ gl? sina‘
I
Then the problem (1.1)—(1.3) is transformed into the following dimensionless
problem on the layer Q = R"™! x (0,1):

(2.2) 0yp + div (pD) = 0,
(2.3) POV +T- VD) — vAT — (v 4/ )Vdive + P (p)Vp = Bpf

(2.4) Ugn=01 = 0.
Here v, v/ and 8 are the non-dimensional parameters:

o ;W Vel
V= , V= , B=—"—.
PV PV V

We also introduce a parameter :

v =Py = Y2

and a parameter w:
(a —1)glcos
apt'K

We state the existence of a stationary solution of Poiseuille type flow.

Proposition 2.1. Assume that w satisfies w > —1. Then problem (2.2)-
(2.4) has a smooth stationary solution us = (ps,vs) of the form:

pe(an) = (1 +w(l — )7,
Us(l‘> = (USI(SL’H),O, e 70)7

U;(xn) :/0 G(xmyn)ps(yn)dyn-

Here
(I —z)yn (0<y, <zp)
G(Inu yn) -

(1 —yn) (zp <yn <1).
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Furthermore, us = (ps, vs) satisfies the following estimates:
ps(a) 2 (1+ min{0,w}) 77 >0,
ps(an) =1+ 0(w), |05, ps(wn)| < Cilw”,
Saall = ) +0(), [0l (e)| <€,
P'(py(wn)) = (1 + OW)), 105, P'(ps(wn))] < Cilul,

uniformly in x, € [0, 1].

U; (mn) =

Proof. In view of (2.1) we look for a stationary solution of the form

Ps = ps<xn)7 Vs = (U;(xn>707 e 7())7 108(1> =1
Then we see that (ps,v!) is a solution of

(2,5) —V@invi = ﬁzps sin a, Usl|xn:o,1 =0,

(2.6) P'(ps)0y, ps = —2ps cos a.

It is easy to integrate (2.6). By using ps(1) = 1, we obtain the desired ps,
and, then, vg is obtained by inverting (2.5). It is straightforward to obtain
the estimates on p, and v,. Furthermore, by noting P'(1) = 72, we have the
desired estimates on P’(p,). This completes the proof. O

Remark. We note that the Reynolds number Re and Mach number Ma is
given by Re = v~! and Ma = ~~!, respectively.

Setting p = ps + 7 2¢ with v = Ma™! and ¥ = v, + w in (2.2)-(2.4), we
arrive at the initial boundary value problem for the disturbance u = (¢, w):

(2.7) 0 + v, 00,6 + 7div (psw) = (¢, w),

o — £ 8w — U0V divw + 7 (Z{2)

(2.8) P

0,050 + (O, v; )w"er — Z-per = (6, w),
(2.9) Wz, =01 =0,
(210) (¢a w)’t:O = (¢0a UJD).
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Here

f0(¢7 w) = —div (¢w)=
g(¢,w)

. v _ ¢
= —w-Vuw+ (,y%m)ps{ Aw + mA”s}
(v+v') ¢ P'(ps)
Gk ps+d>)p Vdivw + (Pps+é) ¢>) {’YQPSV ( ¥2ps ¢>

-V (7*%2152(7*%, ps))}

with .
By, py) = / (1— 0)P"(p, + 00) db

3. Main Results

Our main concern in this paper is the estimates of solutions to the lin-
earized problem, i.e., problem (2.7)—(2.10) with f%(¢,w) = 0 and g(¢,w) = 0.

We first introduce some notation which will be used throughout the paper.
For a domain D and 1 < p < oo we denote by LP(D) the usual Lebesgue
space on D and its norm is denoted by || - ||Lr(p). Let m be a nonnegative
integer. W™P(D) denotes the [ th order LP Sobolev space on D with norm
| - [lwme(py. When p = 2, the space W™?2(D) is denoted by H™(D) and its
norm is denoted by || - || gm(py. Ci*(D) stands for the set of all C"™ functions
which have compact support in D. We denote by VVO1 (D) the completion of
CY(D) in W'»(D). In particular, Wy*(D) is denoted by H} (D).

We simply denote by LP(D) (resp., W™P(D), H™(D)) the set of all vector
fields w = T(w', -+ ,w") on D with w? € LP(D) (resp., W™P(D), H™(D)),
j =1,---,n, and its norm is also denoted by || - || zr(py (vesp., || - [[wmr(p),
| - lzrm(py)- For u = (¢, w) with ¢ € WHP(D) and w = T(w1,~~ ,w") €
Wm4(D), we define ||ullwr.r(p)xwma(p) by [[ullweryxwmapy = [|@llwre o)+
|lw|lwmapy. When k =m and p = ¢, we simply erte ||U,||Wk P(D)xWhp(D) =
[ullwer(o)-

In case D = Q we abbreviate LP(Q) (resp., W' (Q), H'(Q)) as L (resp.,
Whr o H'). In particular, the norm || - ||rr) = || - ||z» is denoted by || - ||,

In case D = (0,1) we denote the norm of LP(0,1) by | - |,. The inner
product of L?(0,1) is denoted by

(f.9) = / ) g dea,  f.g € I2(0,1).



Here g denotes the complex conjugate of g. For u; = T(¢;,w;) € L*(0,1)
with w; = T(wjl-, ~,wi) (j = 1,2), we also define a weighted inner product
<u17 u2> by

1 i 1
(u1,ug) _/ ¢1¢21;2(—ZS) dl’n—i‘/ W1WapPs ATy,
0 ° 0
Furthermore, for f € L'(0,1) we denote the mean value of f in (0,1) by

fil 1
= (/1) = / f() d,,

For u =T(¢,w) € L*(0,1) with w =T(w', -+, w") we define [u] by
[u] = [8] + [w'] + -+ + [w"].

The norms of W™?(0,1) and H™(0, 1) are denoted by |- |yym» and |- |gm,
respectively.
We often write z € Q2 as

v="(2,), v ="(x, -, 2p1) ER"L

Partial derivatives of a function u in z, 2, x,, and t are denoted by d,u, 0, u,
0., u and Oyu, respectively. We also write higher order partial derivatives of
uin z as Ou = (0%u; |a| = k).

We denote the £k x k identity matrix by [. In particular, when &k = n+1,
we simply write [ for I,,;1. We also define (n+1) x (n+1) diagonal matrices

Qo, Qn and Q by

Qozdia‘g(1707"' 70)7 Qn:dla‘g(o) 7()’1)

and B
Q = diag (0,1,--- ,1).
We then have, for v =7 (¢,w) € R"™ w="T(w!,--- jw"),
0
_ (¢ _ 5 (0
QOu* ( 0 ) Qnu* u?n ) QU— w .

We note that
[Qou] = [¢] for u="(¢,w).



We next introduce some notation about integral operators. For a function
f=f(2) (2 € R"1), we denote its Fourier transform by f or .Z f:

fie)=Zne) = [ e ar

The inverse Fourier transform is denoted by .# ~*:

(F @) = @0 [ e e

For a function K(z,,y,) on (0,1) x (0,1) we will denote by K f the integral

operator [ K (2, Yu) f (Yn) dyn-
We will denote the resolvent set of a closed operator A by p(A) and

the spectrum of A by o(A). For A € R and 6§ € (§,7) we denote the set
{A€C; farg (A— A)] < 0} by T(4,0)

2(A,0) ={\ € C; Jarg (A — A)| <}

We now state our main results.
Let us consider the linearized problem

(3.1) Owu+Lu=0, w|y—01=0, ulimp = uo.

Here u = T(¢, w) and L is the operator of the form

V3O, Y2div (ps -)
L= % /
V(M.) — v AL, — Y ydiy
TPs Ps Ps

0 0
B er 00 I, + (0, vl)e '
Y2 ps 1 Us x1in xnvs>el €n
We denote the solution operator for (3.1) by %(t).

Theorem 3.1. Suppose that ug = T (¢g, wy) € H' x L? and that 0wy € L2.
Then (3.1) has a unique solution u(t) = % (t)uy and satisfies the estimates

105 (t)uo|l> < CLt % [fuol| g2 + Dwro]l} (k= 0,1)
for0 <t <1.

Theorem 3.1 can be proved exactly in the same way as in [11]. We omit
the proof.
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As for the estimates in large time, we have the following result.

Theorem 3.2. There exist constants vy > 0, 79 > 0 and wy such that if
v >y, v+ 1)/ < 1/48 and |w| < wy, then the estimates

10505, % (t)uol|2
n—1_k
S C{tiTiiHUOHLI(Rn—I;LQ(OJ))
+e " (||uo || sz + |0wwoll2)} (k+1<1)

hold uniformly for t > 1, ug = T(¢g, wy) € H' x L* with Opwy € L* and
ug € LY(R™1; L%(0,1)). Here d is a positive constant.

We will prove Theorem 3.2 in section 4.

The decay rate in Theorem 3.2 is the same one as that of an n — 1
dimensional heat kernel. The next result shows that this is an optimal decay
rate, and, in fact, the asymptotic leading part of solutions is given by an
n — 1 dimensional heat kernel which moves in x; direction with a constant
speed.

Theorem 3.3. There exist constants vy > 0, 79 > 0 and wy such that if
v >y, 2u+v)/y? < 1/92 and |w] < wy, then for any ug = T (Po, wo) €
(H' x L?) N L' with 8wy € L? the solution u(t) = % (t)ug of problem (3.1)
1s decomposed as

U (t)yug = %O (t)yug + %' (t)uy,
where each term on the right-hand side has the following properties.

(i) The function % (t)uy satisfies the following estimates (3.2) and (3.3)
uniformly fort > 1:

(3.2) 1082 (t)ug | < Ct_nT_l_gﬂuoﬂl (k=0,1),
(3.3) 1% (tyug — Gy %0 Ty < CE5T 73 |Jug 1,
Here

G, %y IOy = F 1 (ef(iﬁoflerE%%‘iQ|£"\2)tﬁ((])ao)

with TOU, = [QoloJu® = [go]u®, where u® = u©(x,) is the function
given in Lemma 4.3 below; and k; (j = 0,1,2) are some positive constants
satisfying

1
Ko = 6 + O(w),
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m= (3 +0 (1) +0(282)) (1+0w)),
Fy = 15 (14 Ow)).

Furthermore, if ug = T (div Wo, Oywo) with WE|,, —o1 = 0 then it holds that

(3.4) 12 (t)uolla < Ct~*T 2 (||Wol|1 + [woll1)

forallt > 1.
(ii) There exists a constant d > 0 such that % (t)uo satisfies

(3.5) 10,2 %) (t)uoll2 < Ce™*(|fuollixrz + [[Bzawoll) (1= 0,1)
forallt > 1.

Remark. We easily see that |Gy s, ITOug|l, = Ot "7 ) if ug € L*. We
also see that the function Gy %, IT©ug is written in the form Gy %, [T ODug =
(6 (2',t),0) with ¢© (', ) satisfying

9 — 1102, 00 — ks GO + ko, 0O = 0,

1
¢(0) |t:0 - / ¢0(x/7 xn) dmrm
0

where A” = 92 +---+ 092

A proof of Theorem 3.3 will be outlined in section 5.

4. Proof of Theorem 3.2

In this section we prove Theorem 3.2. From now on we simply denote
v+ by U:

v=v+71.

To prove Theorem 3.2, we consider the Fourier transform of (3.1) in a’
variable. The Fourier transform of (3.1) is written as

(4.1) O+ 161010 + i€ - (ps@) + 720, (ps@™) = 0,

O + V(€ — 02 ) — i (it - @ + Oy, T")
(4.2)

+ig (2L g) + ig i’ + d"e) — -ge) =0,

12



Q" + v(|€')? — 92 YW™ — 00y, (i€ - W' 4 Oy, W™)

(4.3) ”
+0n, (54226 + igula™ = 0,

(4.4) lyp=01 =0

for t > 0, and

(4.5) Ulimo = Uo = T (¢, Wo)-

Here gg = gg(f’,ycn,t) and W = w({, x,,t) are the Fourier transform of ¢ =
(2!, xp,t) and w = w(2', x,,t) in 2’ € R"! with ¢ € R"! being the dual
variable. We thus arrive at the following problem

(4.6) —u+ Lg’U 0, w|z,=01 =0, ul=o = uo.

dt
with a parameter £ € R""!. Here u = T(¢(x,,, 1), w(x,,t)) (x, € [0,1],¢ > 0)

and /[:5/ is the operator of the form

Z&l = A\gl + EE/ —|— 6’0’

where
0 0 0
1T v D IT ¢t _iDel
AE' = 0 s ﬂg’-[n—l + Psg g Z 58%
s v Ter v _ L 2
0 Zps 58% JZ{g 8 n
with
Ao = [€* ~
i&1v, T 20, (ps)
Bo = eig> gt 0 ,
0 0 0
Co = _721/,05 e 0 (0s,v;)€]
0 0 0

We note that, for each fixed &', Lgl is a closed operator on H'(0,1) x L?(0, 1)
with domain of definition D(L¢) = H'(0,1) x (H2(0,1)NHZ(0,1)); and —Le,

13



generates an analytic semigroup e *2¢’ in H'(0,1) x L2(0,1). Therefore, for
each fixed &', problem (4.1)—(4.5) has a unique solution u(t) = e Lty €
C([0, 00); HY(0,1) x L2(0,1)) with @(t) € C((0,00); D(Le)). The solution
U (t)ug of (3.1) is then given by % (t)uy = f_l(e_tzﬁ’ﬂo).

To prove Theorem 3.2 we decompose U (t)up in the following way. Let
R > 0. Define V(') and x™)(¢') by V(€)= L it [¢] < R, xD(¢) = 0 if
€'l < R, and x> =1 — x,

We decompose Z (t)ug as

U(t)ug = Uy (t)ug + Uso(t)uo,

where o
Us(tyuo = Z 7 (\e @), j = 1,00,

In a similar manner to the proof of [11, Proposition 6.1], one can obtain
the following decay estimate for Uy (t)uy by using the Fourier transformed
version of the Matsumura-Nishida energy method (cf., [22]).

Proposition 4.1. There exists constants Ry > 0, vy > 0, 79 > 0 and wy > 0
such that if R > Ry, v > 1y, (v +70)/7* < 1/4¢ and |w| < wy, then the
estimate

1Uso (B0l i < Ce™ D ([Jug|l s + [|0wol|2)

holds for t > 1 with a positive constant d.

To complete the proof of Theorem 3.2 we will show the following estimate
for Uy (t)uo

Proposition 4.2. For each R > 0, there exist vy > 0, 79 > 0 and wy > 0
such that if v > vy, (v +10)/7% < 1/73 and |w| < wy, then the estimate

1858, U ()uollz < Ct 7% |l prmn-1:22(0.1))
holds fort > 1, k,l =0, 1.

Theorem 3.2 now follows from Proposition 4.1 and Proposition 4.2 with
R == Ro.

Proof of Proposition 4.2. To prove Proposition 4.2 we decompose u(t)
based on a spectral property of Lg with f’ = 0, namely, LO

We introduce the adjoint operator of Lg/ with respect to the weighted
inner product (-,-). We define an operator [jg by

LZ/ — Azl _|_ Bg/ + CS(

14



with domain of definition D(ZZ,) = D(ng), where

AZ/ - Agl, Bg/ - —Bgl

and
v s T 1
0 ﬁ&) e, 0
Ci=1o0 0 0
0 (0,,v)Tey 0

We then have R R R
(Agu,v) = (u, Agv) = (u, Agv),

(Egu,v) = (u, ég,w = —<u,]§§/v>,
(Cou, v) = {u, Cv)

and R R
(Leru,v) = (u, Lgv)

for u,v € D(Egl).
We begin with a lemma on the eigenvalue problem for Ly and Lg.
Lemma 4.3. (i) A = 0 is a simple eigenvalue of Lo and ZE‘;

(ii) The eigenspaces for A =0 of EO and ZE‘; are spanned by v and u(®*,
respectively, where u® =T (¢ w®-1e! 0) and u®* =T (¢©* 0,0) with

$0 (@) = g 22 g :( e,
" 0P (ps(an))” 0 0 Pllps) ™)
wON(2,) = & [ G, yn)d (yn) dyn,

0% (5 ) = 2250

¢ (a:n)—aocb (n)-

(iii) The eigenprojections 119 and I * for A =0 of Lo and L* are given

by
7Oy, = (u,u(o)*)u(o) - [Qou]u(o)
77O, — (u, u @) ©,
respectively.
(iv) Let u® = uéo) +ul? where

u[()()) — T((ﬁ(o)7 O7 0)7 ugo) — T(O’ w(O),lell, 0)

15



Then v = 2" and
@

(87
() = 55l + (', w )

foru="(p,w ,w").
Remark 4.4. We note that
¢ = 0(1), ag=0(1), W™ = O(1/4*),
which will be frequently used in the argument below without mentioning.
Proof of Lemma 4.3. If zou = 0, we have
V?0s, (psw™) = 0,

— 20w — + (0, vHw"e) =0,

InS

ST w4 ], (W ¢)_o

\ w|1’n:0,1 = 0.

The first equation, together with the boundary condition, gives w™ = 0.
Then, by the third equation, 7(" 9)¢ is a constant, and therefore, ¢ = cLbs

P (ps)
Furthermore, the second equatlon together with the boundary condition,
gives w' = w'e] with w! = & fo (T, Yn)P(Yn) dy,. Taking ¢ = ay we

obtain the eigenfunction u(®.

Consider next zou = 4©. Then we have

Y20s, (psw™) = ¢, w"|z,201 = 0.

It follows, by integration by parts, that
[09) = 7*[8s, (psw™)] = 0.

But, clearly, (0] # 0, and so, we conclude that there is no u such that
Lou = 4. This shows that the eigenvalue 0 of Lo is simple. Similarly one
can prove assertlon (i) for L*. The remaining assertions now follow from (i).
We omit the details. This completes the proof. 0

Based on Lemma 4.3 we decompose u(t) into the parts of the eigenspace
for A = 0 and its complementary space. Let u = T(¢, w) € H'(0,1)x L?(0,1).
We decompose u as

uw=ou® + U1,

16



where
0 = [QOU} = <u7 U(O)*>7

Uy = (I — ]AY(O))u
Remark 4.5. Due to the boundary condition w|,,—o1 = 0, the Poincaré
inequality holds for the velocity part: |w|y < |0, w|s. Concerning the density
part ¢, the Poincaré inequality does not necessarily hold. However, if u; =
(I — IOy = T(¢py,wy), then [Qoui] = [¢1] = 0, which implies that the

Poincaré inequality also holds for ¢;. Therefore, |¢1]o can also be controlled
by |0, ¢1l2. This simple observation will be useful in the argument below.

Using the decomposition introduced above, we rewrite problem (4.6). To
do so, we define some notation. We write

]\4'6/:LSI—LO:AASI—FBé/7
where
0 0 0
A 7 1T V[ el2 DT el D
Ag/—Ag/—AQ— 0 ps‘gljfl"i_psg £ Zpsfazn )
s U T ¢!

i& v} 2 Te 0
Eﬁ/ = E&/ - Eo = 25,% 2'512]31]”_1 0
0 0 i€y,

Decomposing u(t) in (4.6) as u(t) = o(t)u® + u,(t), we have

d ~ —
%(UU(O) + uy) + Louy + Mg/(au(o) +uy) =0.

Applying I1©® and I — II©® to this equation, we have

Lou® + e ng(au +uy) =0,

Doy + Louy + (I — TOY M (ou® + uy) = 0.
Since ]AY(O)]\Z/U = [Qom/u]u(o) and QOJ\E/ = Qgégl, we arrive at

d
(4.7) o+ [QoBe (0u'® + uy)] = 0,

17



d N N -
(4.8) pric! + Louy + Mer(ou® +uy) — [QoBer (0u® + uy)]ul® = 0.

Proposition 4.2 can be proved by estimating solutions of (4.7)—(4.8). We
will frequently use the following lemma.

Lemma 4.6. (i) (u, u;) = (ugo),uﬁ holds for u, € R(I — ).
(i) |[QoBeru]] + | 1QoBerul”| < Cle|.

(i) |[Qo Berwi]
R(I — 110,

< ClEN(I1l2 + 7?|wil) holds for uy = T (¢1,wi,wy) €

The proof of Lemma 4.5 is straightforward, so we omit it.

We will employ an energy method to obtain the necessary estimates on
solutions of (4.7)—(4.8).

We introduce some notations. For u = T(¢,w) we define Ey(u) by

2
- )
Eo(u) = %2 ]i,z(z:)ﬁb + |Vpswl, -
2
For v=¢,v=w="(wy, - ,w") or v="(¢,w), we define D¢ (v) by

Dg (v) = [¢']*[v]; + [0z, v]3,

and, for w = T(wy,--- ,w"), we define De(w) by

Dei(w) = vDg(w) + Dli€’ - w' + 0y, w"|2.

Proposition 4.7. There exists vy > 0 such that if v > vy, then
# (380 + Eo(wr)) + De (wn)

(49) <c{(5+2) 0l + (22 + L) el

Proof. Multiplying (4.7) by (t) and taking the real part of the resulting
equation, we have
1d

51171 + Re{{QuBe (ou® + w7} =0.

18



Since ég, = —f?g, ul® = u(() )+ ug and u(0* = l—zuéo), we have

[QuBew) = (Beur,ou®) = —(uy, Be (ou®"))
= —l—i(ul, Eg(auéo)».
Furthermore, we have
[QoBe (ou®)]7 = i&i|o]* {[v}6"] + V*[psw "]},
and, thus, Re [Qoég(au(o))]ﬁ = 0. It then follows that

1d

4.10
(4.10) 2 dt

2 o~
Clof? ~ LRe (un, Be(oul?)) =0
0

We next take the inner product of (4.8) with w;. Then the real part of
the resulting equation gives

(4 11) %%Eo(ul) + Re <E0U1, U1> + Re <]/_\Z§/ (O'U(O) + Ul), u1>
—Re [QoBe (0u® + uy)](u®, uy) = 0.
Since B\g, = —ég, we have Re <§§/u1, u1) = 0. It then follows that

Re (Louy, u1) + Re (Mg (0u® + uy), uy)

= Re (Agug, 1) + Re (Coug, uy) + Re (Ag (ou©), uy)
+Re (B (ou®), uy)

= De/(wy) + Re (Cour, uy) + Re (Ag (ou®), uy)
+Re (Be(ou®), uy).

This, together with (4.11), yields
14 Eo(ur) + De/(w1) + Re (Cour, ua)
(4.12) +Re (A (0u®), uy) + Re (Be (ou®), uy)

—Re [Qoggx(au(o) +uy) [ (u®, ;) = 0.

19



We add 22 x (4.10) to (4.12) to eliminate Re <§§/(0u(()0)), uy) and obtain

L4 (210 + Eo(w)) + De(wn)
= —Re (Couy, uy) — Re (ggr(au(o)), uy)
(4.13) N
—Re (Be (ouf”), u)
—|—Re [Q()Bgl (O’U + Ul)] <u(0), U1> .

Applying Lemma 4.6, and the Poincaré and Hélder inequalities to the right
side of (4.13), we have the desired estimate. This completes the proof. [

Before proceeding further we introduce some quantities. We define J(u)
by
J(u) = —2Re (ou'® + uy, BgQul) for u=ou'® + u;.

We note that there exists a constant b; > 0 such that

] < 52 (%10 + Eutu))

With this constant by, we define E;[u] by

Bi(u) = (1+22) (%10 + Bo(w) ) + Do (wn) + T ()

For F(u) we have the following estimate.

Proposition 4.8. There exists vy > 0 such that if v > vy and v* > 1, then

%EH(U) + <1 —+ bl'Y ) Dﬁ’ w1 + ‘\/p_sﬁtwlb

(4.14) <c{(H+L+%) o3+ HlEPlo
+ (L2 + 1+ ) IgPlol + o

Proof. We recall that u = ou(® + u; satisfies

d ~

We take the inner product of (4.15) with 8,Qu; to obtain
(&gu, 8t©u1> + <Z£/U, 8,:@114) = 0

20



with u = ou® + u;. Since
ato' = —[Q()Eg/(o'u(o) + Ul)]

and B B
<U(O)u atQU1> = <U§O), 3tQU1>,

by using Remark 4.4 and Lemma 4.6, we have
Re (8yu, 0,Quy )
= Re {(&au(o), ,Qui) + (Oyuy, 8t@u1>}
= Re { Qe (0u® + w)](u”,0,G) + | /7200w
> 4| vpoan [y — € {£E (1o + |613) + 4 De (wn) }
Since Lou® = 0 and Byu® = 0, we see that
@f’ua atéuﬁ
= (Mg/(ou®), 8,Qu1) + (Lerur, 0,Quy)
= (Ae(0u®), 0,Qu1) + (Be (0u?), 0,Qun)
+<A\5/U1, 8t@u1) + (§§/u1, at@m) + (60u1, at@u1>
— (Ae (0u®), 0,Quy) + (Ber (0w + uy), 0,Quy)

+<A\£/U1, 8t@U1> -+ <60U1, at@u1>‘
We will show that

Re {(ég(au(o) +u1), 0,Qua) + (Agruy, 8,5@1/4)}
; (De(w) +J(w)) — el /i3
~C{ER (ol + [01]8) + 2 De ()

2
HE o f 4+ 5o 2|

>

N[
&.lg‘

(4.16)

for any € > 0.
It is easy to see that

1d ~

(417) Re <121\§/U17 8t@u1> 2 dt Dg/(wl)
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Since Eg, = —B\g/, we have

(Ber(oud), 0,Qui)
(4.18) ) o A ~ o~ ~
= —2(ouy’, BeQuy) + (Diouy”’, BeQuy).

By (4.7), we have N
8ta = —[QoBg/(O'u(o) + ul)]

Lemma 4.6 then implies

(O, B

(4.19) < |[@oBe (ou® + w)]| [(u”, BeQur)

< C{EE (ol +1613)% Be(wn) }
Similarly,
(Berur, 9,Qui)

(420) = —%<U1, Eg@lq) + ((9tu1, _/BSE/@UH

= —%<U1, é&’é“l) + (@Qoul, Eg'éuﬁ + (@@Ul’ Bg/@“l)-

We first estimate the second term on the right of (4.20). By (4.8), we have

athul

= _QO {/[:é/ul + Mgl(au(o)) — [Q[)éé/(()'u(o) -+ Ul)]u(o)}

= — {Qoéglul + QOE&'/(O’U(O)) — [Q0§£/<UU(O) + ul)]uéo)} .

Since (0;Qou1, ng@uﬁ = (0 Qouq, Qoégéul}, we see from Lemma 4.6 that

|(0:Qous, BeQua)

=C {|Q0§§’U1|2 +1QoBe (0u®)]

(4.21) B o
+[QoBe (ou® + u)][ufl2 } x 1QoBe Quals

< C{E (o> + |en3) + % Dewn) }
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The third term on the right of (4.20) is estimated as

(0:Qui, BeQui)| < Cly/paduw[2[¢'][wnl
< elypdrwil} + £ De(wy)
for any ¢ > 0. This, together with (4.21), gives
Re <§§/U1, at@uﬁ
(4.22) > — 2 (uy, BeQui) — &|\/pa0uw [3
~C{EE (ol + o) + (£ + &) De(wn)}

for any € > 0. R B
It remains to estimate (B (augo)), 0;Quy). But, by Remark 4.4, this can
be estimates as

[(Be(oul”), 0:Qur)

< C8ljolly/psdrunls

112
< elypedanl3 + CEF o)

e 74

(4.23)

for all e > 0. We thus obtain (4.16) from (4.17), (4.18), (4.19), (4.22) and
(4.23).
A straightforward computation gives

‘(A\é’(au(o)), 8téu1>

v+i7)2
< ely/phwn |} + S ER(1+ P o
and

~ ~ C (v?
[(Coun, 0G| < elvvuont + S { Slonlt + k|

for any € > 0.
Taking € > 0 suitably small, we obtain the desired estimate. This com-
pletes the proof. |

We next derive a dissipative estimate for d,, ¢, which also controls |¢1]s
by Poincaré’s inequality as mentioned in Remark 4.5,.
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Proposition 4.9. There exists a constant wy > 0 such that if |w| < wy, then
P(Ps 1
V' 2ps “""QS ‘ v
< C{ (2l + 5 (5 +1€)) Do (w)
+$|\/Eatwl‘2

+22[¢ (o2 + |0113) |

2
%% P(ps)a ¢1‘2

72

(4.24)

Proof. The first row of equation (4.8) is written as
Or1 + 180,01 + V2 psi€’ - wi + 720y, (psul)
+i&10io ¢ +~2pgi& ow®!
—[QoBe (0t + uy)]¢© = 0.
Differentiating this in x,, we have
(4.25) 040, 1 + i€V 0,, 1 + 77 ps02, wi = HP,

where
H = —{7*0,,(psi€ - w}) +7*u,, W]y, ps)

+i&10(0,, (V10 V) + 420, (psw @)

~[QoBe (ou® + uy)],, ¢}

We next rewrite the n th row of equation (4.8) as

v+ v n p/(ps) ~n
(426) — . 8§nw1 + Wﬁznqbl =0
where
g = — {0 +igwlur + £IgPuy
—2ig’ - O, + 610, (5422
—p%@flaaxnw(o)’l} .
Ps % (4.26) to (4.25), we have
ps P’
(4.27) 010y, 1 + i'v}0,, ¢ + 2 (P >8znqb =

+
24



where

22

VP -
H=H° =
+V+Dgl

We take the inner product of (4.27) with Z (3% ¢1. Then the real part
of the resulting equation gives

1| Plps)

and, hence,

72

)
By Proposition 2.1, p; = 1 + O(w) and % =1+ O(w). Using these facts

2
to obtain the desired estimate. This
2

and Lemma 4.6, we can estimate ‘piH

completes the proof. O
We finally derive a dissipative estimate for o.

Proposition 4.10. There exist constants vy and vy > 0 such that if v > 1y
and % < %, then
0

1o + %52 min {1,]¢/2} o
(4.28) <o{(£+%) Q+lgP)el

+ L1 /psOaun§ + L1+ 7) D (wy) }
with some positive constant av.

Proof. Since

(QoBe(ou® +un)] = [QoBeu Vo + i€ [vi01] ++7[pei’ - wi],
we see from (4.7) that

(4.29) 0,0 + [QoBeu®]o + 12 [psi€’ - wi], = —i€'[v¢n).
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On the other hand, since 15'2(_,)z)¢(0) = g, we have

¥2p

- P'(p,

Bé/U(()O) _ Zgl 2(10 )Qb(o) _ Zf,Oéo-

Y Ps
This, together with (4.8), gives
(4.30) (€7 = 2, )wi = ==tig'op, + I,
Here R
M= =2 {out + Chur — 3€GE - w) + Oy, u))

—i—gé,ul + a]\f/fg’/ugo)
~[QoBe (ou® + u)Jw® el },
where Mé,, §é, and C)) are (n — 1) x (n + 1) matrix operators defined by
W= (0 2€7€ ~ico., )+ B,
By = (e g, 0),
Co=(—=%¢€ 0 (Ol ).

We next introduce an operator A on L?*(0,1) with domain of definition
D(A) defined by Ap = =92 ¢ for ¢ € D(A) = H*(0,1)NHy(0,1). By (4.30)
we have N

(€7 + A’ = ——i'op, + 1.

It then follows that

w = =Z2go (€ + A) " po + (€17 + A)7 i
Substituting this into (4.29) we have
(4.31) 0,0 + [QoBeu®]o + 2 [p,(|€]? + A) ' pJ]|€ o = RO,

where

h? = —i€'[v;1] — *[psi’ - (I€']F + A)7 ).
We multiply (4.31) by @. Then since [Qoéflu(o)] € iR, the real part of the
resulting equation yields

——|o
2dt

2
QoY

o5 (€17 + A) 7 pslI€P|o[* = Re (7h").
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Since
ETPE P+ A) s — ps in L2(0,1) as |€'] — oo

and
(1g'P+A)~
WNIEPNATN for [¢'] < 1

A N (=

— Al
and since [p,(|€']2 + A)"Lps] = |(|€|2 + A)"2p,|2 is continuous in &, we see

that there exists a constant &y > 0 such that
——min {1, [¢']*}

il (o, (€2 + A) 7 pl] €2 =

for all &'\
Furthermore, since
(€' +A) " flz < |§,|2 TSR

a direct calculation gives

[Re ()]
52 v
< T (4% ) min{L[¢)
+C{(%+ ) 1+ 1€ ol + Lly/pdww 3
2w+ To2fiE’ - wf + O, w3}
%. This com-
0

We thus find the desired estimate provided that “2° 4 1<
pletes the proof.
We are now in a position to prove Proposition 4.2

Proof of Proposition 4.2. For a given R > 0 we assume [{'| < R
Let by be a positive number (to be determined later) and define Fy(u) by

EQ(U) = %|0‘|2 + EO(ul) + 1/+1/E1( )
2

2

E

1
+
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We add (4.9) and -2 x (4.14) to (4.24). Then

GBa() + (14 2% + J25 ) Delw)

2
P(ps a ¢1‘
2

22 | psowwn [ +
<C{(#2wP + 35 (2 +1¢P)) Dewn)
+ iz lVpsOhwi 3
+ (22 5) A+ EP) e+ 1€ P10}
O (1 +5) 103+ SRl
+ (5214 ) 1EPIo P + o}

Take by > 0 so that C' < %. Then |w| is taken so small that C*2|w|? < 1
and v and 7—; are taken so large that V—Cl < % and CR? < %% Then the

terms lN)gx (wq) and |\/E3tw1|2 on the right are absorbed into the left. Since

&2 < Oy P'(—Q’S)a qbl for some C; > 0, we take 72, v and —1—= so large that
2 ¥
ey (22 + %) (1 + R2) < 1 and 0O { (L + 1+ 7—4> +2) <t

Then the terms |¢|3 on the right are absorbed into the left. We thus arrive
at

LB () + 5 (14325 + 22 )

(4:82) L | moany + bk \

<C (2 + ghe + ) PO+ [P0l

Tn

Let b3 be a positive number (to be determined later) and define F3(u) by

Es(u) = Ex(u) + 5510
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We add 25 % (4.28) to (4.32). Then

iEg(u) + = (1 + Vlfu + fgﬁi%) 55/(w1)

335 VPOl
21,+1, psgtwl 2

D/
ks [0, 0, + i min L€ Hol

<C (L4 ke + &) PO+ P of?
I/ |1 4 2
+O { (5 +2) L+ [€P)6i3
+lj|matw1|% +2(1+7)De(un) }

We may assume v > 1 and % = < 1. We take b3 so small that Cbz < 7, L Cby <
% and CCybs ( —) (1+ R?) < L. Then the terms Dg(wr), |\/ps0swn 3
and |¢;|3 on the right are absorbed into the left. We finally take 2}3 and v
so large that C' <”+” L ?> (1+ R?)max {1, R?*} < b30‘° . We then

v(v+v)
arrive at
LEs(u) + 1 (1435 + B2 )
410 1
(433) 41/—1%1/ |\/Eatw1|2 + Zm Tn ‘
+3g%s min {1, [€']}o]?
<0

for all ¢ with |¢| < R.

Since
Pe(wn) + | 2420, 61]) +1of? > coBy(u)
for some constant ¢y > 0, we see that there exists a constant ¢y > such that
d ~ : 112
S By(u) + cmin {1, €2} By(w) < 0.
It then follows
(4.34) Es(u)(t) < e~ mn{LIEPIED By (4) (1),
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Let u = T((E, w) be the solution of problem (4.1)—(4.5). Since Es(u) >
c1|ulg for some constant ¢; > 0, we see from (4.34) that
’5/’%’@(5/’ ., Zf)ﬁ{l
(4.35)
< C|§/|2k6760 min{1,|§’\2}(t71)E3(a<§/’ . 1))

for ¢ with |¢’| < R. Integrating this over |¢'| < R, we obtain

||8§'U1 (t)UOH%,?(R"*l;Hl(O,I))
(4.36) -
S C(t — 1)7771c Sup|£,|SR Eg(ﬁ\(g,, ° 1))
But, similarly to the proof of Theorem 3.1 (see [11]), we can show that

sup Es(u(¢’,-,1)) < OHuO”%l(Rn—l;LQ(O,l))'
le'|<R

This, together with (4.36), gives the desired estimate in Proposition 4.2. This
completes the proof. O

5. Outline of Proof of Theorem 3.3

Once the estimate (4.35) is established for the bounded frequency part,
Theorem 3.3 can be proved in a similar manner to the case of the plane
Couette flow [11]. So we here give an outline of the proof.

To prove Theorem 3.3 we further decompose U (t)ug into two parts. Let
0 <r < R. We define x(¥(¢') by

XO(E) =1if €] <, X =01 €] >
We decompose U (t)ug as
U1 (t)uo = Uo(t)’do + Ul,oo(t)uoa

where N
Uo(t)uo = F-1 (X(O)Xu)efmg/ao)

and ]
ULoo(t)UO = {?—1 <(1 o X(O))X(l)e_tLE/a0> '

We have the following estimates.

Proposition 5.1. (i) For each r and R satisfying 0 < r < R there exist
vo > 0, 7% > 0 and wy > 0 such that if v > vy, (v + 0)/7* < 1/42 and
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lw| < wyp, then Uy o (t)ug satisfies the estimate (3.5) in Theorem 3.3 (ii) with
U (tYug replaced by Uy o (t)uo for a constant d = d(r) > 0.

(ii) There exist ro > 0, vy > 0, v > 0 and wy > 0 such that if r < r,
v>uy, (V4 0)/v? <1/92 and |w] < wy, then Uy(t)ug is written as

Up(t)ug = 2O (t)ug + 2 (t)uq,

where % (t)ug has the properties in Theorem 3.3 (i) and 2% (t)uy satisfies
the estimate (3.5) in Theorem 3.3 (ii) with % (t)uq replaced by 2 (t)uy.

Theorem 3.3 immediately follows from Proposition 4.1 and Proposition
5.1 with 7 = ro and R = Ry by setting % (t)ug = 2V (t)ug + Uy (t)uo +
Uso(t)ug. So we will give an outline of the proof of Proposition 5.1.

Proposition 5.1 (i) follows from (4.35); if we integrate (4.35) over 0 < r <
1€'| < R, then
1Uo(t)uol| 1 < Ce™ D% (L)ug|
with d = 3¢ min {1,7?} > 0. Applying Theorem 3.1 to estimate || % (1)uo ||,
we have the desired estimate.
Proposition 5.1 (ii) follows from Lemma 5.4, Theorems 5.5 and 5.6 below.
To prove Proposition 5.1 (ii) we first investigate the spectrum of —EO, and,

then, by perturbation argument, we analyze the spectrum of —/L\gl for || <
1.
We consider the resolvent problem

(5.1) Au+ Leu = f,

where A € C is the resolvent parameter; u = T (¢, w’,w™) is an unknown
function of x,, € [0,1]; and f =T (f°, ¢, g") is a given function of z,, € [0, 1].
To investigate problem (5.2) we write Lg in the following form:

n—1 n—1
Lo =Lo+ Y &L + 3 &Ll
j=1

jk=1

where 6/ = T(€17 T 757171)7 and

0 0 ’YQamn (ps- )
ZO e - »YQVpS ei - plsa:%n [nfl (amnvsl)ea
P'(ps) . ) 0 _vir g2
Tn \ H2p, ps “Tn
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iviélj Z./72ps Te;' O
E§1) = i%eg LY —ip%eg'arn ’
0 —i%Te;-@xn i 0y
0 0 0
Eﬁ) =| 0 Lol + pise;Te; 0
0 0 2 0jk

Here €, denotes the unit vector of R in ;-direction.

We will treat E,g as a perturbation from EO. As for the case & = 0 we
have the following result.

Lemma 5.2. (i) There exist positive numbers ny and 8y with 0y € (3,7)

such that X(—no,00) \ {0} C p(—Lo). Furthermore, the following estimates
hold uniformly for X\ € p(—Ly) N X(—no,00) \ {0}:

O+ Loyt f

are < ‘%MﬂHle?;

ain@()\ + zc))_lf

(Al+D)' 2

, <C (ﬁ + %) | flrsre
forl=1,2,

3;3”@0()\ + E0)_1f

Lo 1
, =C (Ai " <A|+1>%> s

The same assertion also holds for —ZS.

(ii) A = 0 is a simple eigenvalue of —Lo and —ZS; and the associated
eigenprojections are given by the ones given in Lemma 4.3 (iii).

Proof. Lemma 5.2 can be proved by the energy method as in section 4 and
the proof of [13, Proposition 3.15], or by a perturbation argument from the
case w = 0. We here give an outline of the latter argument.

Since Lo depends on w though p, (recall that p, = 1+O(w)), we introduce
the notation EAw: R R R

ﬁw - AO + Bo.
Then we have R L R R
Lyo=Ay+ By+ Cy =L, + Cy.
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Although 60 also depends on w, we keep the same notation for it. In terms
of L, problem (5.2) is written as

A+ Lou = f— éou,

namely,

(5.3) M) + 720, (psw™) = f°,

(5.4) ' — p—”sﬁgn '= — (O, vHw"el,
n I/+I/ 2 ps) I o}

(5.5) A" — EEOD W + 0, (W)¢>—g

with the boundary condition
w’xnzo,l = 0.

We see from (5.2) and (5.4) that ¢ and w" do not couple with w’ and they
are determined by f° and g". Once ¢ and w™ are known, then w’ is obtained
by inverting (5.3). In view of this observation, we have

(5.6) u=\+L)""f = CoA+ L)' f.

Here we have used Q'(A + £,,) ' = (A + £,,)"'Q’ and Cy = Q'Cy = Co(Qo +
Qn), where Q' = I — (Qo + Q). Therefore, estimates on (A + Ew)*l will lead
to the desired estimates on u = (A + Lg)~ f

We regard L,, as a perturbation from Ly to estimate (A + L.,)7. As for
Lo we have the following result.

Lemma 5.3. (i) There exist positive numbers no and 0y with 6y € (3, 7)
such that X(—ng,00) \ {0} C p(—=Lo). Furthermore, the following estimates
hold uniformly for X € p(—Ly) N X(—=no,0) \ {0} and I =0,1:

)(A+Eo)—1

= |)\‘ ‘f‘Hle2

L QN+ L)t f

<1 + ‘—}4) |f|Hl*1><L2'

2 (|)\|+1)
(ii) A =0 is a simple eigenvalue of —20.

Lemma 5.3 was given in [11], which can be proved in a similar manner to
the proof of [9, Lemmas 3.1 and 3.2].
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We continue the proof of Lemma 5.2. Since p, is smooth, strictly positive,
and p; = 1+ O(w), we have

‘(Zw ~ Lo

< C‘WHUlHlez.

HxL?
This, together with Lemma 5.3, implies that if |w| < 1, then X(—"15,60) N
[N > 2} € p(~L,) and

0+ 20

o < |_§||f|H1><L2a

L QN+ Ew)_lfL <C (ﬁ + é) | flatxr2

1
(A1) 72

for [ = 1,2. Furthermore, in view of the proof of Lemma 4.3, one can find
that A = 0 is a simple eigenvalue and o(—L,) N {|A\| < 2} = {0}. Lemma
5.2 now follows from (5.6), except the estimate on 92 Qo(A + Lo)~f.

Let us estimate 92 Qo(\ + Lo)~'f. As in the proof of (4.27), one can
obtain

Sp, S
vV+v

where
H = —~%20, (w"0,, ps) + 0, f°

2.2 D/
28 P+ oo, (582) - o7}

It follows that
(A + #2”) 0,0 = 2 (1 — %é‘”) O, & + H.
Since p, = 1+ O(w) and 7% = P'(1), we obtain, for |w| < 1,
|0, ¢l
< 557 {|wl102, 6la + |0l + 105, H 2}
< 312,012

+|>\|(i1 {olur + |wlgz + [M|wlgr + | flazxm }

IN

%‘8§n¢|2 +C (ﬁ +—1— ) | flm2scmr,

(Al+1)2

from which the desired estimate on @%n QO()\—i—zo)*l f follows. This completes
the proof. O
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Based on Lemma 5.2, we can obtain the following estimates on ()ﬂ—fgf)_l
for |¢'| < 1, by changing 7y and 6, suitably if necessary.

Lemma 5.4. There exists a positive number ro = ro(no, ) such that the
set 2(—no,00) N {X; [A| > 2} is in p(—zg) for || < rg. Furthermore, the
following estimates hold uniformly in X € X(—ng,0) N {)\; |A| > %0} and &
with €] < rp:

‘()\ + Le)7 ' f L < ‘%mHle?,
) ‘Zr -1 < =+ — 1 1972

forl=1,2,

1 1
, =C (W " <|A|+1>%) e

~

The same assertion also holds for — L.

82 QoA+ Le) ' f

The proof of Lemma 5.4 is the same as that of [11, Theorem 5.2].
As for the spectrum of —/L\gx near A = 0, we have the following result.

Theorem 5.5. There exists a positive number ro such that for each & with
1&'| < rg it holds that

T n
o(=Le) N{X Al < 30} = {M(&)},
where \o(&') is a simple eigenvalue of —_/L\gl that has the form

Mo(€) = —irg — k€] — w2l¢"* + O(IE)

as |€'| = 0. Here £" = (&, ,&n—1); and k; (j = 0,1,2) are some positive
numbers having the properties given in Theorem 3.3 (i).

Proof. Theorem 5.5 is proved by applying the analytic perturbation theory
[14]. We here derive the asymptotics of A\g(§’) only.
We proceed as in [11]. Since A\o({’) is simple, we can see that A\(¢') and

I1(¢) are expanded as

n—1 n—1
M(E) =20 3D+ 3 el + o P),
j=1

J,k=1
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n—1
o) =+ g + o)
j=1
with A = 0 and

W _ 7
A= (T

El)u(o),u(o)*) _ —[QOE§1)u(°)],

A= (EDy0) Oy 4 (TWSTD ), 00y

J
_ —[Qofﬁ)u(o),u(o) +[QOZ§-1)§ZS)U(O)L

a"Y = —goOrWs - ST O

J J J
-1

where § =((I- ]AY(O))EO(] _ ﬁ(o))>

P
Since %gb(o) = g, we have

030015 + ¥ psw 1oy
(5.7) Egl)u(o) =1 ape); + viw @15y ;€]
_p%a$nw(0)’151j
It follows that
MY = —[QL ] = —ifulg®y; +2pw @15,
—i (3 + O(w)) 61;.

We next compute )\ﬁ) . Since ngﬁ) = 0, we have

~

(LGu® O = [QuLiFu®] = 0.

Let j > 2. Then it follows from (5.7) that

0
§Z§-1)u(0) = i%(—@%n)_lpseg
0
We thus find that if k£ # j, then
0
LYSLWu @ = | % |,
*
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which implies that

A1) AN

(L SLMu® @) = QL ST u®] = 0.

Therefore, Al = 0 for j > 2 and k # j.
Furthermore, we have

_ Qo7

2
v ps(_agn)_lps

E§1)§Z§”u<0> = * ,

and, hence,
<E§1)§E§1)u(0)7u(0)*> _ [Qoigl)gzgl)um)]

= (2 (-02,) )

14

= (-8 ) i <0

v In

Since —a07'72|(—3§n)_%p3|§ = 12V(l + O(w)), we obtain

2

(2) _ v
/\jj —K2, K= 12y(1+0( w)) >0
for j > 2. R
We next consider M. Let us compute SL (D, We ﬁrst note that
(I — TOYLWu© = AWy 4 TWy© Let g0 = T(¢M O HDn) be a

solution of

LOGW = (1 — TOYLMu© = APy + IO,

Then
(7205, (ped ™) = A9 +iv}¢® + iy,
_iagnwm/ B ﬁqb(l)el 0y, v D"

= (AWyO1 4 i%qﬁ(o) +ivlw®1)e],

u+u82 W49, ( 2 )¢(1)) = _i/%axnw(o)’l,

Ps

\ 'U~J |xn:0’1 == 0

From the first equation we see that

B = O(%)(1+ 0(w)),
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and, then, by the third equation,
0 = (0(22) + 0(%)) (1+ Ow)).

Since V(p )¢(0) = qy, it follows from the second equation that

B0 = 2 (=02 ) puel + (O(42) + O()) (1 + 0w)).
In terms of @Y, §E§”u<0> is given by
S«\Zgl)u(o) = (I — T = gM — [¢M]u©),
Therefore,
<E§1>§Z§”u<0>, u(©))
= [QuL{" ST ul”)]
—e| 52 )

~

=~ (& +055) +0(2)) (1 + 0(w))

+(0(=) +0(1)) (1+ Ow))

We thus conclude

A=k, k= (12,, +0(4#) +0(2 )) (14 O(w)).

One can see that xk; > 0 if %7 and % are sufficiently small, and the desired

asymptotics of A\(£') is obtained.

We finally give estimates on the eigenprojection 1 (&) for A\o(¢'), which
can be obtained exactly in a similar manner to the proof of [11, Theorem
5.4].

Theorem 5.6. (i) Let I1(£) be the eigenprojection associated with Xo(€').
Then there exists a positive number ro such that for any £ with |'| < ry the
projection 11(&') is written in the form

o~ 1 o~
Ay = / e, 2, y)ul) g
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with
n—1

ﬁ(fla Ty yn) = ﬁ(O) + Zgjﬂj(l)(xmyn> + H(2)<€/a L, yn)'
j=1
Here ﬁ(O) = QO; and ﬁ](l)(xnayn) (] - ]-a R 1) and ﬁ@)(glvxnayn)
satisfy

0%, 0, () =G
znYyn 1] ( )LOO((O,l)X(OJ)) N

L>((0,1)x(0,1))

< ¢’

k ol 77(2
axnaynn( )(5/, . )‘
for 0 < k1 <1 uniformly in & with |£'| < rg.

(i) If Qott|z,—01 = 0, then 11(€') satisfies

Proposition 5.1 (ii) now follows from Lemma 5.4, Theorems 5.5 and 5.6
in the following way.
By Lemma 5.4, Uy(t)ug is written as

Us(t)ug = .F (L/ MO (N + Eg)_l d)\) :
r

271

where I = {\ =+ se®*; s > 0} with some 1 > 0 and § € (£, 7).
By Lemma 5.4 and Theorem 5.5, we can deform the contour I" into I U’
and a suitable circle around 0, where

Ly={\=—no+is; |s| <so}, I'={\=n+se; s>35)

Here we choose positive numbers sy and sy so that I} connects with I at
the end points of I5. It then follows from Theorems 5.5, 5.6 and the residue
theorem that Uy(t)ug is written as

Up(t)ug = 2 (t)ug + 2 (t)uq,
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where

and |
2Oty = F 1 (— / MO+ L) M d)\) .
Tour

2m
We further write 229 (t)u, as
YOty = Gyxg TOug+ 2 (g + %L (t)ug

+ %\ (tyuo + 2 (t)uo,

where
Gy TOuy = F1 (ef(ixo§1+m£%+/~cg|£”|2)tﬁ(0)a0> 7
%\ (H)ug
— 7 (yO - 1)6—(mogl+m§%+@\5”\2)tﬁ(0)%) ’
%go) (t)up = 1 (X(O)ef(mo&Jr/ﬂE%Jrng|§”|2)tﬁ(1)(5/)/\0) 7
%§0)(t)uo _ g1 <X(o)6_(mogl+m§%+n2|g~|2)tﬁ(2) (61)/\0>
and
u (tyug
=1 <X(0)(€/\o(£’)t _ e*(iﬁofl+/€1£%+1€2|£"\2)t)ﬁ(gl)a0>
with

n—1
nmE) =Yg,
j=1
The desired estimates for %% (t)ug and 2 ) (t)uy now follow from Lemma
5.4, Theorems 5.5 and 5.6.
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