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Abstract

Asymptotic behavior of solutions to the compressible Navier-Stokes
equation around the plane Couette flow is investigated. It is shown
that the plane Couette flow is asymptotically stable for initial distur-
bances sufficiently small in some L? Sobolev space if the Reynolds and
Mach numbers are sufficiently small. Furthermore, the disturbances
behave in large time in L? norm as solutions of an n — 1 dimensional
linear heat equation with a convective term.
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This paper is concerned with the asymptotic behavior of solutions to the
compressible Navier-Stokes equation around the plane Couette flow.
We consider the system of equations

(1.1) Oyp + div (pv) = 0,

(1.2) p(Ow +v-Vu)+ VP(p) = uAv + (u + p/)Vdivo
in an n dimensional infinite layer Q = R"™" x (0, ):
Q={r=(2.); 2 = (21, ,201) ER", 0< 2, <} (n>2).

Here p = p(x,t) and v = (v'(x,t), -+ ,v"(x,t)) denote the unknown density
and velocity at time ¢ > 0 and position x € €, respectively ; P = P(p) is



the pressure ; p and p' are the viscosity coefficients that are assumed to be
constants and satisfy pu > 0, %,u + /> 0.
The system (1.1)—(1.2) is considered under the boundary condition

(1.3) Vgm0 =0, V'|pee=V, 03 pmp =" =0"p,= = 0.

Here V' # 0 is a given constant.
It is easy to see that the problem (1.1)—(1.3) has the stationary solution

(ps; vs):
v
Ps = Px, US:(?JZ}L,O,“',O),

which is the so called plane Couette flow. Here p, > 0 is a given constant.
We are interested in the large time behavior of solutions to problem (1.1)—
(1.3) when the initial value (po, vo) is sufficiently close to the plane Couette
flow (ps, vs).
The plane Couette flow (ps, vs) is also the solution of the incompressible
Navier-Stokes equation

dive =0,

(1.4) p«(Ow + v - Vo) 4+ Vp = pAo,
Vet =V, 0Pt = = 04,20 = 0,
]z,=0 = 0,

and its stability as a solution of (1.4) has been widely studied. Since the
Poincaré inequality holds for the disturbances of the velocity, one can easily
see that there exists a number Reg > 0 such that if the Reynolds number
Re = p.lV/u is less than Reqy then the plane Couette flow is asymptoti-
cally stable for any initial disturbance in L*(€) and it holds that |lv(t) —
s||r2() < Ce™®! for some Jy > 0. Furthermore, Romanov [13] proved that
the plane Couette flow is stable for any Reynolds number Re > 0 under
sufficiently small disturbances, i.e., for any Reynolds number Re > 0 there
exist positive numbers g and d; > 0 such that if ||vg — v|| 1) < o then
[v(t) — vsllai < Ce™™'. We also mention the work by Abe and Shi-
bata [1] where they considered the stability of general laminar flows under
L™-disturbances and proved that there exists a number Re; > 0 such that
if the Reynolds number Re < Re; then the plane Couette flow is asymp-
totically stable for small initial disturbances in L"(£2) and it holds that if
vo — vs||zr(@) < 1 then |[v(t) — vs|pn(ny < Ce®* for some d > 0.

The purpose of this paper is to study the stability properties of the plane
Couette flow under the compressible disturbances. Concerning the compress-
ible flow in an infinite layer, the stability of the motionless state V = 0 was



investigated in [2, 3, 4] and it was shown that the motionless state is sta-
ble for sufficiently small initial disturbances and the disturbances behave in
large time as solutions of an n — 1 dimensional linear heat equation. As for
the plane Couette flow (V' # 0) we will prove that the plane Couette flow is
asymptotically stable for sufficiently small initial disturbances if the Reynolds
number Re and the Mach number Ma = V/4/P'(p.) are sufficiently small;
and, furthermore, the disturbances behave in large time as solutions of an
n — 1 dimensional linear heat equation with a convective term. Although the
result looks similar to that for the case of the motionless state V' = 0, the
problem is not classified in the same category as that of the case V' = 0 from
a mathematical point of view which will be explained below.

More precise statement of our result is as follows. There exist positive
numbers ¢; > 0, ¢ > 0 and e; > 0 such that if Re < ¢; and Ma < ¢,
then there exists a unique global solution (p(t), v(t)) of (1.1)—(1.3) such that
u(t) = (p(t) — ps,v(t) —vs) € C(]0,00); H*(S2)) and u(t) satisfies

(1.5) |0bu(t) || 2) = O(™"T %) (t — oo)
for | =0,1 and
(1.6) lu(t) — u® ()] 120y = O™ T 2L(1))  (t — o0),

provided that the initial disturbance ug = (po—ps, vo—vs) satisfies ||ug||(gsnr1) ) <
e1. Here H*(Q) is the L*-Sobolev space of order s > [2/n]+2; L(t) is defined

as L(t) = 1 when n > 3 and L(t) = log(1 +t) when n = 2 ; and u(? is a
function of the form u(® = (¢© (2’ t),0) with ¢(? (2, t) satisfying

1
3t¢(0) _ g13§1¢(0) _ EQA”¢(O) + 51/3x1¢(0) =0,

1 [* .
¢(0)’t:0 = Z/ (po(l' 73771) - ps) dxna
0

where k1 and Ky are positive constants depending on p., ¢, V, u, ¢/ and
P'(p.); and A" =0, + -+ 07

The proof of our stability result is based on the energy method and the
spectral analysis of the linearized operator. The global existence is proved
by the energy method by Matsumura and Nishida [12], which also yields the
H#-energy bound. The asymptotic behavior in (1.5) and (1.6) is proved by
combining the H*®-energy bound and the decay estimates of the solutions of
the linearized problem

1t

(1.7) orw + Lw = 0, wli=o = wo.
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Here w = T(¢, 1) and

- Y 20,0n, pxdiv v /[0 0
I = / / + — ;
Py — AL, — 807 div C\ 0 2,0,,1, +Tere,

Px

where I,, denotes the n x n identity matrix and Te e, is the matrix with
(i,7) components given by 61;0,;. Here and in what follows the superscript
T. means transposition.

Concerning the linearized problem, we note that in the case of the incom-
pressible problem (1.4), the linearized operator can be regarded as a simple
perturbation from the one around the motionless state V' = 0. Therefore,
the stability problem can be handled by a standard perturbation argument
for analytic semigroups based on the analysis in the case V' = 0 as in Abe
and Shibata [1] if the Reynolds number is sufficiently small. On the other
hand, in the case of the compressible problem (1.7), due to the first order
term ¥-2,,0,,¢ appearing in the linearization of (1.1), the operator L cannot
be regarded as a simple perturbation from the linearized one around the mo-
tionless state V' = 0. In fact, the domain of the operator L is different from
that in the case V' = 0. Thus, the results in [2] cannot be directly applied
even in case of small Reynolds numbers.

To investigate the decay properties of solutions to (1.7) we consider the
Fourier transform of (1.7) in 2’ € R"™%:

(1.8) Oyt + Le@ =0, ©i—o = o,

where & = (&, -+ ,&,-1) € R"! denotes the dual variable.
The operator Lg has different characters between the cases [¢/| < 1 and

—tL

|€’| > 1. We thus decompose the semigroup e ** associated with (1.7) into

two parts: e 4 = F e e | o1, ]+ F e |5, for some small r > 0,
where F ~! denotes the inverse Fourier transform. In case |¢/| < 1, Le can
be treated as in the case V =0 ([3]). If |¢'| < 1, then Eg/ can be regarded as
a perturbation from Lo and we will find that the spectrum of —L near the
imaginary axis is given by that of —Lg with |'| < 1, which is parametrized
as —2VE — 1 — Ral€"2 + O(¢'[), where & = (€1,€"), & = (&, ,En1).
On the other hand, if || > 1, the hyperbolic aspect of (1.7) is getting
much stronger than that in the case V' = 0, due to the (1,1)-component
%xnaxl of L. Therefore, to analyze the part |€'| > 1, we employ the Fourier
transformed version of Matsumura-Nishida’s energy method and derive the
exponential decay property of the corresponding part of the semigroup e~*~.

This paper is organized as follows. In section 2 we rewrite the problem
into the system of equations for the perturbation in a non-dimensional form.
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In section 3 we introduce some function spaces and state our main results.
In sections 4-6 we investigate the linearized problem. As mentioned above,
we consider the Fourier transformed problem (1.8). In section 4 we restate
our main results on the linearized problem. In section 5 we analyze the case
|€'| < 1. The case |'| > 1 is treated in section 6. Section 7 is devoted to
the nonlinear problem and we here give an outline of the proof of (1.5) and
(1.6) only, since the proof for the nonlinear problem is similar to those in
[4, 6, 11, 12]. In the appendix we give an estimate for the Fourier transform
of solutions to the stationary Stokes problem on the half space, which is used
in the analysis in section 6.

2. Reformulation of the Problem

In this section we rewrite the problem into the one for the perturbation
in a non-dimensional form.
Throughout the paper we assume that

(2.1) P'(p.) > 0.

Without loss of generality we may assume that V' > 0.
We introduce the following dimensionless variables:
~ l ~ ~ - ~
T =1, tzvt, v=V0, p=p.p, P=pV?P.
Then the problem (1.1)—(1.3) is transformed into the following dimensionless
problem on the layer Q = R"™! x (0,1):

22) 07+ div (75) = 0,
(2.3) PO +7T- V) + P (P)Vp = vAT + (v + /) Vdiv D,

(24) 5’35":0 = 0, 5’35":1 = €.

Here e; is the unit vector e; = (1,0,---,0), and v and v/ are the nondimen-

sional parameters:
S S
PV’ PV’
The plane Couette flow is transformed into (ps,vs) = (1,2,e1). Note that
the Reynolds number Re is given by Re = v~!. We also introduce the Mach

number

1 1%
Ma = = .
\/13/(1) VP (p.)

>




Setting p = ps + 7 2¢ with v = Ma™! and ¥ = U, + ¢ in (2.2)—(2.4), we
arrive at the initial boundary value problem for the perturbation u = (¢, ¢):

(2.5) %6@ + %xnﬁxﬁ +divey = f2,

(2.6) oY —vAY — (v + 1V )Vdivey + Vo + 2,0,,0 +Y"e; = g,
(2.7) Y]z,=01 =0,

(2.8) (@, 9)]i=0 = (¢, %)

Here

Pz—%&wwm

¢

1o {vAY + (v +V)Vdive + (Pa(v, ¢) — 1)V}

g=—1 Vi -
with

1 [t~
P 6) = / BY(1 4 +60) db.

3. Main Results

We first introduce some notation which will be used throughout the paper.
For a domain D and 1 < p < oo we denote by LP(D) the usual Lebesgue
space on D and its norm is denoted by || - |[zr(p). Let [ be a nonnegative
integer. The symbol W%P(D) denotes the [ th order LP Sobolev space on
D with norm || - |yrs(p)y. When p = 2, the space W"?(D) is denoted by
H'(D) and its norm is denoted by || - ||gip). C§(D) stands for the set of
all C! functions which have compact support in D. We denote by W,”(D)
the completion of C}(D) in W'?(D). In particular, W, *(D) is denoted by
H; (D).

We simply denote by LP(D) (resp., W'P(D), H'(D)) the set of all vector
fields v = T(¢1,- -+ ,9") on D with ¢/ € LP(D) (resp., W'?(D), H(D)), j =
1,---,n,and its norm is also denoted by ||-[|z»(p) (resp., || lwir(pys Il (D))
For u = 7(¢,4) with ¢ € W*P(D) and ¢ = T (@), -+, ™) € WH(D), we
define [|u|wr.rpyxwrapy bY [ullwrsyxwiapy = [9llwreoy + [1¥llwiap)-
When k = [ and p = ¢, we simply write ||u|lwespyxwre(n) = [|Ul|lwren)-

In case D = Q we abbreviate LP(Q2) (resp., W' (Q), H'(Q2)) as LP (resp.,
Whe, H'). In particular, the norm || - ||zo@) = || - || z» is denoted by || - ||,
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In case D = (0,1) we denote the norm of L”(0,1) by | - |,. The inner
product of L?(0,1) is denoted by

(F9) = [ fa)g@ e, foe 20,

Here g denotes the complex conjugate of g. Furthermore, for f € L'(0,1) we
denote the mean value of f in (0,1) by (f):

)= (f1) = / £ (&) d.

The norms of W4?(0,1) and H'(0,1) are denoted by | - |y1» and | - |z,
respectively.

We often write x € Q as v = T(2',2,), 2’ = T(21, -+ ,2,_1) € R"L.
Partial derivatives of a function « in z, 2/, x,, and ¢ are denoted by 0, u, O, u,
0., u and Oyu, respectively. We also write higher order partial derivatives of
win x as Ofu = (0%u; |a| = k).

We denote the k x k identity matrix by [j. In particular, when k£ = n+1,
we simply write [ for I,11. We also define (n+1) x (n+1) diagonal matrices

Qo and @ by

Qo = diag (1,0,---,0), Q =diag(0,1,---,1).

(8

(1) (1)

We next introduce some notation about integral operators. For a function
f=f() (' € R"!), we denote its Fourier transform by f or F f:

We then have, for u = ( ¢ ) e Rt

&)= (F ) = / (') d

Rn—l
The inverse Fourier transform is denoted by F '
F@) = @m0 [ et e
Rn—l

For a function K(z,,y,) on (0,1) x (0,1) we will denote by K f the integral
1
operator [i K (2, yn)f(Yn) dyn.



We will denote the resolvent set of a closed operator A by p(A) and
the spectrum of A by o(A). For A € R and 6 € (5, 7) we denote the set
{N e C; |larg (A — A)| <0} by (A, 6):

X(A,0) ={r € C; arg (A — A)| < 6}
We first state our main results on the linearized problem.
Let us consider the linearized problem
(3.1) Oru+ Lu = 0, uli—g = up.

Here

2,0z, yAdiv 0 0
L= + .
vV —vAIl,— (v+V)Vdiv 0 2,0, 1,+Tere,

We denote the solution operator for (3.1) by U ().

Theorem 3.1. Suppose that ug = T (¢, 109) € H' x L* and that Oypy € L?.
Then (3.1) has a unique solution u(t) = U (t)ug and satisfies the estimates

|0k (t)uolla < C{t™2fuoll iz + 19artdoll} (1 =0,1)
for0<t<1.

Theorem 3.2. There exist constants vy > 0 and vy > 0 such that if v > 1
and (2v + V') /+? < 1/42, then the following estimates hold uniformly for
t>1, up = T(¢o, o) € H' x L* with Op1pg € L* and ug € L*:

1ML (tyuollz < C{tT 2 |luglly + e luo)lm} (1 =0,1),

4 (£)uo — Gy %o TOug|ly < C{t T2 |ugll1 + e~ |Juo]| 11 }-

with some constant a > 0. Here

Gty TIOyy = F 1 [e—(é’&mf%w|£“|2)tﬁ(0)a0

with IOy = (Qoto), where k1 and ko are some positive constants.

Remark. We easily see that |Gy xp T Ouglls = Ot "7 if ug € L'. We
also see that the function Gy %, [1Ouy is written in the form G %, IOy, =
(¢ (2',1),0) with ¢© (a/,t) satisfying
1
3t¢(0) _ n16§1¢(0) _ @A/’¢(0) + 53x1¢(0) =0,
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1
¢(0)’t:0 = / ¢0($/7 xn) dxn:
0
where A" = 92 +---4+ 092 .
We next state our main result on the nonlinear problem. Before stating
the result we mention the compatibility condition for uy = (o, %). We
will look for a solution u = (¢,1) of (2.5)—(2.8) in ﬂE»%:]OCj([O, 00); H 727
satistying [ (/06|21 + [|0:]% d7 < oo for all t > 0 with s > [n/2] + 1.
Therefore, we need to require the compatibility condition for the initial value
uo = (¢o, ¥o), which is formulated as follows.
Let u = (¢, 1) be a smooth solution of (2.5)-(2.8). Then &/u = (3 ¢, D))
(7 > 1) is inductively determined by

0]¢ = —240,,0] "¢ — A divo] Ty + 720 f°

O =T 1 — Vol to+ 0y

Here T = —pAvY — (p + p')Vdiv ) + 2,05, + Y"e;.
From these relations we see that (9]¢, 8,?1&)} o Is inductively given by
(¢o,10) in the following way:

(006, 000)|,_y = (65, 05),
where
¢j = —xp0p dj1 —divip
Y21 (Gos -+ i1, o, i1, Optho, -+, Outhj),
Y = —TvYj1—Voj
+gj_1(¢0’... D1, D0, gy Onja, ,39%%_1)-

Here fzo(%:‘“ , @1, -+ ) is a certain polynomial in ¢g, -, ¢, -+ 5 -0 ’
and so on.

By the boundary condition ¢’xn:0,1 = 0 in (2.7), we necessarily have
oj |zn=01 = 0, and hence,

%‘ ’acn:O,l =0.
Assume that (¢,1) is a solution of (2.5)—(2.8) in ﬂﬁ»%:]OCj([O,TO];HS_Qj)

for some Ty > 0. Then, from the above observation, we need the regularity
(¢j,0;) € H% for j = 0,---,[s/2], which, indeed, follows from the fact
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that (¢o, 1) € H® with s > [n/2]+ 1. Furthermore, it is necessary to require
that (¢, 1) satisfies the s-th order compatibility condition:

- —1
V; € Hy forj:0,1,~~-,s:l82 ]

We are ready to state our main result on the nonlinear problem.

Theorem 3.3. (i) Let s be an integer satisfying s > [n/2] + 1. Then
there exist constants vy > 0, ¥o > 0 and 9 > 0 such that if v > vy and
(2v + V) /v* < 1/32, then for any ug = (¢o,v0) € H*® satisfying the S-th
compatibility condition with ||ug||ms < €o there exists a unique global solution
u(t) = (6(t), (1)) € NZ,C([0, 00); H) of (2.5)(2.8), which satisfies

t
mamz«34H@m@krwwﬂw%decwm@s

uniformly fort > 0 and

[u@)]oc = 0 (t = 00).

(ii) Furthermore, let s > [n/2] + 2 and assume that v > vy and (2v +
V) /v? < 1/32. Assume also that ug = (¢o, o) belongs to H® N L' and
satisfies the s-th compatibility condition. Then there exists a constant e1 > 0
such that if ||uo|| gsnrr < €1, then the solution u(t) = (¢(t), (1)) satisfies

l

|Obu()lle = O~ %) (t — o0)
for1=0,1 and
[u(t) — Gy xp TOug|ly = Ot T "2L(t)) (t — ).
Here L(t) = 1 when n > 3 and L(t) = log(1 +t) when n = 2.

Theorem 3.3 (i) is proved by the energy method by Matsumura and
Nishida [12]. The proof of Theorem 3.3 (ii) is based on the H*-energy bound
in (i) and Theorems 3.1 and 3.2. We will give an outline of the proof of
Theorem 3.3 in section 7.

4. The Linearized Problem

In sections 4-6 we will consider the linearized problem and will prove
Theorems 3.1 and 3.2.
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Theorem 3.1 is proved as follows. It is not difficult to show the unique
existence of solutions u € C([0,00); H') x (C([0, 00); H}) N L ([0, 00); H?))
for all ug € H' x H}. Theorem 3.1 then follows by an approximation argu-
ment if one shows the estimate presented in Theorem 3.1. In section 6 we
will give a proof of the estimate given in Theorem 3.1. (See Proposition 6.2.)

Theorem 3.2 immediately follows from the following theorem.

Theorem 4.1. There exist constants vy > 0 and vy > 0 such that if v > 1
and (2v + ') /v* < 1/92, then for any ug = T (¢, to) € (H' x L?) N L' with
Duribg € L? the solution u(t) = U (t)ug of problem (3.1) is decomposed as

U (t)uo =U ©) (t)uo +U () (t)uc,

where each term on the right-hand side has the following properties.

(i) The function U O (t)uqy satisfies the following estimates (4.1) — (4.3) uni-
formly fort > 1:

(4.1) |0k O (tyuolla < CHT 2 [luolly (1=0,1),
(4.2) U © (t)ug — Gy g TOug|ly < Ot =573 ||y,
and

(4.3) |05 O () Quolll> < C+T =5 | Quolli (1=10,1).

Furthermore, if ug = T (div Wo, Optbo) with V|, —01 = 0 then it holds that
(4.4) 104U O (tyuoll2 < CHT =5 (|[Woll 12 + [lboll 1) (1 =0,1)

forallt > 1.
(ii) There exists a constant a > 0 such that U ™ (t)uy satisfies

(4.5) U ) (#yuolls < Ce™*flugllm (1= 0,1)
forallt > 1.

To prove Theorem 4.1 we decompose U (t)ug in the following way. Let
r > 0. Define (O (¢) and () (¢') by

XOE) =1if [¢] <r, X)) =0if [¢] <7, and x* =1-xO.
We decompose U (t)ug as

U (t)uo = U()(t)U() + Uoo(t)uo,

11



where o
Us(tyuo = F = XD et | = 0,00,

Here /L\g/ is the operator of the form

i€y, in?T¢ 220,
Lo=| & (€] -a2)+i&an}lus + 0ETE i€ Oy, + €
On, —iv"E'0,, v([€']? = 0;,) — vO7, +i&izn

which is a closed operator on H'(0,1) x L?(0,1) with domain of definition
D(Le) = H(0,1) x (H2(0,1) N HL(0,1)).

Proposition 4.2. There exists ro > 0 such that if r < ro, then Uy(t)ug is
written as

U()(t)uO =U ©) (t)UO + R © (t)uo,

where U O (t)ug has the properties in Theorem 4.1 (i) and RO (t)uq satisfies
the estimate (4.5) in Theorem 4.1 (ii) with U ) (t)ug replaced by R © (t)ug.

Proposition 4.3. There exist constants vy > 0 and v > 0 such that if
v > vy and (2v + V') /v < 1/42, then the following estimate holds for any
fixed r > 0 uniformly in t > 1:

Vs ()tioll < Ce™Jugll a1,
where a = a(r) > 0.

Theorem 4.2 follows from Propositions 4.2 and 4.3 by setting r = ry and
U (t)ug = RO (t)ug 4+ Uso (t)uo.

Proposition 4.2 can be proved in a similar manner in [3]. In section 5 we
will give an outline of its proof. The proof of Proposition 4.3 will be given in
section 6 by the Fourier transformed version of Matsumura-Nishida’s energy
method. The proof of the estimate in Theorem 3.1 will be also given in
section 6 (Proposition 6.2).

5. Proof of Proposition 4.2

Proposition 4.2 can be proved in a similar manner in [3]. So we here give
an outline of the proof following the argument in [3].

To investigate (3.1) we take the Fourier transform in 2/ € R"~'. We then
have the following initial boundary value problem for functions ¢(x,,,t) and

12



Y(zp,t) (x, € (0,1),t > 0):

(51) % + /L\g/u =0, u’t:() = Uy,

where u =" (¢(zn, t), V' (20, 1), " (T0, 1)), uo =" (Go(@n), Yo (Tn), V5 (20))._
It is not difficult to see that for each fixed ¢ € R™"™! the operator —Lg
generates an analytic semigroup e~tLe on H'(0,1) x L*(0,1). (Cf., [2, 3].)
Proposition 4.2 is proved by investigating the spectrum of —Eg/ for |¢'] <« 1.
We analyze it regarding the problem as a perturbation from the one with
& =0.
We consider the resolvent problem

where A € C is the resolvent parameter, u = 7 (¢(z,), V' (z,), ¥"(x,)) and

-~

f="(f%n),d (x,), g"(z,)). To investigate problem (5.2) we write Lg in
the following form:

n—1 n—1
= = (1 (2
L= Lo+ Y &L + Y galy,
j=1

J,k=1

where 5/ = T(€17 e 7571—1)7 and

0 0 V20,
/L\O = 0 —yﬁgnfn_l 6/1 , M1 =v+v,
aacn 0 —Vlazn
irndy iy e 0
/L\E»l) = 269 i$n(51jjn_1 —zﬁe;&rn s
0 0 0
LW =10 vijpl, ,+veTe, 0
ik jkin—1 l/ej €
0 0 l/5jk

Here €} denotes the unit vector of R in ;-direction.
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We will treat /L\g/ as a perturbation from Lo. We begin with the analysis
of (5.2) with ¢ =0:

(A+ Lo)u = f.
We introduce some quantities. For k = 1,2,---, we define \;; and Ay
by
My = —v(kr)?
and
Y1 2, L/ 4 2 2
A = —E(kﬂ') + 5 vi(km)* — 4y2(kn)
for k =1,2,---. An elementary observation shows that A j are the two roots

Of A2+ (k) A+2 (k)% = 0 A_ g = Ay g with Im Ay = yhmy/1 — 225 (k)2
when km < 2y/vy and Ay € R when km > 2v/v4; and it holds that
2

151

Mp=——+0(k?, Ap=—v(kr)®+0(1)

as k — oo. (See [2, Remarks 3.2 and 3.5].)

~

Lemma 5.1. (i) The spectrum o(—Lyg) is given by

o(=Lo) € {0} U )iy U A Adizs U (=150
Here 0 is an eigenvalue.

(ii) The eigenvalue 0 of—fo is simple; the eigenspace is spanned by u(®) =
T(1,0,---,0); and the associated eigenprojection is given by

=00 o <¢> . ¢
H()U—< 0 ) for u-<w>.

(iii) There exist positive numbers 1y and Oy with 0y € (3, 7) such that the
following estimates hold uniformly for A\ € p(— L) N 3X(—no, o)

)(A+EO)—1f

C
< — 2, (=0,1
iz — ’)\"f’HlXL ) [

8;1@()\—1—130)_1]”

c |
<—— (15 ) e, (=12,
2 (mﬂ)l—é( !M)’ e

~ C
92 QoA+ Lo)~'f

S 7
27 (Al + 1)

’f’HQXHl-
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Remark. As for the adjoint operator

0 0 —0,.
Ly = 0  —wd I,y 0
—~%0,. Tel —110z

with domain of definition D(E(’;) = D(Eo), one can see that a(—fé) =
o(—Ly), and, in particular, 0 is a simple eigenvalue and Lu(® = 0.

Lemma 5.1 can be proved in a similar manner to the proof of [3, Lemmas
3.1 and 3.2]. So we here omit the proof.

We next give some estimates for (A+E§/)_1 for small ¢’. Based on Lemma
5.1 we obtain the following estimates.

Theorem 5.2. Let 1y and 0y be the numbers given in Lemma 5.1. Then
there exists a positive number To = To(no,00) such that the set 3(—ng,0y) N
{A N>R} s in p(—zg/) for |&'] < Fo. Furthermore, the following esti-
mates hold for any multi-index o/ uniformly in X € X (—no, Oo)ﬂ{)\; |A| > ’70}
and & with || <7y

’3?/(/\ +Le) |

.
12 < W’f’HlXLQ’ =01,

Cu
SW’f’Hl—leQ, l:1,2,

892 QoA + Eg/)—lf

0. QN+ Le)"'f .

Co
< 7’][’H 2xH!

(1Al +1)2

Proof. Theorem 5.2 can be proved in the same way as in the proof of [3,
Theorem 3.2]. We here give only the necessary estimates.
In the following we will write

LW(e Zgj LW and TO(¢ ijfk L.

J,k=1

We first observe that

(5.3)

|Qoul + ’@vu‘H(l_l)++1}

<C {
HixgD+ ™

15



and

(5.4) Lﬁ) < C]@u\H(z_1)+.

Hix gD+

Let | = 0,1,2 and A € X(—no,00) N {A\;|A| > 2}, It then follows from
Lemma 5.1, (5.3) and (5.4) that there exists a positive number 7 such that
if |¢'| < 7o, then

1
< iyf’Hle(l—l)-s-'

[(Z0) +I9(¢)) A+ Lo) s

Hixqg=D+
Therefore, by the Neumann series expansion, we see that
I+ <Z(1)(§’) +1® (5’)) (A+Lo)~"

is invertible on H'(0,1) x HU=Y+(0,1), I = 0,1,2, for A € X(—ng,8) N
{X A > ’70} and & with |¢'| < 7. In particular, we conclude that ¥(—ng, 6p)N
{XNA > ™) € p(~Lg) and

(5.5) (A+Le)™ = (A+Lo)™ i [(L(l) &)+ L1® (g')) (A + EO)—l} :

for A € ¥(—=no,00) N {X;|A] > 2} and ¢ with |¢'| < 7. Using Lemma 5.1
and (5.3)—(5.5), we obtain the desu"ed estimates in Theorem 5.2 as in the
proof of [3, Theorem 3.1]. O

As for the spectrum of —Eg/ near A = 0, we have the following result.
Theorem 5.3. Let ny and ro be the numbers given in Theorem 5.2. Then
there exists a positive number ro with rq < ro such that for each & with
|&'| < 1o it holds that

o(=Le) N{A Al < mot = {M(€)},
where X\o(§') is a simple eigenvalue of —/L\g/ that has the form

M(E) = =56 — w8 — mlé] + O(IE )

as [¢'] — 0. Here & = (&2, ,&—1); and k1 and k2 are some positive
numbers.

16



Proof. By Lemma 5.1, (5.3) and (5.4), we see that if |A| = 7o, then A €
p(—Lg) for |€'| < 7p. In particular,

~ 1

fi(e) = —

A+ Lo )~ tdh
i (A+ Le)

[Al=no
is the eigenprojection for the eigenvalues of /L\g/ lying inside the circle |\| =
1o- The continuity of ()\+L§/) in (X, ¢') then implies that dim Range I1(¢') =
dim Range oo =1. (See [10, Chap. 1, Lemma 4.10 and Chap. 4, Theorem
3.16].) Therefore, we see from Lemma 5.1 that O'(—Zg/) NN A < o}
consists of only one simple eigenvalue, say Ao(§').

In view of (5.3) and (5.4) we can apply the analytic perturbation theory
(cf., [10, Chap. 2, Sect.2.2 and Chap. 7, Remark 2.10]). Since A (¢) is
simple, we can see that A\(?)(¢') and TI(¢') are expanded as

Nol€) = 2O + Zf A 4 Z &N +O(ET),

J,k=1

A~

n—1
(E) =10+ 361" + 0(¢')
j=1

with A© =0 and R
,\(,1) — _(Lﬁl)u(O)’u(O)%

Y = -nOLWs — SO,

)\ﬁ) _ (L(2) (0) (0)) + (E(‘l)é\f(l)u(o) u(o))’
(1)
J
where S = I H(O) Lo (I — H(O)

xnélj
Since L( Ju© = 4 , we have

1 1
)\§ ) - —5(51]‘.

Let us compute )\ﬁ). It is easy to see that Eﬁ)u(o) = 0. By a direct
computation we have

Wl ($n - %)
SLu® = | E{ 5 (5. — ﬁxn +57%0) + 5(zn — a7) el

—ez(@n — 27)

17



and

) 0
SL;I)U(O) =3, (xn — xi)eg (j#1).
0

It then follows that

121 1

2 2
MO (A ) D A Gy, AP =0 £k
H 2\ 1w T 1 U7 A (7 )
Consequently, we obtain

M(E) = =56 — w8 — mlé] + O(IE )

with

This completes the proof. 0

As for the eigenprojection ﬁ(é" ) associated with Ag(¢’), we have the fol-
lowing result.

Theorem 5.4. (i) Let ﬁ(é”) be the eigenprojection associated with \o(&').
Then there exists a positive number ro such that for any & with |€'| < rq the
projection 11(¢') is written in the form

o~ 1 o~
(€ ) = /0 (€, s o)) dyn
with

n—1
(¢, yn) = TO 4+ GT (20, 40) + TO(E, 20, 4).

j=1

Here ﬁ(O) = QO;' and ﬁﬁ’l)(l‘na yn) (] = 17 N 1) and ﬁ(Q) (6/7 L, yn) Sa’tisfy

ajgna;nﬁy)(., ) <C,

L*°((0,1)x(0,1))

< Cy|€P 1

L*((0,1)x(0,1))

ok ol 9g (¢,

In " Yn

for 0 < k,1 <1 and any multi-index o/ uniformly in £ with || < r.
(ii) If Qott|s,—01 = 0, then II(¢') satisfies
T(¢') (02, u] = = (9, T1(€)) [u], T [0,u] =0,

18



0 [0n,0) = = (9, 7). T [0, = = (9, 07 ) ]

(iii) It holds
0, 1% =0, 9,,01"Qu=0.

Furthermore, if Qoul|s,—01 = 0, then

) _
O, 11,7 [0, u] = 0.

Proof. The proof of (i) is the same as that in the proof of [3, Theorem 3.3].
The assertion (ii) can be also proved in a similar manner to the proof of [3,
Theorem 3.3] by integration by parts. As for (iii), it is clear that amnﬁm) = 0.
Concerning the properties of ﬁgl), we note that

0w — _fo7ms _ gTO[o
J 7 j .
Since ﬁ(o)@ =0, 3xnﬁ(0) = 0, we see that 6xnﬁ§1)@vu = 0. If Qott|y,—01 = 0,
then 1) [0y, u] = 0, which implies 6xnﬁ§1) [02,u] = 0. 0
We are now in a position to prove Proposition 4.2.

Proof of Proposition 4.2. By Theorem 5.2, Uy(t)u is written as

1 N
Us(t)ug = F lQ— / MXOE) AN+ Le) " dA ]
i Jp

where I' = {A = 1 + se*; s > 0} with some >0 and 0 € (5, 7).
By Theorems 5.2 and 5.3, we can deform the contour I' into I'y U T" and
a suitable circle around 0, where

To = {A=—no+is; |s| < so}, T={\=n+se*s>5}

Here we choose positive numbers sq and sy so that I'g connects with T at
the end points of I'g. It then follows from Theorems 5.3, 5.4 and the residue
theorem that Up(t)uo is written as

U() (t)uo = M © (t)UO -+ R © (t)uo,
where

O e N

19



and

1 S~ -
RO (tyug = F 1 lQ—/ M ONEY N+ L) Mg d)|
T JTour

By Theorem 5.2, one can see that R(O)(t)uo has the desired estimate in
Proposition 4.2.
Let us consider U ) (t)uy. We write it as

UO (B ug = Gy s TOug + U W) ug + U L (#)uo + U L () ug + U L (#)uo,

where ,
Gy oy IOy = F 1 [e—(gmmsfw|£“|2)tﬁ(0)a0} ’
U (10)(t)u0 _r-1 [(X(O)(g) _ 1)6—(3514—&15%4%2|€”|2)tﬁ(0)a0} ’
(0) — =1 [0 (e o~ (Fetri & Hral€” )T (1) (¢
U (o = F~ [xO(€)e (¢
ugo)(t)w) _ Fl [X(O)(€/>€—(§§1+K1§%+K2|€”|2)tﬁ(2)(€’)a0}
and

U g = F [X(O) (€)(eM©t e—(§§1+n1§%+nz|§”|2)t)ﬁ(é")a0}
with 1
o) = gy,
j=1
The desired estimates for U (°)(t)ug now follows from Theorems 5.3 and
5.4. This completes the proof. 0
6. Proof of Proposition 4.3

In this section we investigate problem (5.1) for |{’| > r > 0 and prove
Proposition 4.3. We also give a proof of the estimate given in Theorem 3.1.
As mentioned before, for each fixed £ € R"™!, the operator —Lg gener-

ates an analytic semigroup e~tLe on H'(0,1) x L*(0,1). This implies that
u(t) = e eug = T(4(t), 1 (t)) gives a unique solution of (5.1), and we have

1 1
(6.1) ?3@ + ;z&m +i€ P+ 0y, 9" =0,

(6.2) O +v (| =02 Y —iv€ (i€ -0 +0,, ") +if o+ iz, +" €] =0,

20



(6.3) 0" +v(|€')° — 07 )" = D0u, (1€Y' + 00, ") + O, &+ i61200" = 0,

(6'4) ¢’azn:0,1 =0
for t > 0, and
(6-5) U’tzo = U = T(¢0:¢0)-

We introduce some notations. For u = T(¢, ¢) we define Eglu] and Ey[u]
by

Eolu] = fulf,  Eolu] = 510 + v}
Forv=¢,v=1="T(¢y, - ") or v="T(¢,1), we define Do[v] by
Do[v] = [€']*[v]3 + [0a, 0[5,
and, for 1 =T (41, --- , 4™, we define Dy[p] by
Do[t)] = vDolt] + 7Ji€’ 4’ + O, 0" 3.
We also introduce the quantity E;[u] that is defined by

2n~y?

v

Biu] =2 (1 " ) (14 1€'12) Bolu] + Doft] — 2Re (6, i€’ - o/ + 0, 0").

Note that there holds the estimate

2

(2 N ﬂ) (g2 Eulul+ £ Dolu] < Bifu] < (z il ) (1+€'P) o+ 3 Dolu]

v v
We denote the material derwative 9,6 + i&12,6 by ¢, i.e.,

¢ = 04 + i&1700.

In what follows u(t) = (¢(t),%(t)) will denote the unique solution of
problem (6.1)—(6.5).

Proposition 6.1. There exists constants vy > 0 and v9 > 0 such that if
v > vy and (v +0)/v* < 1/~3, then for any r > 0 there exists a constant
a = a(r) >0 such that the estimate

(6.6) Eo[u)(t) + Dolu)(t) < Ce™*"Y {Eg[u)(1) + Dolu](1)}

holds uniformly for t > 1, provided that |'| > r.
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Proposition 6.2. There holds the following estimate uniformly for0 <t <1
and & € R*1:

(6.7)  Eolul(t) + Dolul(t) < C{(1+¢'[*)|uol; + [0z, d0l5 + " [tol3} -

Proposition 4.3 is an immediate consequence of Propositions 6.1 and 6.2.
The estimate in Theorem 3.1 also follows from Proposition 6.2.

We will first give several estimates which prove (6.6) for |¢'| > R with
some R > 0, and, then prove (6.6) for 0 < r < |¢'| < R. (See Propositions 6.8
and 6.10.) To prove (6.6) for [¢'| > R, we employ the Fourier transformed
version of Matsumura-Nishida’s energy method. As for the proof for r <
|€'| < R we employ the argument in [9]. Proposition 6.2 will be proved in
the end of this section.

In what follows the letters C, 7 = 1,2,---, denote constants which can
be taken uniformly for v, v and 7 in their specified range.

Proposition 6.3. If v > 4, then the following estimate holds:

d ~ ~ v
(6.8) %Eo[U] (t) + Do[y)] + %w% <0.

Proof. Taking the inner product of (6.1), (6.2) and (6.3) with ¢, ¢' and ¢",
respectively, and integrating by parts, we have

(6.9) %(atab, o) + %z’& (nhs &) + (i€ - + By, 0", 6) = 0,

(0", ") + vDo '] — i€ (1Y + 0y, 0", ¥') + (i), 0")

(6.10)
+Z£1 (%ﬂ% W) + (wella W) =0

(D™, &™) + v D[] — D0, (€0 + D " 47") + (D 60"
iy (g, ") = 0,

We observe that

(i "+ 05,07, &) + (166, ¥) + (00,0, ¥") = 2ilm (i - ¢ + 0,,9", 8),

(6.11)
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and,

(@00, ¢), (za?,¢), (za",9") € R.
Then, adding (6.9)-(6.11) and taking the real part of the resulting identity
we obtain

(6.12) 2 Bolu] + Dolu] + Re (4", 4") = 0.

By the Poincaré inequality we have | (1™, ¢1)| < |0,,%[3. It then follows from
(6.12) that

(6.13) %Eo[u] n Zﬁo[w] <0,

provided that v > 2. Furthermore, by (6.1), we have
o= =i ' + 0u, "),
and, hence, . _
(v +D)[l3 < ny* Doly]-

This, together with (6.13), gives the desired estimate (6.8). This completes
the proof. O

Proposition 6.4. If v > 4, then the following estimate holds for any n > 0:

d ~ v .
oy MO EERDT LRI + 0w
< SIS IEPIO + T Dol

Proof. We take the inner product of (6.2) and (6.3) with dy)’ and J",
respectively, to obtain

(013 + V{1 P (%, 1)) + (O, 10, 0s0a, 1)} + D(i - 0" + On, 00", O4(i€ - ¥ + On, ¥0"))
—(¢, 0@ - " + Do, ")) + i1 (200, D) + (¥, 0p") = 0.

Taking the real part, we have
(6.15)

002+ 2L Bop] = Re {(6, D€/ + 00, 0)) i (i), D) — (47, Db}
Since (6.1) is written as
O = —i&xnd — V(8 - + 0, 0",
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we have

(¢, 0u(i" - ¥+ 05, ¥"))

= SO+ 00,07 — (A0,E o + 00,0
(6.16) :
= (i€ Y + 00"
€1 (200, 8- O+ Dy, ") + A7 iE -+ 0, 0" .
From (6.15) and (6.16) we find that

d ~
—{hmm—mMMﬂw+@mw}Hmﬁ

dt 2
= %’aﬂﬂ!% + Dolth] + (I€[|@l2 + 7213 o + 0, " [2) i - 0" + 0w, 0" 2.

Since [i¢ - 1 + 8y, "2 < == Do[4)], we obtain

— v+v
d ¢~
= { Do) = 2Re (91i€’ 0/ + 0,07 | + 0wl
(6.17) ; 22 1\ -
< 2D0fu] + I PIoR + 0 (25 + 3 ) Bolo),

Adding 2(1 + @)(1 + 1€')?) x (6.8) to (6.17), we obtain the desired result
of Proposition 6.4. This completes the proof. 0

Proposition 6.5. If v > 4, then the following estimate holds for any n > 0:

SR+ s lono + (1415 ) 0+ €MD)

dt vV+vU v
v+uv

(v+7v) |
4~4

1 2 2 12\ [ 4|2
—(1
s )l + 2 g+

v+uv 2n Lo SN~
<4 —D .
<a (2 2 o + Dl

(6.18)  + (1 + Or, 013

Here

1 1
Esul =4 (1 + - ,17) Eqylu] + ?!&m!%

v

Proof. Differentiating (6.1) in z,, we have
1 1 1
(6'19) ?ataxn¢ + ?251377164%¢ + ?2£1¢ + ng/ ' 3xn¢/ + 3§n¢” = 0.
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We rewrite (6.3) as
(6.20) Dy — (v + D)2 " = — {0 + |20 — iDE' - Ot + i 300"}

By adding (6.19) and V}L—; x (6.20) we have

LMy,

1
Y vV+v

Here s
M[y] = 0" + M[4)],
M) = vIg/PY" + ivg - 0a, ) + iErany”
Taking the inner product of (6.21) with 9, ¢, we have

1 1. 1 9
_2(ataxn¢7 0z, @) + ?251 (210r,, P, Or, @) + m’axn¢’2

1
—=(M[Y], 0:,9).

(6.22)

1.
= —?25’1(@ Oz, ®) —
Since v > 2, we have

|M[]]2 < |0s]2 + v/ (1 + |€']2) Do[¢)]-

The real part of (6.22) then yields

2 th’ xn¢’2 ~’aﬂcn¢’2
S’“WH@M&+ M2l
1 D , 1
< ol 193+ =l
+—“ u+w%nww
[y oL
We thus obtain
1
(6.23)
2V—|—l/ g =
< 2 )EHM2 2o+ 201+ ) Dol
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It then follows from 4(1 + V}r—;) X (6.14) and (6.23) that

Lt >+§%yamn¢r§+z(

- : ) (P Bl

2(v + >
(6:21) b2 (14 s ) e+ X e
2(v+7) 8n 8n
< (224 ) lepio + S Butul
We next rewrite (6.21) as
1
> bt =0 = — =My
This gives
’aacn¢’2 = _y+§(ax"¢7ax"¢>_y+§<M[w]’6x"¢>
1 . 4
< 310n 0+ s {100+ [ + 020+ I P)Doly]
and hence,
(6.25) ”*”raxm < = {1000 + 103 + (L4 1) Dolu]}

The desired estimate (6.18) now follows from (6.24) and (6.25), provided that
v > 4. This completes the proof. 0

To control |'|?|¢| we make use of an estimate for the Stokes system.
Consider the Fourier transformed Stokes system

( 2'5/ NPT axnvn — FO,
(1€ =7 v +ig'p = I,

(6.26)
(1§12 = 02 v"™ + 0w, p = F™,

\ U’acn:O,l =0.

We have the following estimate when |£'] is large.

Lemma 6.6. There exists a constant Ry > 0 such that if |£'| > Ry, then the
following estimate holds for the solution (p,v) (v = (v',v™)) of (6.26):

[pI24-Dolpl+lo2+Dofv]+ Y |I€10E v], < C {|F°)2 + Do[F°) + |F'[3 + | F"3} .
j+k=2
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Proposition 6.7. Let R = max{Ry,1}. If |{'| > R, then there holds the
estimate

L (12 + Do) + (rw%wow] Py Hf’rﬂ’ainwﬁ)

(6.27) k=2

721 : 1 1
<G {(” *;4”) = (1613 + Dold]) + —1awl3 + ﬁDOW]} -
Proof. By (6.1)—(6.4) we have
( 25/ w/_i_amnwn — FO,

(17 =02 )" +i¢ (30) = F,

(1€ = 2" + 0a, (30) = F™,

L w’anO,l = 07
with X
FO = __2¢7
Y
/ 1 / . / n_/ ; col
Fr=—— (0 +i&ix, ' +"e)) — —if'e,
v vy

1 7o
F" = —= (04" + i€ 2,0") — —5 05, 6.
v vy

Applying Lemma 6.6 gives the desired estimate. This completes the proof.
O
We are ready to prove Proposition 6.1 for |'| > R.

Proposition 6.8. There exists constants vy > 0 and v9 > 0 such that if
v > vy and (v +0)/7? < 1/4¢, then the estimate (6.6) in Poroposition 6.1
holds for €| > R.

Proof. Let |¢| > R and set Cy = min{1/(8C}),1/(nCy)}. We see from
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x (6.8) + (6.18) + £ x (6.27) with n = £2 that

%Eg[u] ) + ﬁ]@xnd% + (1 + 2(%%) (1+ [¢%) Do[]

1 2 112 2
N O*ﬁaiﬁ)W”“+ (L4 1€ + 110,01

(v +7v) . 1/—|—1/
A

G . 2% o
2w + 1) (165 + Dold]) + (’ |5+ Dol[v] j§2 sz )
< 2 D ey

Here . ;
Esfu] = Eafu] + #Eo[u] with 5= 2.

Therefore, if ”j—g” < Vfg, we have

%Eg[u] ) + ﬁ]@xnd% + (1 + ﬁ) (1+ ¢%) Do[]

o (14 s ) 1w+ @§”u+erﬁ + 210,31
C J
+ m (’¢’2 +Do[¢]) (!v!2+DO j;g Hf’ ak v}2>
<0.

The desired result follows from this inequality by setting vy = 4 and 7Z =
\/%7 since Fs[u] is equivalent to Fy[u] + Do[u]. This completes the proof. [

To prove Proposition 6.1 for r < |¢'| < R, we decompose ¢ into
6= + o,

where
8 = (9).
Note that this is an orthogonal decomposition of ¢ in L*(0,1). We have

(@9, 0M) =0, o5 =63+ [pM3,

and furthermore, by the Poincaré inequality,
(]2 < 102,06V |2 = 10s,8]2.
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Proposition 6.9. There holds the estimate

(6.28)

%%r% + 2 o

< (1+Co)

4 ~2
Aty g2t (v+—) O bl + i+ 07

Here ¢y(¢') = comin{1, |¢'|*} with some constant cy > 0.
Proof. We define an operator A on L?(0,1) with domain D(A) by Ay =
—92 o for ¢ € D(A) = H*(0,1) N Hy(0,1). By (6.2) we have
V(g + A’ = —ig'o — I,
where
= O’ — v (i - ' + 05, ¥") + iS1xat) + U7 €
It follows that

/ /l ! / — 1 / — !
(6.29) v ==+ Ay to - (P + AW,
Substituting (6.29) into (6.1) we have
1 L. 1 N2(1¢2 -1 0
(6.30) ¥8t¢ - ﬁz&xnab + o8P (E” +A) o =1

where '
R = —0,, " + 5 (1EP+ AR

We take the inner product of (6.30) Wlth ¢. Then the real part of the resulting
identity yields

(6.31) 4152+ !5’!2!(15’12 + A)"2¢|2 = Re (h°, ).

22dt

Since

(€2 +A) ] < | fl2,

!5’!2+ 1
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we see that for any 1 > 0

(6:32)
[CRGETR
< Lobo el 10l 4 2 i o'+ 0007+ I+ I}
<

€ , €
~(LALEP)SOL + = 10s, 013
v v
1 ~ -/ ! n
o O+ 2000, 015 + P71 4" + 0,075}
Here (1 A |¢']?) = min{1,|¢'|*}. Since

€€+ A7 f — f in L*(0,1) as [¢] — oo,
(€ +A) = AT = AP Y (~DNIEPNAN for [¢] < 1,
N=0

and since |(u+ A)72 - 1|2 is continuous in > 0, we see that there exists a
constant ¢g > 0 such that

2

(6.33) €2 ]2+ )7 1] = (A lEP).
By integration by parts and the Poincaré inequality, we have

1 v
) n < 2 |0, 2'
(6:31) (92,67, 0)| < 5100, 018 + 2100, 013

The desired inequality now follows from (6.31)—(6.34) by taking e; = ¢o/2.
This completes the proof. 0

We are now in a position to prove Proposition 6.2 for r < |¢'| < R.

Proposition 6.10. There exist constants vy > 0 and v > 0 such that if
v >y and (v+70)/v* < 1)1, then for any fized r > 0 the estimate (6.6) in
Poroposition 6.1 holds provided that r < |{'| < R.

Proof. Let r < |¢'| < R and set C5 = min{1/4,1/2(1 + ¢), co/8}. We see
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from (6.18) + Cj” (6.28) that

GBI + 500+

yuwﬂmm

dt v+v
1 2 C300( ) 0)]2
(6.35) + (1+72(V+;>)!0tw!2 — =103
v4+v 2n 8n
a2y )wuwf%nnwﬂ
Here e
v
Eyu] = Eslu] + 2 Vj_ ’¢’2

We take 7 = 953(1 A 1/]¢'[?) and add 87"(1 V [€)?) x (6.8) to (6.35). Here
(1V €% = max{1, |¢'|*}. It follows that

i&mm+—i—@m21(

200+ )
© () v S

v+v
<4 112 2
<a( +V+;)m1wu

with n = 2S3(1 A 1/|¢']?) and

~yumwam
)\ gorg

&M:mu+%uwm>[1

Therefore, if v > 4 and (”+ < min L C°C3 , we have
32’ 2R%

%&HO+E%7@Mb1( ) G IEPDi)

1 Csc0(£) | (0
b (14 gz ) 10w+ 5O <o

from which the desired estimate follows, since Fj[u] is equivalent to Fo[u] +

Dyu] and w]a@n@% 0351(5 @2 > V%V(DO[ | + |¢]2) for some constant

C5 = C5(r, R) > 0. This completes the proof. O
We next prove Proposition 6.2.

Proposition 6.11. There hold the estimates
o~ t o~
(036)  (L+1¢)Ealul(t) +v [ (14 |¢P)Dolu)ds < (1 +I¢'P) Bl
0
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and
(6.37) |0, 0(t)]3 < C {(1 + |€'*) Eoluo] + 0z, b0l }

for0<t<1.

Proof. We see from (6.12) that

(14 [€2) Bolul(t) + v / (1+ [¢2)Dofi] ds
(6.38) 0 t
< (14 |€') Boluo] + / (L4 €70l ds

By Gronwall’s inequality we have
(L4 [€'P)()]5 < €' (1 +1€') Eoluo)-

This, together with (6.38), yields the estimate (6.36) for 0 <¢ < 1.
Let us next prove the estimate (6.37). We set ag = VZL—Q; By (6.21) we
have

810, 0 + (1610 + 00)a, = —i€1 — agB)™ — agM[1))].

It then follows that
(6.39)

t
3xn¢($mt) _ e—(i£1xn+ao)t3xn¢0(xn)_2'51/ e—(i&xn+ao)(t—s)¢($mS)ds
0
t
—ao/ e—“ﬁﬂ”ao)(t—s)asw”(xn, s)ds
0

t —
—ay / e~ C12nta)t=9) N1y (2,,, 5) dis.
0

The second and forth terms on the right of (6.39) is bounded by

[ e {ieliol + ale' |V DlIG) | ds
(6.40) ° .

<C lsup yg’y?y¢(s)|§+/ |€'[? Do[1])(s) ds}
0<s<t 0

As for the third term on the right of (6.39), by integration by parts, we see
that it is written as

—ag [e~(E@mnta0)t=s)yn(z, 5)]

s=t
s=0

t
+ao (i€, + ao)/ e~ Cznta)t=s)yn (g 5) ds.
0
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Therefore, it is estimated by

2

(6.41) aol(t)]2 + age " |1hola + C (/ Do[y)] dS)
0

The desired estimate (6.37) now follows from (6.36) and (6.39)-(6.41).
This completes the proof. 0

Proof of Proposition 6.2. We write (6.2) and (6.3) as
O+ T = ~Bero,
where Here 7, ¢ is the operator on L*(0,1) of the form

. {v([&')? = 02) + i&ian} o + DETE —iv€' Oy, + €}
T&'/ =
—ivt¢o,. V()P =02 ) —vd2 +i&ia,

with domain D(Te) = H2(0,1) N HE(0,1), and
~ i€

B&'/ - .
O,

(6.42) P(t) = e_tfi/wo - / e_(t_s)fﬁ/ggw(s) ds.
0

Then v is written as

Using the estimates

Re (Teth, ) > Doltp] — [0]3

d
an ’Re {(fgwl,w) - (wg,fg/wl)}’ < C\/ Dot [1bs)a,

one can see that
7 L
(6.43) 0L e~ Terapol3 < Ct )bl (1=0,1)

for 0 <t <1.
By (6.36) and (6.37) we have

[Beo(t)la < C{IE]16(t)]2 + |02, 0(t) |2}
< CH{+|&])|uwolz + |0z, P0l2} -

(6.44)
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It follows from (6.42)—(6.44) that

100,0b(t)]2 < Ct 3|y + C / (t — )72 Beg(s)|2 ds

< Ot =[hola + C{(1 +1€])|uols + |02, 0]}

for 0 < t < 1. This, together with (6.36) and (6.37), gives the desired
estimate of Proposition 6.2. This completes the proof. 0

7. The Nonlinear Problem

In this section we prove Thoerem 3.3. We here give an outline of the
proof only, since the argument is similar to those in [4, 6, 11, 12].

Theorem 3.3 (i) is proved by showing the local existence of strong solu-
tions and the H®-energy a priori estimate:

t
(7.1) ()% + / 10:0]2p + 195I%e dr < Clluol

uniformly for ¢ > 0 with s > [n/2] + 1. The local existence is proved by
applying the local H®-solvability result in [5]. The H?®-energy a priori esti-
mate is obtained by the energy method by Matsumura and Nishida [12]. The
conditions v > ¢; and (2v + V') /4% < ¢y appear in a similar manner to the
proof of Proposition 6.8. The decay property ||u(t)| — 0 as ¢ — oo can be
proved in the same way as in [6].

The proof of Theorem 3.3 (ii) is based on the H*-energy bound (7.1) and
Theorem 4.1. We will give the necessary estimates for the proof.

We write u(t) as

u(t) =U (t)up + /Otu (t —7)f(r)dr,

where f = T(72f°, g) with f° and g defined in (2.5) and (2.6). We decompose
f into B B
f=Qof+Qf and Qf = fi+ fo,

where f; =7(0,g;), j = 1,2, with

¢ ~ .. ¢
¢ = —¢-Vi—ovV (72+¢) : Vo — vdivyV (72+¢)
(Po(v:¢) — 1o
R Ve
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~ o .. L~
= _yZax] ( o x]w) A (72 +¢dmp) = div go.
We define M (t) by
Aao-b?%§:1+7——+wa u(r)|l2.

By applying the Gagliardo-Nirenberg inequality, Poincaré inequality and
(7.1) one can obtain the following estimates. In what follows we will write
= [n/2] + 1.

Lemma 7.1. Let s > so+ 1 and assume that ||ug||gs < €o. Then the

following inequalities hold.

(i) ol + |Qofll < C(1+ )T "2 M(t)%
(ii) lorlly < CL+ )" T2 M(t)>.
(iii) 132l < C(L+) T "2 M(t)2

1Qofllm < COL+1)~"F 3|Ju|

H“O'HM( ) (TL > 4)7

1Quflar < CL+8)"F z{nu\HmﬂM(>+r\axwr%sOM<t>%}

(iv) (n>3),
1Qoflm < CQ+ )~ T {ullgeass M(1) + 00010 M (1) 3}

(n >2).

(V) ~ n 1_ 1
10l < CO+0)~ 5 {lulgeon + i 1006 G grs M ()

(n > 1),

1Q0f i < CO+ 0 T3 ({llullgeors + Wuawr i} M (1)
1O oo M()E + 0,0 ey M(D)F) (> 3),
10l < CQ+ 07T ({llullmans + lull i 10,0000} M (2)
1026 oo ME)E + 000y MD)3) (0> 2).
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Here o is some constant with o € (0,1).

Let U (t) = UO(t) + U (t) be the decomposition of U (t) given in
Theorem 4.1. Then we write u(t) as

U(t) :L{(t)uo—l—h +12+13+I4+I5’

where

/O Ut —7)Quf(r)dr I2=/Ot_1u<°>(t—7)f1(7>d7

t—1
/ Ut —7)fo(r) dr, 14:/ u(m)(t_T)@f(T)dT
0 0
and

I5 = /t;u(t—T)f(T) dr.

Then applying Theorem 3.1, Theorem 4.1 and Lemma 7.1 and using (7.1)
one can obtain the following estimates.

Proposition 7.2. Let 1 € (0,g9]. Assume that ||uo|
the following estimates hold:

s+ ||uolls < e1. Then

(i) M(t) < Cler+erM(t) + M(t)*} (n > 4),
M(t) < Cler+ e M(t) + M(t)> + i M(t)T + e M(1)5} (n > 3),
M(t) < C{er + e M(t) + M(t) FeIMt)E 4+l M(t)3} (n > 2).
(i) Furthermore, if M(t) < C for all t > 0 with some constant C > 0,
then R .
|lu(t) = U (t)uglla < CC(1+1t) 5 ~2L(¢)
for allt > 0.

It follows from Proposition 7.2 (i) that M (t) < Ce; for allt > 0, ife; > 0
is sufficiently small. This yields the decay estimate for ||u(t)]|2 in Theorem 3.3

(ii). Proposition 7.2 (ii), together with Theorem 3.2, then gives the estimate
for |lu(t) — Gy #» TIOwugl|2 in Theorem 3.3 (ii).

Appendix
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In this section we will give an outline of the proof of Lemma 6.6. For this
purpose we first consider the halp-space problem:

(i V' + Oy, 0" = F (x, € (0,00)),
M+ ([ =02 )0 +i'p=F" (x, € (0,00)),

(A.1)
A"+ (|2 = 02 0" + Op,p = F" (a5 € (0,00)),

\ U’mnzo =0.

Here A € C is a parameter. We define an operator §§/ in H(0, 00) x L*(0, 0)
with domain D(Sg) by

0 ite Oy, p
Seu=| i€ (& =24 0 v
Oy, 0 &' — o2 "

foru = T(p,v/,v") € D(Se) = H*(0,1)x (H2(0,1)NHL(0,1)). Then problem
(A.1) is written as

(A1) Se(Mu=F,
where u = T(p,v/,v") € D(S¢), F = T(F°, F', F") and

Before proceeding further, we introduce some notations. In the following
we will denote the norms of L?(0,1) and L?(0,c0) by the same symbol | - |,
if no confusions occur.

Let A € C\(—o0,—|¢)?], X # 0 and & # 0. We denote the principal
branch of the square root of A+ |€'|? by 1 = 1 (), &), i.e.,

= (A &) = VA+ )
(£)

with Re s > 0. For a complex number p, we define functions g, (2, yn)
and h,(z,) by

1
g;(L:t) (xTM yn) = 2_ {e_u‘xn_y"| + e_u($n+yn)}
L
and 1
hu(xn> = —e Hn,
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We also introduce functions gff)|§/|(xmyn> and hy,, |¢/|(zn) which are defined

by
)

+ +
th)|§/| (xn: yn) gm (l'm yn) - g|(§/|) (l'm yn)

and

Py et (Tn) = Py (0) = hjery(200).
We denote by d§(z,) the Dirac delta function. As in the case of the interval
(0,1), for a function K(x,,y,) on (0,00) x (0,00) we will denote by K f the

integral operator fooo K(xn, yn) f (yn) dyn.
Then as in [2, 7, 8], we will establish estimates for solutions of (A.1)" by

using a solution formula for (A.1)". Following the argument [2, Section 3]
(cf., [7, Appendix]), one can show that the solution u = Sg/(A\)™'F of (A.1)
is written as

) = [SeO P (@) = [ BOE )1 0)

where

ROE w0, yn) = GO € yn) + HOLE 20, y0)
with @(A,f’,xn,yn) being an (n + 1) x (n + 1) matrix of the form

é\()\ﬂ 5/7 xn? yn)

= (5(.I'n - yn)QO
+ —
g|(£/|) (l'na yn) _ZT€/g|£ /| (.Tn, yn) —8xng|(£/|) (.I'n, yn)

+ _Z€/g|§ | (l'n: yn) 0 0

02,961 (T Y1) 0 0

0 0 0
+ 0 gl(L:) (xna yTL)In—l 0

0 0 0

1T ¢1 ie'

+ 0 : >\5 Ll )|§ |(xn: yﬂ) 5 xngLI )|§ |(-Tn: yn) ,

i’ 192 (-)
0 ~£009 ey~ 30,95 s 1)
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and f[()\,f’,xn,yn) being defined by
H(\, €20, yn)
0 T&he(xn)e M0
= | 0 SR e(@)ev 0

0 5E8,, hyyjery(za)e ¥ 0

0 0 0
| P (@) Bo(yn) oy (20) Byn) - sy (20) B ()
0 0 0
—i" & gy (Tn) Bo(Yn) — i1 & Mg (20) B (yn) —i" Ny (20) Bn(Yn)
| S e @n)Bown) 5 e () Byn) S e () B ()

;T ¢t

% Tl iTel
_Tghm,lﬁﬂ(xn)ﬁO(yn) _Tgaacnhm,mﬂ(xn)B(yn) _Tgaacnhm,mﬂ(xn)ﬁn(yn)

Here py = p1 (A, €'); and

-
B ( ) BO()\ 5 yn) m _|£ Iyn’
1T 1
Bln) = B\ = ~ ey =)

and

2’5/’5/ —myn _ =€ lyn

To estimate §§/(A)_1F , we prepare some lemmas.

Lemma A.1. For iy = (XN &), there hold the following estimates uni-
formly in \ € X(— |£| 3m), & e R with |¢] > 1 and x,, > 0:

(i) CH AL+ €72 < Repu < C(A + €7,

(i) CTIA+ €172 < il < COA +1€P)7,

AL , A
S L Ty —
(A +lep)E — (A + €12
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o A

iv) | —— —| <C ,

) ™) < O+ e

(¥) Jeen — e < Clyn — [ (L ¥ Le—%lwn).
B ’5/’ Re,ul

Proof. An elementary observation gives the inequalities (i) and (ii). The
inequalities (iii) and (iv) can be obtained by writing

A

= €| = ——=.
< pa + €

As for (v), since Re 3 > 0 and z,, > 0, we have

e HMi%n _ €_|£/|1’n

1
(R
0

1 1
2 !
S ’/LI . ’é-len ( +/ e—@Re;uacn—(l—@)\E |Zn d6
0 >
1 1¢r 1 1
< O e —€—§|§ |Tn + _e—ERe;uacn) ]
= ’/Ll ’5” (Re’ul ’5,’
This completes the proof. 0

We will employ the following well-known inequality.

Lemma A.2. Let K(xy,y,) be a function on (0,00) x (0,00) satisfying

sup/ | K (20, Yn)| dxn, < My and sup/ | K (2, Yn)| dyn < My
0 0

yn >0 xn>0

for some constants My > 0 and My > 0. Set

KF(z,) = / " K ) F () d.

Then it holds L
KF|y < M7 M |Fl,.

__ Using Lemmas A.1 and A.2 one can obtain the following estimates for
GF and KF.
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/(2

Lemma A.3. There hold the following estimates uniformly in A € X(— |£2| ,
A <1, A #0} and € € R™ with |¢/| > 1

>

)N

€918 QuGFly < C{IEFAL, QoF |2+ |€1F2QoF 2

HEPFHQF} (0<k+1<1),

(i)
€108 QGQuF|y < ClE 1ol D QoF ]y (0<k+1<2, 1<1),

102 QGQuF|; < C10,,QoF)s,

(iii) €%10L, QGQF s < CIE[F121QF ], (0<k+1<2),

€1%10L QuHF]s < C{IEFQoF s + |€'[FF1QF )

(iv)

(0<k+1<1),
(v) €'1%10L, QHQoF |, < CIE[FYQoF], (0<k+1<2,),
(vi) €'F10L QHQF), < C|¢M2QF], (0<k+1<2).

Proof We ﬁrst make two observations. By integration by parts we see that
85,,,ng|£ RFO = g|£| [(’3an |. For an integer | we set g(l Hp = g“ JF if | is even
and

F = g [ s = e YR dy,

if [ is odd. Then for | = 1,2, 3,4, we have
I+
a‘l”" Iy, IE IF (ulgl(tl1i) €' ’lg|(§| )>F 54l( 3 ’ )F.

The desired inequalities in Lemma A.3 then follow from Lemmas A.1 and
A.2. We omit the details. (Cf., [8, Section 8] and [2, Sections 4-5].) O

We now derive the estimate for the solution u of (A.1)" with A = 0.
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Lemma A.4. If |{'| > 1, then there ezists a unique solution u = §§71F =
T(p,v) with v = (v',v") and u satisfies the estimate

; 2
pI3 + Dolp) + [v]3 + Dolv] + Z |17 0% vl
(A.2) jrk=2
< C{|F 3 + Do[F°) + |F')3 + | F"|3} -

Proof. By Lemma A.3 we see that if A € E(—g, StyN{X A <1, A #£0}
and |¢/] > 1, then Se(\) has a bounded inverse in H(0,00) x L2(0,00) and

u = Ser(N\)7LF satisfies the estimate
|QoSer(N) ™ I3 + Do[QoSer(\) ' F]
o~ 1702 o~ 1 ik AQ 1 2
(A3)  +1@Se(N) " F+ Dol@Se (N Fl+ Y [1€'10, @8 (V)1 F |,

j+k=2
< C{|F 3 + Do[F°) + |F'|3 + | F™3} -

uniformly for A € z<—|£;|2,%ﬂ) N{X; A <1, A# 0} and [¢'] > 1. Since

Sew = =20 + 8e(N) = [1 = 2@8 ()] Se (),

-1

we see from (A.3) that Sp has a bounded inverse §§71 = S (N)! [I — AQ8er ()

(with suitably small \) in H'(0,00) x L*(0,00) and u = §§71F =T(p,v) sat-
isfies the estimate (A.2). This completes the proof. O

We are now in a position to prove Lemma 6.6.
Proof of Lemma 6.6. Let (p,v’,v") be a solution of (6.26) and let x be a

C* funciton with supp x C [0,1) or supp x C (0, 1]. Then (xp, xv’, xv") is a
solution of the following problem on the half spaces [0, 00) or (—oo, 1]:

( i - (xv") + O, (xv™) = f’o,
(1€ — 82,) (x') + i€ (xp) = F,
(1€)2 = 02,) (xv™) + Oa, (xp) = F™,

[ XV]e,=0 =0 or xvl|g,=1 =0.

Here »
FO = xF° 4 (0,,x)v",
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F = XF' = 2(0y, x) 02,0 — (8§nx)v',
Fno= XE" —2(0y, X)0x, 0" — (8§nx)v” + (O, X)P-
It follows from Lemma A.4 that

; 2
Ixpl3 + Dolxp] + [xvl3 + Dolxvl + > [I€'7 0%, (xv)],

k=2

A < {IFB+ DolF) + [F + |3}

< C{|F°l3 + Do[F°) + |F'|3 + |F"|3 + [v]3 + Dolv] + [pl3} -

We take C'* functions x; and y2 with x14x2 = 1 on [0, 1] with supp x1 C
[0,1) and supp x2 C (0, 1]. Applying (A.4) to (x;p, x;v) (j = 1,2), we obtain

. 2
pl3 + Dolp) + [v]3 + Do[v] + Z 1€/ 0% vl
(A.5) j+k=2
< C{|F°) + Do[F°) + |F'[5 + |F™[3 + |v]3 + Dolv] + |p[3} -

The desired estimate of Lemma 6.6 now follows from (A.5) if |¢'|? > 2C.
This completes the proof. 0
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