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Abstract

Asymptotic behavior of solutions to the compressible Navier-Stokes
equation around the plane Couette flow is investigated. It is shown
that the plane Couette flow is asymptotically stable for initial distur-
bances sufficiently small in some L2 Sobolev space if the Reynolds and
Mach numbers are sufficiently small. Furthermore, the disturbances
behave in large time in L2 norm as solutions of an n − 1 dimensional
linear heat equation with a convective term.
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This paper is concerned with the asymptotic behavior of solutions to the
compressible Navier-Stokes equation around the plane Couette flow.

We consider the system of equations

(1.1) ∂tρ + div (ρv) = 0,

(1.2) ρ(∂tv + v · ∇v) + ∇P (ρ) = μΔv + (μ+ μ′)∇div v

in an n dimensional infinite layer Ω = Rn−1 × (0, �):

Ω = {x = (x′, xn) ; x′ = (x1, · · · , xn−1) ∈ Rn−1, 0 < xn < �} (n ≥ 2).

Here ρ = ρ(x, t) and v = (v1(x, t), · · · , vn(x, t)) denote the unknown density
and velocity at time t ≥ 0 and position x ∈ Ω, respectively ; P = P (ρ) is
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the pressure ; μ and μ′ are the viscosity coefficients that are assumed to be
constants and satisfy μ > 0, 2

n
μ + μ′ ≥ 0.

The system (1.1)–(1.2) is considered under the boundary condition

(1.3) v|xn=0 = 0, v1|xn=� = V, v2|xn=� = · · · = vn|xn=� = 0.

Here V �= 0 is a given constant.
It is easy to see that the problem (1.1)–(1.3) has the stationary solution

(ρs, vs):

ρs = ρ∗, vs =

(
V

�
xn, 0, · · · , 0

)
,

which is the so called plane Couette flow. Here ρ∗ > 0 is a given constant.
We are interested in the large time behavior of solutions to problem (1.1)–

(1.3) when the initial value (ρ0, v0) is sufficiently close to the plane Couette
flow (ρs, vs).

The plane Couette flow (ρs, vs) is also the solution of the incompressible
Navier-Stokes equation

(1.4)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
div v = 0,

ρ∗(∂tv + v · ∇v) + ∇p = μΔv,

v1|xn=� = V, v2|xn=� = · · · = vn|xn=� = 0,

v|xn=0 = 0,

and its stability as a solution of (1.4) has been widely studied. Since the
Poincaré inequality holds for the disturbances of the velocity, one can easily
see that there exists a number Re0 > 0 such that if the Reynolds number
Re = ρ∗�V/μ is less than Re0 then the plane Couette flow is asymptoti-
cally stable for any initial disturbance in L2(Ω) and it holds that ‖v(t) −
vs‖L2(Ω) ≤ Ce−δ0t for some δ0 > 0. Furthermore, Romanov [13] proved that
the plane Couette flow is stable for any Reynolds number Re > 0 under
sufficiently small disturbances, i.e., for any Reynolds number Re > 0 there
exist positive numbers ε0 and δ1 > 0 such that if ‖v0 − vs‖H1(Ω) ≤ ε0 then
‖v(t) − vs‖H1(Ω) ≤ Ce−δ1t. We also mention the work by Abe and Shi-
bata [1] where they considered the stability of general laminar flows under
Ln-disturbances and proved that there exists a number Re1 > 0 such that
if the Reynolds number Re ≤ Re1 then the plane Couette flow is asymp-
totically stable for small initial disturbances in Ln(Ω) and it holds that if
‖v0 − vs‖Ln(Ω) � 1 then ‖v(t) − vs‖Ln(Ω) ≤ Ce−δ2t for some δ2 > 0.

The purpose of this paper is to study the stability properties of the plane
Couette flow under the compressible disturbances. Concerning the compress-
ible flow in an infinite layer, the stability of the motionless state V = 0 was

2



investigated in [2, 3, 4] and it was shown that the motionless state is sta-
ble for sufficiently small initial disturbances and the disturbances behave in
large time as solutions of an n − 1 dimensional linear heat equation. As for
the plane Couette flow (V �= 0) we will prove that the plane Couette flow is
asymptotically stable for sufficiently small initial disturbances if the Reynolds
number Re and the Mach number Ma = V/

√
P ′(ρ∗) are sufficiently small;

and, furthermore, the disturbances behave in large time as solutions of an
n−1 dimensional linear heat equation with a convective term. Although the
result looks similar to that for the case of the motionless state V = 0, the
problem is not classified in the same category as that of the case V = 0 from
a mathematical point of view which will be explained below.

More precise statement of our result is as follows. There exist positive
numbers c1 > 0, c2 > 0 and ε1 > 0 such that if Re ≤ c1 and Ma ≤ c2,
then there exists a unique global solution (ρ(t), v(t)) of (1.1)–(1.3) such that
u(t) = (ρ(t) − ρs, v(t) − vs) ∈ C([0,∞);Hs(Ω)) and u(t) satisfies

(1.5) ‖∂ l
xu(t)‖L2(Ω) = O(t−

n−1
4

− l
2 ) (t→ ∞)

for l = 0, 1 and

(1.6) ‖u(t) − u(0)(t)‖L2(Ω) = O(t−
n−1

4
− 1

2L(t)) (t → ∞),

provided that the initial disturbance u0 = (ρ0−ρs, v0−vs) satisfies ‖u0‖(Hs∩L1)(Ω) ≤
ε1. Here Hs(Ω) is the L2-Sobolev space of order s ≥ [2/n]+2; L(t) is defined
as L(t) = 1 when n ≥ 3 and L(t) = log(1 + t) when n = 2 ; and u(0) is a
function of the form u(0) = (φ(0)(x′, t), 0) with φ(0)(x′, t) satisfying

∂tφ
(0) − κ̃1∂

2
x1
φ(0) − κ̃2Δ

′′φ(0) +
1

2
V ∂x1φ

(0) = 0,

φ(0)|t=0 =
1

�

∫ �

0

(ρ0(x
′, xn) − ρs) dxn,

where κ̃1 and κ̃2 are positive constants depending on ρ∗, �, V , μ, μ′ and
P ′(ρ∗); and Δ′′ = ∂2

x2
+ · · · + ∂2

xn−1
.

The proof of our stability result is based on the energy method and the
spectral analysis of the linearized operator. The global existence is proved
by the energy method by Matsumura and Nishida [12], which also yields the
Hs-energy bound. The asymptotic behavior in (1.5) and (1.6) is proved by
combining the Hs-energy bound and the decay estimates of the solutions of
the linearized problem

(1.7) ∂tw + L̃w = 0, w|t=0 = w0.
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Here w = T (φ, ψ) and

L̃ =

(
V
�
xn∂x1 ρ∗div

P ′(ρ∗)
ρ∗

∇ − μ
ρ∗

ΔIn − (μ+μ′)
ρ∗

∇div

)
+
V

�

(
0 0

0 xn∂x1In + T e1en

)
,

where In denotes the n × n identity matrix and T e1en is the matrix with
(i, j) components given by δ1iδnj. Here and in what follows the superscript
T · means transposition.

Concerning the linearized problem, we note that in the case of the incom-
pressible problem (1.4), the linearized operator can be regarded as a simple
perturbation from the one around the motionless state V = 0. Therefore,
the stability problem can be handled by a standard perturbation argument
for analytic semigroups based on the analysis in the case V = 0 as in Abe
and Shibata [1] if the Reynolds number is sufficiently small. On the other
hand, in the case of the compressible problem (1.7), due to the first order

term V
�
xn∂x1φ appearing in the linearization of (1.1), the operator L̃ cannot

be regarded as a simple perturbation from the linearized one around the mo-
tionless state V = 0. In fact, the domain of the operator L̃ is different from
that in the case V = 0. Thus, the results in [2] cannot be directly applied
even in case of small Reynolds numbers.

To investigate the decay properties of solutions to (1.7) we consider the
Fourier transform of (1.7) in x′ ∈ Rn−1:

(1.8) ∂tŵ + L̃ξ′ŵ = 0, ŵ|t=0 = ŵ0,

where ξ′ = (ξ1, · · · , ξn−1) ∈ Rn−1 denotes the dual variable.

The operator L̃ξ′ has different characters between the cases |ξ′| � 1 and

|ξ′| � 1. We thus decompose the semigroup e−t�L associated with (1.7) into

two parts: e−t�L = F −1[e−t�Lξ′
∣∣|ξ′|≤r ]+F −1[e−t�Lξ′

∣∣|ξ′|≥r ] for some small r > 0,

where F −1 denotes the inverse Fourier transform. In case |ξ′| � 1, L̃ξ′ can

be treated as in the case V = 0 ([3]). If |ξ′| � 1, then L̃ξ′ can be regarded as

a perturbation from L̃0 and we will find that the spectrum of −L̃ near the
imaginary axis is given by that of −L̃ξ′ with |ξ′| � 1, which is parametrized
as − i

2
V ξ1 − κ̃1ξ

2
1 − κ̃2|ξ′′|2 +O(|ξ′|3), where ξ′ = (ξ1, ξ

′′), ξ′′ = (ξ2, · · · , ξn−1).
On the other hand, if |ξ′| � 1, the hyperbolic aspect of (1.7) is getting
much stronger than that in the case V = 0, due to the (1, 1)-component
V
�
xn∂x1 of L̃. Therefore, to analyze the part |ξ′| � 1, we employ the Fourier

transformed version of Matsumura-Nishida’s energy method and derive the
exponential decay property of the corresponding part of the semigroup e−t�L.

This paper is organized as follows. In section 2 we rewrite the problem
into the system of equations for the perturbation in a non-dimensional form.
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In section 3 we introduce some function spaces and state our main results.
In sections 4–6 we investigate the linearized problem. As mentioned above,
we consider the Fourier transformed problem (1.8). In section 4 we restate
our main results on the linearized problem. In section 5 we analyze the case
|ξ′| � 1. The case |ξ′| � 1 is treated in section 6. Section 7 is devoted to
the nonlinear problem and we here give an outline of the proof of (1.5) and
(1.6) only, since the proof for the nonlinear problem is similar to those in
[4, 6, 11, 12]. In the appendix we give an estimate for the Fourier transform
of solutions to the stationary Stokes problem on the half space, which is used
in the analysis in section 6.

2. Reformulation of the Problem

In this section we rewrite the problem into the one for the perturbation
in a non-dimensional form.

Throughout the paper we assume that

(2.1) P ′(ρ∗) > 0.

Without loss of generality we may assume that V > 0.
We introduce the following dimensionless variables:

x = x̃, t =
�

V
t̃, v = V ṽ, ρ = ρ∗ρ̃, P = ρ∗V 2P̃ .

Then the problem (1.1)–(1.3) is transformed into the following dimensionless
problem on the layer Ω = Rn−1 × (0, 1):

(2.2) ∂tρ̃ + div (ρ̃ṽ) = 0,

(2.3) ρ̃(∂tṽ + ṽ · ∇ṽ) + P̃ ′(ρ̃)∇ρ̃ = νΔṽ + (ν + ν ′)∇div ṽ,

(2.4) ṽ|xn=0 = 0, ṽ|xn=1 = e1.

Here e1 is the unit vector e1 = (1, 0, · · · , 0), and ν and ν ′ are the nondimen-
sional parameters:

ν =
μ

ρ∗�V
, ν ′ =

μ′

ρ∗�V
.

The plane Couette flow is transformed into (ρ̃s, ṽs) = (1, xne1). Note that
the Reynolds number Re is given by Re = ν−1. We also introduce the Mach
number

Ma =
1√
P̃ ′(1)

=
V√
P ′(ρ∗)

.
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Setting ρ̃ = ρ̃s + γ−2φ with γ = Ma−1 and ṽ = ṽs + ψ in (2.2)–(2.4), we
arrive at the initial boundary value problem for the perturbation u = (φ, ψ):

(2.5)
1

γ2
∂tφ+

1

γ2
xn∂x1φ+ divψ = f0,

(2.6) ∂tψ − νΔψ − (ν + ν ′)∇divψ + ∇φ + xn∂x1ψ + ψne1 = g,

(2.7) ψ|xn=0,1 = 0,

(2.8) (φ, ψ)|t=0 = (φ0, ψ0).

Here

f0 = − 1

γ2
div (φψ),

g = −ψ · ∇ψ − φ

γ2 + φ
{νΔψ + (ν + ν ′)∇divψ + (P2(γ, φ) − 1)∇φ}

with

P2(γ, φ) =
1

γ2

∫ 1

0

P̃ ′′(1 + γ−2θφ) dθ.

3. Main Results

We first introduce some notation which will be used throughout the paper.
For a domain D and 1 ≤ p ≤ ∞ we denote by Lp(D) the usual Lebesgue
space on D and its norm is denoted by ‖ · ‖Lp(D). Let l be a nonnegative
integer. The symbol W l,p(D) denotes the l th order Lp Sobolev space on
D with norm ‖ · ‖W l,p(D). When p = 2, the space W l,2(D) is denoted by
H l(D) and its norm is denoted by ‖ · ‖H l(D). C l

0(D) stands for the set of

all C l functions which have compact support in D. We denote by W 1,p
0 (D)

the completion of C1
0(D) in W 1,p(D). In particular, W 1,2

0 (D) is denoted by
H1

0 (D).
We simply denote by Lp(D) (resp., W l,p(D), H l(D)) the set of all vector

fields ψ = T (ψ1, · · · , ψn) on D with ψj ∈ Lp(D) (resp., W l,p(D), H l(D)), j =
1, · · · , n, and its norm is also denoted by ‖·‖Lp(D) (resp., ‖·‖W l,p(D), ‖·‖H l(D)).
For u = T (φ, ψ) with φ ∈ W k,p(D) and ψ = T (ψ1, · · · , ψn) ∈ W l,q(D), we
define ‖u‖Wk,p(D)×W l,q(D) by ‖u‖Wk,p(D)×W l,q(D) = ‖φ‖Wk,p(D) + ‖ψ‖W l,q(D).
When k = l and p = q, we simply write ‖u‖Wk,p(D)×Wk,p(D) = ‖u‖Wk,p(D).

In case D = Ω we abbreviate Lp(Ω) (resp., W l,p(Ω), H l(Ω)) as Lp (resp.,
W l,p, H l). In particular, the norm ‖ · ‖Lp(Ω) = ‖ · ‖Lp is denoted by ‖ · ‖p.
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In case D = (0, 1) we denote the norm of Lp(0, 1) by | · |p. The inner
product of L2(0, 1) is denoted by

(f, g) =

∫ 1

0

f(xn)g(xn) dxn, f, g ∈ L2(0, 1).

Here g denotes the complex conjugate of g. Furthermore, for f ∈ L1(0, 1) we
denote the mean value of f in (0, 1) by 〈f〉:

〈f〉 = (f, 1) =

∫ 1

0

f(xn) dxn.

The norms of W l,p(0, 1) and H l(0, 1) are denoted by | · |W l,p and | · |H l,
respectively.

We often write x ∈ Ω as x = T (x′, xn), x
′ = T (x1, · · · , xn−1) ∈ Rn−1.

Partial derivatives of a function u in x, x′, xn and t are denoted by ∂xu, ∂x′u,
∂xnu and ∂tu, respectively. We also write higher order partial derivatives of
u in x as ∂k

xu = (∂α
xu; |α| = k).

We denote the k×k identity matrix by Ik. In particular, when k = n+1,
we simply write I for In+1. We also define (n+1)× (n+1) diagonal matrices

Q0 and Q̃ by

Q0 = diag (1, 0, · · · , 0), Q̃ = diag (0, 1, · · · , 1).

We then have, for u =

(
φ
ψ

)
∈ Rn+1,

Q0u =

(
φ
0

)
, Q̃u =

(
0
ψ

)
.

We next introduce some notation about integral operators. For a function
f = f(x′) (x′ ∈ Rn−1), we denote its Fourier transform by f̂ or F f :

f̂(ξ′) = (F f)(ξ′) =

∫
Rn−1

f(x′)e−iξ′·x′
dx′.

The inverse Fourier transform is denoted by F −1:

(F −1f)(x) = (2π)−(n−1)

∫
Rn−1

f(ξ′)eiξ′·x′
dξ′.

For a function K(xn, yn) on (0, 1) × (0, 1) we will denote by Kf the integral

operator
∫ 1

0
K(xn, yn)f(yn) dyn.
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We will denote the resolvent set of a closed operator A by ρ(A) and
the spectrum of A by σ(A). For Λ ∈ R and θ ∈ (π

2
, π) we denote the set

{λ ∈ C; |arg (λ− Λ)| ≤ θ} by Σ(Λ, θ):

Σ(Λ, θ) = {λ ∈ C; |arg (λ− Λ)| ≤ θ}.

We first state our main results on the linearized problem.
Let us consider the linearized problem

(3.1) ∂tu+ Lu = 0, u|t=0 = u0.

Here

L =

(
xn∂x1 γ2div

∇ −νΔIn − (ν + ν ′)∇div

)
+

(
0 0

0 xn∂x1In + Te1en

)
.

We denote the solution operator for (3.1) by U (t).

Theorem 3.1. Suppose that u0 = T (φ0, ψ0) ∈ H1 × L2 and that ∂x′ψ0 ∈ L2.
Then (3.1) has a unique solution u(t) = U (t)u0 and satisfies the estimates

‖∂ l
xU (t)u0‖2 ≤ C{t− l

2‖u0‖H l×L2 + ‖∂x′ψ0‖2} (l = 0, 1)

for 0 < t ≤ 1.

Theorem 3.2. There exist constants ν0 > 0 and γ0 > 0 such that if ν ≥ ν0

and (2ν + ν ′)/γ2 ≤ 1/γ2
0 , then the following estimates hold uniformly for

t ≥ 1, u0 = T (φ0, ψ0) ∈ H1 × L2 with ∂x′ψ0 ∈ L2 and u0 ∈ L1:

‖∂ l
xU (t)u0‖2 ≤ C{t−n−1

4
− l

2‖u0‖1 + e−at‖u0‖H1} (l = 0, 1),

‖U (t)u0 −Gt ∗x′ Π(0)u0‖2 ≤ C{t−n−1
4

− 1
2 ‖u0‖1 + e−at‖u0‖H1}.

with some constant a > 0. Here

Gt ∗x′ Π(0)u0 = F −1
[
e−( i

2
ξ1+κ1ξ2

1+κ2|ξ′′|2)tΠ̂(0)û0

]
with Π̂(0)û0 = 〈Q0û0〉, where κ1 and κ2 are some positive constants.

Remark. We easily see that ‖Gt ∗x′ Π(0)u0‖2 = O(t−
n−1

4 ) if u0 ∈ L1. We
also see that the function Gt ∗x′ Π(0)u0 is written in the form Gt ∗x′ Π(0)u0 =
(φ(0)(x′, t), 0) with φ(0)(x′, t) satisfying

∂tφ
(0) − κ1∂

2
x1
φ(0) − κ2Δ

′′φ(0) +
1

2
∂x1φ

(0) = 0,
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φ(0)|t=0 =

∫ 1

0

φ0(x
′, xn) dxn,

where Δ′′ = ∂2
x2

+ · · · + ∂2
xn−1

.

We next state our main result on the nonlinear problem. Before stating
the result we mention the compatibility condition for u0 = (φ0, ψ0). We

will look for a solution u = (φ, ψ) of (2.5)–(2.8) in ∩[ s
2
]

j=0C
j([0,∞);Hs−2j)

satisfying
∫ t

0
‖∂xφ‖2

Hs−1 + ‖∂xψ‖2
Hs dτ < ∞ for all t ≥ 0 with s ≥ [n/2] + 1.

Therefore, we need to require the compatibility condition for the initial value
u0 = (φ0, ψ0), which is formulated as follows.

Let u = (φ, ψ) be a smooth solution of (2.5)–(2.8). Then ∂j
tu = (∂j

tφ, ∂
j
tψ)

(j ≥ 1) is inductively determined by

∂j
tφ = −xn∂x1∂

j−1
t φ− γ2div∂j−1

t ψ + γ2∂j−1
t f0

and
∂j

tψ = −T∂j−1
t ψ −∇∂j−1

t φ+ ∂j−1
t g.

Here Tψ = −μΔψ − (μ + μ′)∇divψ + xn∂x1ψ + ψne1.
From these relations we see that (∂j

tφ, ∂
j
tψ)

∣∣
t=0

is inductively given by
(φ0, ψ0) in the following way:

(∂j
tφ, ∂

j
tψ)

∣∣
t=0

= (φj, ψj),

where

φj = −xn∂x1φj−1 − γ2divψj−1

+γ2f0
j−1(φ0, · · · , φj−1, ψ0, · · · , ψj−1, ∂xψ0, · · · , ∂xψj−1),

ψj = −Tψj−1 −∇φj−1

+gj−1(φ0, · · · , φj−1, ψ0, · · · , ψj−1, · · · , ∂xφj−1, · · · , ∂2
xψj−1).

Here f0
l (φ0, · · · , φl, · · · ) is a certain polynomial in φ0, · · · , φl, · · · ; · · · · · · ,

and so on.
By the boundary condition ψ|xn=0,1 = 0 in (2.7), we necessarily have

∂j
tψ |xn=0,1 = 0, and hence,

ψj |xn=0,1 = 0.

Assume that (φ, ψ) is a solution of (2.5)–(2.8) in ∩[ s
2
]

j=0C
j([0, T0];H

s−2j)
for some T0 > 0. Then, from the above observation, we need the regularity
(φj, ψj) ∈ Hs−2j for j = 0, · · · , [s/2], which, indeed, follows from the fact
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that (φ0, ψ0) ∈ Hs with s ≥ [n/2]+1. Furthermore, it is necessary to require
that (φ0, ψ0) satisfies the ŝ-th order compatibility condition:

ψj ∈ H1
0 for j = 0, 1, · · · , ŝ =

[
s− 1

2

]
.

We are ready to state our main result on the nonlinear problem.

Theorem 3.3. (i) Let s be an integer satisfying s ≥ [n/2] + 1. Then
there exist constants ν̃0 > 0, γ̃0 > 0 and ε0 > 0 such that if ν ≥ ν̃0 and
(2ν + ν ′)/γ2 ≤ 1/γ̃2

0 , then for any u0 = (φ0, ψ0) ∈ Hs satisfying the ŝ-th
compatibility condition with ‖u0‖Hs ≤ ε0 there exists a unique global solution

u(t) = (φ(t), ψ(t)) ∈ ∩[ s
2
]

j=0C
j([0,∞);Hs−2j) of (2.5)–(2.8), which satisfies

‖u(t)‖2
Hs +

∫ t

0

‖∂xφ‖2
Hs−1 + ‖∂xψ‖2

Hs dτ ≤ C‖u0‖2
Hs

uniformly for t ≥ 0 and

‖u(t)‖∞ → 0 (t → ∞).

(ii) Furthermore, let s ≥ [n/2] + 2 and assume that ν ≥ ν̃0 and (2ν +
ν ′)/γ2 ≤ 1/γ̃2

0 . Assume also that u0 = (φ0, ψ0) belongs to Hs ∩ L1 and
satisfies the ŝ-th compatibility condition. Then there exists a constant ε1 > 0
such that if ‖u0‖Hs∩L1 ≤ ε1, then the solution u(t) = (φ(t), ψ(t)) satisfies

‖∂ l
xu(t)‖2 = O(t−

n−1
4

− l
2 ) (t → ∞)

for l = 0, 1 and

‖u(t) −Gt ∗x Π(0)u0‖2 = O(t−
n−1

4
− 1

2L(t)) (t → ∞).

Here L(t) = 1 when n ≥ 3 and L(t) = log(1 + t) when n = 2.

Theorem 3.3 (i) is proved by the energy method by Matsumura and
Nishida [12]. The proof of Theorem 3.3 (ii) is based on the Hs-energy bound
in (i) and Theorems 3.1 and 3.2. We will give an outline of the proof of
Theorem 3.3 in section 7.

4. The Linearized Problem

In sections 4–6 we will consider the linearized problem and will prove
Theorems 3.1 and 3.2.
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Theorem 3.1 is proved as follows. It is not difficult to show the unique
existence of solutions u ∈ C([0,∞);H1)× (C([0,∞);H1

0) ∩ L2
loc([0,∞);H2))

for all u0 ∈ H1 × H1
0 . Theorem 3.1 then follows by an approximation argu-

ment if one shows the estimate presented in Theorem 3.1. In section 6 we
will give a proof of the estimate given in Theorem 3.1. (See Proposition 6.2.)

Theorem 3.2 immediately follows from the following theorem.

Theorem 4.1. There exist constants ν0 > 0 and γ0 > 0 such that if ν ≥ ν0

and (2ν + ν ′)/γ2 ≤ 1/γ2
0 , then for any u0 = T (φ0, ψ0) ∈ (H1 × L2) ∩ L1 with

∂x′ψ0 ∈ L2 the solution u(t) = U (t)u0 of problem (3.1) is decomposed as

U (t)u0 = U (0)(t)u0 + U (∞)(t)u0,

where each term on the right-hand side has the following properties.

(i) The function U (0)(t)u0 satisfies the following estimates (4.1) – (4.3) uni-
formly for t ≥ 1:

(4.1) ‖∂ l
xU (0)(t)u0‖2 ≤ Ct−

n−1
4

− l
2‖u0‖1 (l = 0, 1),

(4.2) ‖U (0)(t)u0 −Gt ∗x′ Π(0)u0‖2 ≤ Ct−
n−1

4
(1− 1

p
)− 1

2‖u0‖1,

and

(4.3) ‖∂ l
xU (0)(t)[Q̃u0]‖2 ≤ Ct−

n−1
4

− l+1
2 ‖Q̃u0‖1 (l = 0, 1).

Furthermore, if u0 = T (div Ψ0, ∂xψ0) with Ψn
0 |xn=0,1 = 0 then it holds that

(4.4) ‖∂ l
xU (0)(t)u0‖2 ≤ Ct−

n−1
4

− l+1
2 (‖Ψ0‖L1 + ‖ψ0‖L1) (l = 0, 1)

for all t ≥ 1.

(ii) There exists a constant a > 0 such that U (∞)(t)u0 satisfies

(4.5) ‖∂ l
xU (∞)(t)u0‖2 ≤ Ce−at‖u0‖H1 (l = 0, 1)

for all t ≥ 1.

To prove Theorem 4.1 we decompose U (t)u0 in the following way. Let
r > 0. Define χ(0)(ξ′) and χ(∞)(ξ′) by

χ(0)(ξ′) = 1 if |ξ′| ≤ r, χ(0)(ξ′) = 0 if |ξ′| ≤ r, and χ(∞) = 1 − χ(0).

We decompose U (t)u0 as

U (t)u0 = U0(t)u0 + U∞(t)u0,

11



where
Uj(t)u0 = F −1

[
χ(j)e−t�Lξ′ û0

]
, j = 0,∞.

Here L̂ξ′ is the operator of the form

L̂ξ′ =

⎛⎜⎜⎜⎝
iξ1xn iγ2 T ξ′ γ2∂xn

iξ′ {ν(|ξ′|2 − ∂2
xn

) + iξ1xn}In−1 + ν̃ξ′T ξ′ −iν̃ξ′∂xn + e′
1

∂xn −iν̃T ξ′∂xn ν(|ξ′|2 − ∂2
xn

) − ν̃∂2
xn

+ iξ1xn

⎞⎟⎟⎟⎠ ,

which is a closed operator on H1(0, 1) × L2(0, 1) with domain of definition

D(L̂ξ′) = H1(0, 1) × (H2(0, 1) ∩H1
0 (0, 1)).

Proposition 4.2. There exists r0 > 0 such that if r ≤ r0, then U0(t)u0 is
written as

U0(t)u0 = U (0)(t)u0 + R (0)(t)u0,

where U (0)(t)u0 has the properties in Theorem 4.1 (i) and R (0)(t)u0 satisfies
the estimate (4.5) in Theorem 4.1 (ii) with U (∞)(t)u0 replaced by R (0)(t)u0.

Proposition 4.3. There exist constants ν0 > 0 and γ0 > 0 such that if
ν ≥ ν0 and (2ν + ν ′)/γ2 ≤ 1/γ2

0 , then the following estimate holds for any
fixed r > 0 uniformly in t ≥ 1:

‖U∞(t)u0‖H1 ≤ Ce−at‖u0‖H1,

where a = a(r) > 0.

Theorem 4.2 follows from Propositions 4.2 and 4.3 by setting r = r0 and
U (∞)(t)u0 = R (0)(t)u0 + U∞(t)u0.

Proposition 4.2 can be proved in a similar manner in [3]. In section 5 we
will give an outline of its proof. The proof of Proposition 4.3 will be given in
section 6 by the Fourier transformed version of Matsumura-Nishida’s energy
method. The proof of the estimate in Theorem 3.1 will be also given in
section 6 (Proposition 6.2).

5. Proof of Proposition 4.2

Proposition 4.2 can be proved in a similar manner in [3]. So we here give
an outline of the proof following the argument in [3].

To investigate (3.1) we take the Fourier transform in x′ ∈ Rn−1. We then
have the following initial boundary value problem for functions φ(xn, t) and

12



ψ(xn, t) (xn ∈ (0, 1), t ≥ 0):

(5.1)
du

dt
+ L̂ξ′u = 0, u|t=0 = u0,

where u = T (φ(xn, t), ψ
′(xn, t), ψ

n(xn, t)), u0 = T (φ0(xn), ψ′
0(xn), ψ

n
0 (xn)).

It is not difficult to see that for each fixed ξ′ ∈ Rn−1 the operator −L̂ξ′

generates an analytic semigroup e−t�Lξ′ on H1(0, 1) × L2(0, 1). (Cf., [2, 3].)

Proposition 4.2 is proved by investigating the spectrum of −L̂ξ′ for |ξ′| � 1.
We analyze it regarding the problem as a perturbation from the one with
ξ′ = 0.

We consider the resolvent problem

(5.2) λu+ L̂ξ′u = f,

where λ ∈ C is the resolvent parameter, u = T (φ(xn), ψ
′(xn), ψ

n(xn)) and

f = T (f0(xn), g
′(xn), gn(xn)). To investigate problem (5.2) we write L̂ξ′ in

the following form:

L̂ξ′ = L̂0 +
n−1∑
j=1

ξjL̂
(1)
j +

n−1∑
j,k=1

ξjξkL̂
(2)
jk ,

where ξ′ = T (ξ1, · · · , ξn−1), and

L̂0 =

⎛⎜⎜⎜⎝
0 0 γ2∂xn

0 −ν∂2
xn
In−1 e′

1

∂xn 0 −ν1∂
2
xn

⎞⎟⎟⎟⎠ , ν1 = ν + ν̃ ,

L̂
(1)
j =

⎛⎜⎜⎜⎝
ixnδ1j iγ2 Te′

j 0

ie′
j ixnδ1jIn−1 −iν̃e′

j∂xn

0 −iν̃T e′
j∂xn ixnδ1j

⎞⎟⎟⎟⎠ ,

L̂
(2)
jk =

⎛⎜⎜⎜⎝
0 0 0

0 νδjkIn−1 + ν̃e′
j
Te′

k 0

0 0 νδjk

⎞⎟⎟⎟⎠ .

Here e′
j denotes the unit vector of Rn−1 in ξj-direction.
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We will treat L̂ξ′ as a perturbation from L̂0. We begin with the analysis
of (5.2) with ξ′ = 0:

(λ+ L̂0)u = f.

We introduce some quantities. For k = 1, 2, · · · , we define λ1,k and λ±,k

by
λ1,k = −ν(kπ)2

and

λ±,k = −ν1

2
(kπ)2 ± 1

2

√
ν2

1(kπ)4 − 4γ2(kπ)2

for k = 1, 2, · · · . An elementary observation shows that λ±,k are the two roots

of λ2+ν1(kπ)2λ+γ2(kπ)2 = 0; λ−,k = λ+,k with Imλ+,k = γkπ
√

1 − ν2
1

4γ2 (kπ)2

when kπ < 2γ/ν1 and λ±,k ∈ R when kπ ≥ 2γ/ν1; and it holds that

λ+,k = −γ
2

ν1
+O(k−2), λ−,k = −ν1(kπ)2 +O(1)

as k → ∞. (See [2, Remarks 3.2 and 3.5].)

Lemma 5.1. (i) The spectrum σ(−L̂0) is given by

σ(−L̂0) ⊂ {0} ∪ {λ1,k}∞k=1 ∪ {λ+,k, λ−,k}∞k=1 ∪ {−γ2

ν1
}.

Here 0 is an eigenvalue.

(ii) The eigenvalue 0 of −L̂0 is simple; the eigenspace is spanned by u(0) =
T (1, 0, · · · , 0); and the associated eigenprojection is given by

Π̂(0)u =

(
〈φ〉
0

)
for u =

(
φ

ψ

)
.

(iii) There exist positive numbers η0 and θ0 with θ0 ∈ (π
2
, π) such that the

following estimates hold uniformly for λ ∈ ρ(−L̂0) ∩ Σ(−η0, θ0):∣∣∣(λ+ L̂0)
−1f

∣∣∣
H l×L2

≤ C

|λ| |f |H l×L2 , l = 0, 1,

∣∣∣∂ l
xn
Q̃(λ+ L̂0)

−1f
∣∣∣
2
≤ C

(|λ| + 1)1−
l
2

(
1 +

1

|λ|
)
|f |H l−1×L2, l = 1, 2,

∣∣∣∂2
xn
Q0(λ + L̂0)

−1f
∣∣∣
2
≤ C

(|λ| + 1)
1
2

|f |H2×H1 .
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Remark. As for the adjoint operator

L̂∗
0 =

⎛⎜⎜⎜⎝
0 0 −∂xn

0 −ν∂2
xn
In−1 0

−γ2∂xn
Te′

1 −ν1∂
2
xn

⎞⎟⎟⎟⎠
with domain of definition D(L̂∗

0) = D(L̂0), one can see that σ(−L̂∗
0) =

σ(−L̂0), and, in particular, 0 is a simple eigenvalue and L̂∗
0u

(0) = 0.

Lemma 5.1 can be proved in a similar manner to the proof of [3, Lemmas
3.1 and 3.2]. So we here omit the proof.

We next give some estimates for (λ+L̂ξ′)
−1 for small ξ′. Based on Lemma

5.1 we obtain the following estimates.

Theorem 5.2. Let η0 and θ0 be the numbers given in Lemma 5.1. Then
there exists a positive number r̃0 = r̃0(η0,θ0) such that the set Σ(−η0, θ0) ∩{
λ; |λ| ≥ η0

2

}
is in ρ(−L̂ξ′) for |ξ′| ≤ r̃0. Furthermore, the following esti-

mates hold for any multi-index α′ uniformly in λ ∈ Σ(−η0, θ0)∩
{
λ; |λ| ≥ η0

2

}
and ξ′ with |ξ′| ≤ r̃0:∣∣∣∂α′

ξ′ (λ+ L̂ξ′)
−1f

∣∣∣
H l×L2

≤ Cα′

|λ| |f |H l×L2 , l = 0, 1,

∣∣∣∂α′
ξ′ ∂

l
xn
Q̃(λ + L̂ξ′)

−1f
∣∣∣
2
≤ Cα′

(|λ| + 1)1−
l
2

|f |H l−1×L2 , l = 1, 2,

∣∣∣∂α′
ξ′ ∂

2
xn
Q0(λ + L̂ξ′)

−1f
∣∣∣
2
≤ Cα′

(|λ| + 1)
1
2

|f |H2×H1.

Proof. Theorem 5.2 can be proved in the same way as in the proof of [3,
Theorem 3.2]. We here give only the necessary estimates.

In the following we will write

L̂(1)(ξ′) =

n−1∑
j=1

ξjL̂
(1)
j and L̂(2)(ξ′) =

n−1∑
j,k=1

ξjξkL̂
(2)
jk .

We first observe that

(5.3)
∣∣∣L̂(1)

j u
∣∣∣
H l×H(l−1)+

≤ C
{
|Q0u|H l + |Q̃u|H(l−1)++1

}
15



and

(5.4)
∣∣∣L̂(2)

jk u
∣∣∣
H l×H(l−1)+

≤ C|Q̃u|H(l−1)+ .

Let l = 0, 1, 2 and λ ∈ Σ(−η0, θ0) ∩
{
λ; |λ| ≥ η0

2

}
. It then follows from

Lemma 5.1, (5.3) and (5.4) that there exists a positive number r̃0 such that
if |ξ′| ≤ r̃0, then∣∣∣(L̂(1)(ξ′) + L̂(2)(ξ′)

)
(λ+ L̂0)

−1f
∣∣∣
H l×H(l−1)+

≤ 1

2
|f |H l×H(l−1)+ .

Therefore, by the Neumann series expansion, we see that

I +
(
L̂(1)(ξ′) + L̂(2)(ξ′)

)
(λ + L̂0)

−1

is invertible on H l(0, 1) × H(l−1)+(0, 1), l = 0, 1, 2, for λ ∈ Σ(−η0, θ0) ∩{
λ; |λ| ≥ η0

2

}
and ξ′ with |ξ′| ≤ r̃0. In particular, we conclude that Σ(−η0, θ0)∩{

λ; |λ| ≥ η0

2

} ⊂ ρ(−L̂ξ′) and

(5.5) (λ+L̂ξ′)
−1 = (λ+L̂0)

−1

∞∑
N=0

(−1)N
[(
L̂(1)(ξ′) + L̂(2)(ξ′)

)
(λ + L̂0)

−1
]N

for λ ∈ Σ(−η0, θ0) ∩
{
λ; |λ| ≥ η0

2

}
and ξ′ with |ξ′| ≤ r̃0. Using Lemma 5.1

and (5.3)–(5.5), we obtain the desired estimates in Theorem 5.2 as in the
proof of [3, Theorem 3.1]. �

As for the spectrum of −L̂ξ′ near λ = 0, we have the following result.

Theorem 5.3. Let η0 and r̃0 be the numbers given in Theorem 5.2. Then
there exists a positive number r0 with r0 ≤ r̃0 such that for each ξ′ with
|ξ′| ≤ r0 it holds that

σ(−L̂ξ′) ∩ {λ; |λ| ≤ η0} = {λ0(ξ
′)},

where λ0(ξ
′) is a simple eigenvalue of −L̂ξ′ that has the form

λ0(ξ
′) = − i

2
ξ1 − κ1ξ

2
1 − κ2|ξ′′|2 +O(|ξ′|3)

as |ξ′| → 0. Here ξ′′ = (ξ2, · · · , ξn−1); and κ1 and κ2 are some positive
numbers.
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Proof. By Lemma 5.1, (5.3) and (5.4), we see that if |λ| = η0, then λ ∈
ρ(−L̂ξ′) for |ξ′| ≤ r̃0. In particular,

Π̂(ξ′) =
1

2πi

∫
|λ|=η0

(λ+ L̂ξ′)
−1 dλ

is the eigenprojection for the eigenvalues of −L̂ξ′ lying inside the circle |λ| =

η0. The continuity of (λ+L̂ξ′)
−1 in (λ, ξ′) then implies that dim Range Π̂(ξ′) =

dim Range Π̂(0) = 1. (See [10, Chap. 1, Lemma 4.10 and Chap. 4, Theorem

3.16].) Therefore, we see from Lemma 5.1 that σ(−L̂ξ′) ∩ {λ; |λ| ≤ η0}
consists of only one simple eigenvalue, say λ0(ξ

′).
In view of (5.3) and (5.4) we can apply the analytic perturbation theory

(cf., [10, Chap. 2, Sect.2.2 and Chap. 7, Remark 2.10]). Since λ(0)(ξ′) is
simple, we can see that λ(0)(ξ′) and Π(ξ′) are expanded as

λ0(ξ
′) = λ(0) +

n−1∑
j=1

ξjλ
(1)
j +

n−1∑
j,k=1

ξjξkλ
(2)
jk +O(|ξ′|3),

Π̂(ξ′) = Π̂(0) +

n−1∑
j=1

ξjΠ̂
(1)
j +O(|ξ′|2)

with λ(0) = 0 and
λ

(1)
j = −(L̂

(1)
j u(0), u(0)),

λ
(2)
jk = −(L̂

(2)
jk u

(0), u(0)) + (L̂
(1)
j ŜL̂

(1)
k u(0), u(0)),

Π̂
(1)
j = −Π̂(0)L̂

(1)
j Ŝ − ŜL̂

(1)
j Π̂(0),

where Ŝ =
[
(I − Π̂(0))L̂0(I − Π̂(0))

]−1

.

Since L̂
(1)
j u(0) = i

⎛⎝ xnδ1j

e′
1

0

⎞⎠, we have

λ
(1)
j = − i

2
δ1j.

Let us compute λ
(2)
jk . It is easy to see that L̂

(2)
jk u

(0) = 0. By a direct
computation we have

ŜL̂
(1)
1 u(0) =

⎛⎜⎝
iν1

γ2 (xn − 1
2
)

i
ν
{ 1

γ2 (
1
24
xn − 1

12
x3

n + 1
24
x4

n) + 1
2
(xn − x2

n)}e′
1

− i
2γ2 (xn − x2

n)

⎞⎟⎠
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and

ŜL̂
(1)
j u(0) =

i

2ν

⎛⎝ 0
(xn − x2

n)e
′
j

0

⎞⎠ (j �= 1).

It then follows that

λ
(2)
11 = − 1

12

{(
ν1

γ2
+

1

10ν

)
+
γ2

ν

}
, λ

(2)
jj = − γ2

12ν
(j �= 1), λ

(2)
jk = 0 (j �= k).

Consequently, we obtain

λ0(ξ
′) = − i

2
ξ1 − κ1ξ

2
1 − κ2|ξ′′|2 +O(|ξ′|3)

with

κ1 =
1

12

{(
ν1

γ2
+

1

10ν

)
+
γ2

ν

}
, κ2 =

γ2

12ν
.

This completes the proof. �

As for the eigenprojection Π̂(ξ′) associated with λ0(ξ
′), we have the fol-

lowing result.

Theorem 5.4. (i) Let Π̂(ξ′) be the eigenprojection associated with λ0(ξ
′).

Then there exists a positive number r0 such that for any ξ′ with |ξ′| ≤ r0 the

projection Π̂(ξ′) is written in the form

Π̂(ξ′)u =

∫ 1

0

Π̂(ξ′, xn, yn)u(yn) dyn

with

Π̂(ξ′, xn, yn) = Π̂(0) +
n−1∑
j=1

ξjΠ̂
(1)
j (xn, yn) + Π̂(2)(ξ′, xn, yn).

Here Π̂(0) = Q0; and Π̂
(1)
j (xn, yn) (j = 1, · · · , n−1) and Π̂(2)(ξ′, xn, yn) satisfy∣∣∣∂k
xn
∂ l

yn
Π̂

(1)
j (·, ·)

∣∣∣
L∞((0,1)×(0,1))

≤ C,∣∣∣∂k
xn
∂ l

yn
∂α′

ξ′ Π̂
(2)(ξ′, ·, ·)

∣∣∣
L∞((0,1)×(0,1))

≤ Cα′|ξ′|2−|α′|

for 0 ≤ k, l ≤ 1 and any multi-index α′ uniformly in ξ′ with |ξ′| ≤ r0.

(ii) If Q0u|xn=0,1 = 0, then Π̂(ξ′) satisfies

Π̂(ξ′) [∂xnu] = −
(
∂ynΠ̂(ξ′)

)
[u] , Π̂(0) [∂xnu] = 0,
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Π̂
(1)
j [∂xnu] = −

(
∂ynΠ̂

(1)
j

)
[u] , Π̂(2)(ξ′) [∂xnu] = −

(
∂ynΠ̂(2)(ξ′)

)
[u] .

(iii) It holds

∂xnΠ̂
(0)u = 0, ∂xnΠ̂

(1)
j Q̃u = 0.

Furthermore, if Q0u|xn=0,1 = 0, then

∂xnΠ̂
(1)
j [∂xnu] = 0.

Proof. The proof of (i) is the same as that in the proof of [3, Theorem 3.3].
The assertion (ii) can be also proved in a similar manner to the proof of [3,

Theorem 3.3] by integration by parts. As for (iii), it is clear that ∂xnΠ̂(0) = 0.

Concerning the properties of Π̂
(1)
j , we note that

Π̂
(1)
j = −Π̂(0)L̂

(1)
j Ŝ − ŜL̂

(1)
j Π̂(0).

Since Π̂(0)Q̃ = 0, ∂xnΠ̂(0) = 0, we see that ∂xnΠ̂
(1)
j Q̃u = 0. If Q0u|xn=0,1 = 0,

then Π̂(0)[∂xnu] = 0, which implies ∂xnΠ̂
(1)
j [∂xnu] = 0. �

We are now in a position to prove Proposition 4.2.

Proof of Proposition 4.2. By Theorem 5.2, U0(t)u0 is written as

U0(t)u0 = F −1

[
1

2πi

∫
Γ

eλtχ(0)(ξ′)(λ+ L̂ξ′)
−1 dλ

]
,

where Γ = {λ = η + se±iθ; s ≥ 0} with some η > 0 and θ ∈ (π
2
, π).

By Theorems 5.2 and 5.3, we can deform the contour Γ into Γ0 ∪ Γ̃ and
a suitable circle around 0, where

Γ0 = {λ = −η0 + is; |s| ≤ s0}, Γ̃ = {λ = η + se±iθ; s ≥ s̃0}.

Here we choose positive numbers s0 and s̃0 so that Γ0 connects with Γ̃ at
the end points of Γ0. It then follows from Theorems 5.3, 5.4 and the residue
theorem that U0(t)u0 is written as

U0(t)u0 = U (0)(t)u0 + R (0)(t)u0,

where
U (0)(t)u0 = F −1

[
χ(0)(ξ′)eλ0(ξ′)tΠ̂(ξ′)û0

]
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and

R (0)(t)u0 = F −1

[
1

2πi

∫
Γ0∪�Γ

eλtχ(0)(ξ′)(λ+ L̂ξ′)
−1û0 dλ

]
.

By Theorem 5.2, one can see that R (0)(t)u0 has the desired estimate in
Proposition 4.2.

Let us consider U (0)(t)u0. We write it as

U (0)(t)u0 = Gt ∗x′ Π(0)u0 + U (0)
1 (t)u0 + U (0)

2 (t)u0 + U (0)
3 (t)u0 + U (0)

4 (t)u0,

where
Gt ∗x′ Π(0)u0 = F −1

[
e−( i

2
ξ1+κ1ξ2

1+κ2|ξ′′|2)tΠ̂(0)û0

]
,

U (0)
1 (t)u0 = F −1

[
(χ(0)(ξ′) − 1)e−( i

2
ξ1+κ1ξ2

1+κ2|ξ′′|2)tΠ̂(0)û0

]
,

U (0)
2 (t)u0 = F −1

[
χ(0)(ξ′)e−( i

2
ξ1+κ1ξ2

1+κ2|ξ′′|2)tΠ̂(1)(ξ′)û0

]
,

U (0)
3 (t)u0 = F −1

[
χ(0)(ξ′)e−( i

2
ξ1+κ1ξ2

1+κ2 |ξ′′|2)tΠ̂(2)(ξ′)û0

]
and

U (0)
4 (t)u0 = F −1

[
χ(0)(ξ′)(eλ0(ξ

′)t − e−( i
2
ξ1+κ1ξ2

1+κ2|ξ′′|2)t)Π̂(ξ′)û0

]
with

Π̂(1)(ξ′) =
n−1∑
j=1

ξjΠ̂
(1)
j .

The desired estimates for U (0)(t)u0 now follows from Theorems 5.3 and
5.4. This completes the proof. �

6. Proof of Proposition 4.3

In this section we investigate problem (5.1) for |ξ′| ≥ r > 0 and prove
Proposition 4.3. We also give a proof of the estimate given in Theorem 3.1.

As mentioned before, for each fixed ξ′ ∈ Rn−1, the operator −L̂ξ′ gener-

ates an analytic semigroup e−t�Lξ′ on H1(0, 1) × L2(0, 1). This implies that

u(t) = e−t�Lξ′u0 = T (φ(t), ψ(t)) gives a unique solution of (5.1), and we have

(6.1)
1

γ2
∂tφ+

1

γ2
iξ1xnφ+ iξ′ · ψ′ + ∂xnψ

n = 0,

(6.2) ∂tψ
′+ν(|ξ′|2−∂2

xn
)ψ′−iν̃ξ′(iξ′ ·ψ′+∂xnψ

n)+iξ′φ+iξ1xnψ
′+ψne′

1 = 0,
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(6.3) ∂tψ
n + ν(|ξ′|2 − ∂2

xn
)ψn − ν̃∂xn(iξ′ ·ψ′ + ∂xnψ

n) + ∂xnφ+ iξ1xnψ
n = 0,

(6.4) ψ|xn=0,1 = 0

for t > 0, and

(6.5) u|t=0 = u0 = T (φ0, ψ0).

We introduce some notations. For u = T (φ, ψ) we define E0[u] and Ẽ0[u]
by

E0[u] = |u|22, Ẽ0[u] =
1

γ2
|φ|22 + |ψ|22.

For v = φ, v = ψ = T (ψ1, · · · , ψn) or v = T (φ, ψ), we define D0[v] by

D0[v] = |ξ′|2|v|22 + |∂xnv|22,

and, for ψ = T (ψ1, · · · , ψn), we define D̃0[ψ] by

D̃0[ψ] = νD0[ψ] + ν̃|iξ′ · ψ′ + ∂xnψ
n|22.

We also introduce the quantity E1[u] that is defined by

E1[u] = 2

(
1 +

2nγ2

ν

)
(1 + |ξ′|2)Ẽ0[u] + D̃0[ψ]− 2Re (φ, iξ′ · ψ′ + ∂xnψ

n).

Note that there holds the estimate(
2 +

nγ2

ν

)
(1+|ξ′|2)Ẽ0[u]+

1

2
D̃0[ψ] ≤ E1[u] ≤

(
2 +

6nγ2

ν

)
(1+|ξ′|2)Ẽ0[u]+

3

2
D̃0[ψ].

We denote the material derivative ∂tφ+ iξ1xnφ by φ̇, i.e.,

φ̇ = ∂tφ+ iξ1xnφ.

In what follows u(t) = (φ(t), ψ(t)) will denote the unique solution of
problem (6.1)–(6.5).

Proposition 6.1. There exists constants ν0 > 0 and γ0 > 0 such that if
ν ≥ ν0 and (ν + ν̃)/γ2 ≤ 1/γ2

0 , then for any r > 0 there exists a constant
a = a(r) > 0 such that the estimate

(6.6) E0[u](t) +D0[u](t) ≤ Ce−a(t−1) {E0[u](1) +D0[u](1)}
holds uniformly for t ≥ 1, provided that |ξ′| ≥ r.
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Proposition 6.2. There holds the following estimate uniformly for 0 < t ≤ 1
and ξ′ ∈ Rn−1:

(6.7) E0[u](t) +D0[u](t) ≤ C
{
(1 + |ξ′|2)|u0|22 + |∂xnφ0|22 + t−1|ψ0|22

}
.

Proposition 4.3 is an immediate consequence of Propositions 6.1 and 6.2.
The estimate in Theorem 3.1 also follows from Proposition 6.2.

We will first give several estimates which prove (6.6) for |ξ′| ≥ R with
some R > 0, and, then prove (6.6) for 0 < r ≤ |ξ′| ≤ R. (See Propositions 6.8
and 6.10.) To prove (6.6) for |ξ′| ≥ R, we employ the Fourier transformed
version of Matsumura-Nishida’s energy method. As for the proof for r ≤
|ξ′| ≤ R we employ the argument in [9]. Proposition 6.2 will be proved in
the end of this section.

In what follows the letters Cj, j = 1, 2, · · · , denote constants which can
be taken uniformly for ν, ν̃ and γ in their specified range.

Proposition 6.3. If ν ≥ 4, then the following estimate holds:

(6.8)
d

dt
Ẽ0[u](t) + D̃0[ψ] +

ν + ν̃

4nγ4
|φ̇|22 ≤ 0.

Proof. Taking the inner product of (6.1), (6.2) and (6.3) with φ, ψ′ and ψn,
respectively, and integrating by parts, we have

(6.9)
1

γ2
(∂tφ, φ) +

1

γ2
iξ1(xnφ, φ) + (iξ′ · ψ′ + ∂xnψ

n, φ) = 0,

(6.10)
(∂tψ

′, ψ′) + νD0[ψ
′] − iν̃ξ′(iξ′ψ′ + ∂xnψ

n, ψ′) + (iξ′φ, ψ′)

+iξ1(xnψ
′, ψ′) + (ψe′

1, ψ
′) = 0

(6.11)
(∂tψ

n, ψn) + νD0[ψ
n] − ν̃∂xn(iξ′ψ′ + ∂xnψ

n, ψn) + (∂xnφ, ψ
n)

+iξ1(xnψ
n, ψn) = 0.

We observe that

(iξ′ · ψ′ + ∂xnψ
n, φ) + (iξ′φ, ψ′) + (∂xnφ, ψ

n) = 2iIm (iξ′ · ψ′ + ∂xnψ
n, φ),
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and,
(xnφ, φ), (xnψ

′, ψ′), (xnψ
n, ψn) ∈ R.

Then, adding (6.9)–(6.11) and taking the real part of the resulting identity
we obtain

(6.12)
1

2

d

dt
Ẽ0[u] + D̃0[ψ] + Re (ψn, ψ1) = 0.

By the Poincaré inequality we have |(ψn, ψ1)| ≤ |∂xnψ|22. It then follows from
(6.12) that

(6.13)
d

dt
Ẽ0[u] +

3

4
D̃0[ψ] ≤ 0,

provided that ν ≥ 2. Furthermore, by (6.1), we have

φ̇ = −γ2(iξ′ · ψ′ + ∂xnψ
n),

and, hence,
(ν + ν̃)|φ̇|22 ≤ nγ4D̃0[ψ].

This, together with (6.13), gives the desired estimate (6.8). This completes
the proof. �

Proposition 6.4. If ν ≥ 4, then the following estimate holds for any η > 0:

(6.14)

d

dt
E1[u](t) + (1 + |ξ′|2)D̃0[ψ] +

ν + ν̃

2nγ4
(1 + |ξ′|2)|φ̇|22 + |∂tψ|22

≤ η

ν + ν̃
|ξ′|2|φ|22 +

n

η
D̃0[ψ].

Proof. We take the inner product of (6.2) and (6.3) with ∂tψ
′ and ∂tψ

n,
respectively, to obtain

|∂tψ|22 + ν{|ξ′|2(ψ, ∂tψ) + (∂xnψ, ∂t∂xnψ)}+ ν̃(iξ′ · ψ′ + ∂xnψ
n, ∂t(iξ

′ · ψ′ + ∂xnψ
n))

−(φ, ∂t(iξ
′ · ψ′ + ∂xnψ

n)) + iξ1(xnψ, ∂tψ) + (ψn, ∂tψ
1) = 0.

Taking the real part, we have
(6.15)

|∂tψ|2+
1

2

d

dt
D̃0[ψ] = Re {(φ, ∂t(iξ

′ ·ψ′+∂xnψ
n))− iξ1(xnψ, ∂tψ)−(ψn, ∂tψ

1)}.

Since (6.1) is written as

∂tφ = −iξ1xnφ− γ2(iξ′ · ψ′ + ∂xnψ
n),
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we have

(6.16)

(φ, ∂t(iξ
′ · ψ′ + ∂xnψ

n))

=
d

dt
(φ, iξ′ · ψ′ + ∂xnψ

n) − (∂tφ, iξ
′ · ψ′ + ∂xnψ

n)

=
d

dt
(φ, iξ′ · ψ′ + ∂xnψ

n)

+iξ1(xnφ, iξ
′ · ψ′ + ∂xnψ

n) + γ2|iξ′ · ψ′ + ∂xnψ
n|22.

From (6.15) and (6.16) we find that

d

dt

{
1

2
D̃0[ψ] − Re (φ, iξ′ · ψ′ + ∂xnψ

n)

}
+ |∂tψ|22

≤ 1

2
|∂tψ|22 +D0[ψ] + (|ξ′||φ|2 + γ2|iξ′ · ψ′ + ∂xnψ

n|2)|iξ′ · ψ′ + ∂xnψ
n|2.

Since |iξ′ · ψ′ + ∂xnψ
n|22 ≤ n

ν+�ν
D̃0[ψ], we obtain

(6.17)

d

dt

{
D̃0[ψ] − 2Re (φ, iξ′ · ψ′ + ∂xnψ

n)
}

+ |∂tψ|22

≤ 2D0[ψ] +
η

ν + ν̃
|ξ′|2|φ|22 + n

(
2γ2

ν + ν̃
+

1

η

)
D̃0[ψ].

Adding 2(1 + 2nγ2

ν
)(1 + |ξ′|2) × (6.8) to (6.17), we obtain the desired result

of Proposition 6.4. This completes the proof. �

Proposition 6.5. If ν ≥ 4, then the following estimate holds for any η > 0:

(6.18)

d

dt
E2[u](t) +

1

ν + ν̃
|∂xnφ|22 +

(
1 +

1

ν + ν̃

)
(1 + |ξ′|2)D̃0[ψ]

+

(
1 +

1

ν + ν̃

)
|∂tψ|22 +

2(ν + ν̃)

nγ4
(1 + |ξ′|2)|φ̇|22 +

ν + ν̃

4γ4
|∂xnφ̇|22

≤ 4

(
ν + ν̃

γ4
+

2η

ν + ν̃

)
|ξ′|2|φ|22 +

8n

η
D̃0[ψ].

Here

E2[u] = 4

(
1 +

1

ν + ν̃

)
E1[u] +

1

γ2
|∂xnφ|22.

Proof. Differentiating (6.1) in xn we have

(6.19)
1

γ2
∂t∂xnφ+

1

γ2
iξ1xn∂xnφ+

1

γ2
iξ1φ+ iξ′ · ∂xnψ

′ + ∂2
xn
ψn = 0.
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We rewrite (6.3) as

(6.20) ∂xnφ− (ν + ν̃)∂2
xn
ψn = −{∂tψ

n + ν|ξ′|2ψn − iν̃ξ′ · ∂xnψ
′ + iξ1xnψ

n}.

By adding (6.19) and 1
ν+�ν

× (6.20) we have

(6.21)
1

γ2
∂t∂xnφ+

1

γ2
iξ1xn∂xnφ+

1

ν + ν̃
∂xnφ+

1

γ2
iξ1φ = − 1

ν + ν̃
M [ψ].

Here
M [ψ] = ∂tψ

n + M̃ [ψ],

M̃ [ψ] = ν|ξ′|2ψn + iνξ′ · ∂xnψ
′ + iξ1xnψ

n.

Taking the inner product of (6.21) with ∂xnφ, we have

(6.22)

1

γ2
(∂t∂xnφ, ∂xnφ) +

1

γ2
iξ1(xn∂xnφ, ∂xnφ) +

1

ν + ν̃
|∂xnφ|22

= − 1

γ2
iξ1(φ, ∂xnφ) − 1

ν + ν̃
(M [ψ], ∂xnφ).

Since ν ≥ 2, we have

|M [ψ]|2 ≤ |∂tψ|2 + ν
√

(1 + |ξ′|2)D0[ψ].

The real part of (6.22) then yields

1

2γ2

d

dt
|∂xnφ|22 +

1

ν + ν̃
|∂xnφ|22

≤ |ξ′|
γ2

|φ|2|∂xnφ|2 +
1

ν + ν̃
|M [ψ]|2|∂xnφ|2

≤ 1

4

1

ν + ν̃
|∂xnφ|22 +

ν + ν̃

γ4
|ξ′|2|φ|22 +

1

ν + ν̃
|∂tψ|22

+
ν2

ν + ν̃
(1 + |ξ′|2)D0[ψ].

We thus obtain

(6.23)

1

γ2

d

dt
|∂xnφ|22 +

1

ν + ν̃
|∂xnφ|22

≤ 2(ν + ν̃)

γ4
|ξ′|2|φ|22 +

2

ν + ν̃
|∂tψ|22 + 2(1 + |ξ′|2)D̃0[ψ].

25



It then follows from 4(1 + 1
ν+�ν

) × (6.14) and (6.23) that

(6.24)

d

dt
E2[u](t) +

3

2

1

ν + ν̃
|∂xnφ|22 + 2

(
1 +

1

ν + ν̃

)
(1 + |ξ′|2)D̃0[ψ]

+ 2

(
1 +

1

ν + ν̃

)
|∂tψ|22 +

2(ν + ν̃)

nγ4
(1 + |ξ′|2)|φ̇|22

≤
(

2(ν + ν̃)

γ4
+

8η

ν + ν̃

)
|ξ′|2|φ|22 +

8n

η
D̃0[ψ].

We next rewrite (6.21) as

1

γ2
∂xnφ̇+

1

ν + ν̃
∂xnφ = − 1

ν + ν̃
M [ψ].

This gives

|∂xnφ̇|22 = − γ2

ν + ν̃
(∂xnφ, ∂xnφ̇) −

γ2

ν + ν̃
(M [ψ], ∂xnφ̇)

≤ 1

2
|∂xnφ̇|22 +

γ4

(ν + ν̃)2

{|∂xnφ|22 + |∂tψ|22 + ν2(1 + |ξ′|2)D0[ψ]
}
,

and hence,

(6.25)
ν + ν̃

γ4
|∂xnφ̇|22 ≤

2

ν + ν̃

{|∂xnφ|22 + |∂tψ|22 + ν2(1 + |ξ′|2)D0[ψ]
}
.

The desired estimate (6.18) now follows from (6.24) and (6.25), provided that
ν ≥ 4. This completes the proof. �

To control |ξ′|2|φ| we make use of an estimate for the Stokes system.
Consider the Fourier transformed Stokes system

(6.26)

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

iξ′ · v′ + ∂xnv
n = F 0,

(|ξ′|2 − ∂2
xn

)v′ + iξ′p = F ′,

(|ξ′|2 − ∂2
xn

)vn + ∂xnp = F n,

v|xn=0,1 = 0.

We have the following estimate when |ξ′| is large.

Lemma 6.6. There exists a constant R0 > 0 such that if |ξ′| ≥ R0, then the
following estimate holds for the solution (p, v) (v = (v′, vn)) of (6.26):

|p|22+D0[p]+|v|22+D0[v]+
∑

j+k=2

∣∣|ξ′|j∂k
xn
v
∣∣2
2
≤ C

{|F 0|22 +D0[F
0] + |F ′|22 + |F n|22

}
.
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Proposition 6.7. Let R = max{R0, 1}. If |ξ′| ≥ R, then there holds the
estimate

(6.27)

1

ν2

(|φ|22 +D0[φ]
)

+

(
|ψ|22 +D0[ψ] +

∑
j+k=2

∣∣|ξ′|j∂k
xn
ψ
∣∣2
2

)

≤ C1

{
(ν + ν̃)2

γ4

1

ν2

(
|φ̇|22 +D0[φ̇]

)
+

1

ν2
|∂tψ|22 +

1

ν2
D0[ψ]

}
.

Proof. By (6.1)–(6.4) we have⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

iξ′ · ψ′ + ∂xnψ
n = F 0,

(|ξ′|2 − ∂2
xn

)ψ′ + iξ′
(

1
ν
φ
)

= F ′,

(|ξ′|2 − ∂2
xn

)ψn + ∂xn

(
1
ν
φ
)

= F n,

ψ|xn=0,1 = 0,

with

F 0 = − 1

γ2
φ̇,

F ′ = −1

ν
(∂tψ

′ + iξ1xnψ
′ + ψne′

1) −
ν̃

νγ2
iξ′φ̇,

F n = −1

ν
(∂tψ

n + iξ1xnψ
n) − ν̃

νγ2
∂xnφ̇.

Applying Lemma 6.6 gives the desired estimate. This completes the proof.
�

We are ready to prove Proposition 6.1 for |ξ′| ≥ R.

Proposition 6.8. There exists constants ν0 > 0 and γ0 > 0 such that if
ν ≥ ν0 and (ν + ν̃)/γ2 ≤ 1/γ2

0 , then the estimate (6.6) in Poroposition 6.1
holds for |ξ′| ≥ R.

Proof. Let |ξ′| ≥ R and set C2 = min{1/(8C1), 1/(nC1)}. We see from
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8n
η
× (6.8) + (6.18) + C2ν2

ν+�ν
× (6.27) with η = C2

16
that

d

dt
E3[u](t) +

1

ν + ν̃
|∂xnφ|22 +

(
1 +

1

2(ν + ν̃)

)
(1 + |ξ′|2)D̃0[ψ]

+

(
1 +

1

2(ν + ν̃)

)
|∂tψ|22 +

(ν + ν̃)

nγ4
(1 + |ξ′|2)|φ̇|22 +

ν + ν̃

8γ2
|∂xnφ̇|22

+
C2

2(ν + ν̃)

(|φ|22 +D0[φ]
)

+
C2

ν + ν̃

(
|v|22 +D0[v] +

∑
j+k=2

∣∣|ξ′|j∂k
xn
v
∣∣2
2

)
≤ 4(ν + ν̃)

γ4
|ξ′|2|φ|22.

Here

E3[u] = E2[u] +
8n

η
Ẽ0[u] with η =

C2

16
.

Therefore, if ν+�ν
γ2 ≤

√
C2

4
, we have

d

dt
E3[u](t) +

1

ν + ν̃
|∂xnφ|22 +

(
1 +

1

2(ν + ν̃)

)
(1 + |ξ′|2)D̃0[ψ]

+

(
1 +

1

2(ν + ν̃)

)
|∂tψ|22 +

(ν + ν̃)

nγ4
(1 + |ξ′|2)|φ̇|22 +

ν + ν̃

8γ2
|∂xnφ̇|22

+
C2

4(ν + ν̃)

(|φ|22 +D0[φ]
)

+
C2

ν + ν̃

(
|v|22 +D0[v] +

∑
j+k=2

∣∣|ξ′|j∂k
xn
v
∣∣2
2

)
≤ 0.

The desired result follows from this inequality by setting ν0 = 4 and γ2
0 =

4√
C2

, since E3[u] is equivalent to E0[u] +D0[u]. This completes the proof. �

To prove Proposition 6.1 for r ≤ |ξ′| ≤ R, we decompose φ into

φ = φ(0) + φ(1),

where
φ(0) = 〈φ〉.

Note that this is an orthogonal decomposition of φ in L2(0, 1). We have

(φ(0), φ(1)) = 0, |φ|22 = |φ(0)|22 + |φ(1)|22,

and furthermore, by the Poincaré inequality,

|φ(1)|2 ≤ |∂xnφ
(1)|2 = |∂xnφ|2.

28



Proposition 6.9. There holds the estimate
(6.28)

1

γ2

d

dt
|φ|22 +

c̃0(ξ
′)

ν
|φ(0)|22

≤ (1 + c0)

ν
|∂xnφ|22 +

(
ν +

4

c0ν

)
|∂xnψ|22 +

4ν̃2

c0ν
|iξ′ · ψ′ + ∂xnψ

n|22.

Here c̃0(ξ
′) = c0 min{1, |ξ′|2} with some constant c0 > 0.

Proof. We define an operator A on L2(0, 1) with domain D(A) by Aϕ =
−∂2

xn
ϕ for ϕ ∈ D(A) = H2(0, 1) ∩H1

0 (0, 1). By (6.2) we have

ν(|ξ′|2 + A)ψ′ = −iξ′φ− h′,

where
h′ = ∂tψ

′ − iν̃ξ′(iξ′ · ψ′ + ∂xnψ
n) + iξ1xnψ

′ + ψne′
1.

It follows that

(6.29) ψ′ = − iξ
′

ν
(|ξ′|2 + A)−1φ− 1

ν
(|ξ′|2 + A)−1h′.

Substituting (6.29) into (6.1) we have

(6.30)
1

γ2
∂tφ+

1

γ2
iξ1xnφ+

1

ν
|ξ′|2(|ξ′|2 + A)−1φ = h0,

where

h0 = −∂xnψ
n +

iξ′

ν
· (|ξ′|2 + A)−1h′.

We take the inner product of (6.30) with φ. Then the real part of the resulting
identity yields

(6.31)
1

2γ2

d

dt
|φ|22 +

1

ν
|ξ′|2|(|ξ′|2 + A)−

1
2φ|22 = Re (h0, φ).

Since

|(|ξ′|2 + A)−1f |2 ≤ 1

|ξ′|2 + 1
|f |2,
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we see that for any ε1 > 0
(6.32)∣∣∣∣( iξ′ν · (|ξ′|2 + A)−1h′, φ

)∣∣∣∣
≤ 1

ν
|φ|2 |ξ′|

|ξ′|2 + 1
{|∂tψ

′|2 + ν̃|ξ′||iξ′ · ψ′ + ∂xnψ
n|2 + |ξ1||ψ|2 + |ψ|2}

≤ ε1

ν
(1 ∧ |ξ′|2)|φ(0)|22 +

ε1

ν
|∂xnφ|22

+
1

ε1ν
{|∂tψ|22 + 2|∂xnψ|22 + ν̃2|iξ′ · ψ′ + ∂xnψ

n|22}.

Here (1 ∧ |ξ′|2) = min{1, |ξ′|2}. Since

|ξ′|2(|ξ′|2 + A)−1f → f in L2(0, 1) as |ξ| → ∞,

(|ξ′|2 + A)−1 = A−1 − A−2|ξ′|2
∞∑

N=0

(−1)N ||ξ′|2NA−N for |ξ′| < 1,

and since |(μ + A)−
1
2 · 1|22 is continuous in μ ≥ 0, we see that there exists a

constant c0 > 0 such that

(6.33) |ξ′|2
∣∣∣(|ξ′|2 + A)−

1
2 · 1

∣∣∣2
2
≥ c0(1 ∧ |ξ′|2).

By integration by parts and the Poincaré inequality, we have

(6.34) |(∂xnψ
n, φ)| ≤ 1

2ν
|∂xnφ|22 +

ν

2
|∂xnψ|22.

The desired inequality now follows from (6.31)–(6.34) by taking ε1 = c0/2.
This completes the proof. �

We are now in a position to prove Proposition 6.2 for r ≤ |ξ′| ≤ R.

Proposition 6.10. There exist constants ν0 > 0 and γ0 > 0 such that if
ν ≥ ν0 and (ν + ν̃)/γ2 ≤ 1/γ2

0 , then for any fixed r > 0 the estimate (6.6) in
Poroposition 6.1 holds provided that r ≤ |ξ′| ≤ R.

Proof. Let r ≤ |ξ′| ≤ R and set C3 = min{1/4, 1/2(1 + c0), c0/8}. We see
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from (6.18) + C3ν
ν+�ν

× (6.28) that

(6.35)

d

dt
E4[u](t) +

1

2(ν + ν̃)
|∂xnφ|22 +

1

2

(
1 +

1

ν + ν̃

)
(1 + |ξ′|2)D̃0[ψ]

+

(
1 +

1

2(ν + ν̃)

)
|∂tψ|22 +

C3c̃0(ξ
′)

ν + ν̃
|φ(0)|22

≤ 4

(
ν + ν̃

γ4
+

2η

ν + ν̃

)
|ξ′|2|φ|22 +

8n

η
D̃0[ψ].

Here

E4[u] = E2[u] +
1

γ2

C3ν

ν + ν̃
|φ|22.

We take η = c0C3

32
(1 ∧ 1/|ξ′|2) and add 8n

η
(1 ∨ |ξ′|2) × (6.8) to (6.35). Here

(1 ∨ |ξ′|2) = max{1, |ξ′|2}. It follows that

d

dt
E5[u](t) +

1

2(ν + ν̃)
|∂xnφ|22 +

1

2

(
1 +

1

ν + ν̃

)
(1 + |ξ′|2)D̃0[ψ]

+

(
1 +

1

2(ν + ν̃)

)
|∂tψ|22 +

C3c̃0(ξ
′)

ν + ν̃
|φ(0)|22

≤ 4

(
ν + ν̃

γ4
+

2η

ν + ν̃

)
|ξ′|2|φ|22

with η = c0C3

32
(1 ∧ 1/|ξ′|2) and

E5[u] = E4[u] +
8n

η
(1 ∨ |ξ′|2)Ẽ0[u].

Therefore, if ν ≥ 4 and (ν+�ν)2

γ4 ≤ min
{

1
32
, 1

32R2 ,
c0C3

16

}
, we have

d

dt
E5[u](t) +

1

4(ν + ν̃)
|∂xnφ|22 +

1

2

(
1 +

1

ν + ν̃

)
(1 + |ξ′|2)D̃0[ψ]

+

(
1 +

1

2(ν + ν̃)

)
|∂tψ|22 +

C3c̃0(ξ
′)

2(ν + ν̃)
|φ(0)|22 ≤ 0,

from which the desired estimate follows, since E5[u] is equivalent to E0[u] +

D0[u] and 1
4(ν+�ν)

|∂xnφ|22 + C3�c0(ξ
′)

2(ν+�ν)
|φ(0)|22 ≥ C5

ν+�ν
(D0[φ] + |φ|22) for some constant

C5 = C5(r, R) > 0. This completes the proof. �

We next prove Proposition 6.2.

Proposition 6.11. There hold the estimates

(6.36) (1 + |ξ′|2)Ẽ0[u](t) + ν

∫ t

0

(1 + |ξ′|2)D0[ψ] ds ≤ C(1 + |ξ′|2)Ẽ0[u0]
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and

(6.37) |∂xnφ(t)|22 ≤ C
{
(1 + |ξ′|2)E0[u0] + |∂xnφ0|22

}
for 0 ≤ t ≤ 1.

Proof. We see from (6.12) that

(6.38)

(1 + |ξ′|2)Ẽ0[u](t) + ν

∫ t

0

(1 + |ξ′|2)D0[ψ] ds

≤ (1 + |ξ′|2)Ẽ0[u0] +

∫ t

0

(1 + |ξ′|2)|ψ|22 ds

By Gronwall’s inequality we have

(1 + |ξ′|2)|ψ(t)|22 ≤ et(1 + |ξ′|2)Ẽ0[u0].

This, together with (6.38), yields the estimate (6.36) for 0 ≤ t ≤ 1.

Let us next prove the estimate (6.37). We set a0 = γ2

ν+�ν
. By (6.21) we

have
∂t∂xnφ+ (iξ1xn + a0)∂xnφ = −iξ1φ− a0∂tψ

n − a0M̃ [ψ].

It then follows that
(6.39)

∂xnφ(xn, t) = e−(iξ1xn+a0)t∂xnφ0(xn) − iξ1

∫ t

0

e−(iξ1xn+a0)(t−s)φ(xn, s) ds

−a0

∫ t

0

e−(iξ1xn+a0)(t−s)∂sψ
n(xn, s) ds

−a0

∫ t

0

e−(iξ1xn+a0)(t−s)M̃ [ψ](xn, s) ds.

The second and forth terms on the right of (6.39) is bounded by

(6.40)

∫ t

0

e−a0(t−s)
{
|ξ′||φ(s)|2 + a0|ξ′|

√
D0[ψ](s)

}
ds

≤ C

[
sup

0≤s≤t
|ξ′|2|φ(s)|22 +

∫ t

0

|ξ′|2D0[ψ](s) ds

] 1
2

.

As for the third term on the right of (6.39), by integration by parts, we see
that it is written as

−a0

[
e−(iξ1xn+a0)(t−s)ψn(xn, s)

]s=t

s=0

+a0(iξ1xn + a0)

∫ t

0

e−(iξ1xn+a0)(t−s)ψn(xn, s) ds.
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Therefore, it is estimated by

(6.41) a0|ψ(t)|2 + a0e
−a0t|ψ0|2 + C

(∫ t

0

D0[ψ] ds

)1
2

.

The desired estimate (6.37) now follows from (6.36) and (6.39)–(6.41).
This completes the proof. �

Proof of Proposition 6.2. We write (6.2) and (6.3) as

∂tψ + T̂ξ′ψ = −B̂ξ′φ,

where Here T̂ξ′ is the operator on L2(0, 1) of the form

T̂ξ′ =

( {ν(|ξ′|2 − ∂2
xn

) + iξ1xn}In−1 + ν̃ξ′T ξ′ −iν̃ξ′∂xn + e′
1

−iν̃T ξ′∂xn ν(|ξ′|2 − ∂2
xn

) − ν̃∂2
xn

+ iξ1xn

)

with domain D(T̂ξ′) = H2(0, 1) ∩H1
0 (0, 1), and

B̂ξ′ =

(
iξ′

∂xn

)
.

Then ψ is written as

(6.42) ψ(t) = e−t�Tξ′ψ0 −
∫ t

0

e−(t−s)�Tξ′ B̂ξ′φ(s) ds.

Using the estimates

Re (T̂ξ′ψ, ψ) ≥ D̃0[ψ] − |ψ|22
and ∣∣∣Re

{
(T̂ξ′ψ1, ψ2) − (ψ2, T̂

∗
ξ′ψ1)

}∣∣∣ ≤ C
√
D0[ψ1]|ψ2|2,

one can see that

(6.43) |∂ l
xn
e−t�Tξ′ψ0|22 ≤ Ct−

l
2 |ψ0|22 (l = 0, 1)

for 0 < t ≤ 1.
By (6.36) and (6.37) we have

(6.44)
|B̂ξ′φ(t)|2 ≤ C {|ξ′||φ(t)|2 + |∂xnφ(t)|2}

≤ C {(1 + |ξ′|)|u0|2 + |∂xnφ0|2} .
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It follows from (6.42)–(6.44) that

|∂xnψ(t)|2 ≤ Ct−
1
2 |ψ0|2 + C

∫ t

0

(t− s)−
1
2 |B̂ξ′φ(s)|2 ds

≤ Ct−
1
2 |ψ0|2 + C {(1 + |ξ′|)|u0|2 + |∂xnφ0|2}

for 0 < t ≤ 1. This, together with (6.36) and (6.37), gives the desired
estimate of Proposition 6.2. This completes the proof. �

7. The Nonlinear Problem

In this section we prove Thoerem 3.3. We here give an outline of the
proof only, since the argument is similar to those in [4, 6, 11, 12].

Theorem 3.3 (i) is proved by showing the local existence of strong solu-
tions and the Hs-energy a priori estimate:

(7.1) ‖u(t)‖2
Hs +

∫ t

0

‖∂xφ‖2
Hs−1 + ‖∂xψ‖2

Hs dτ ≤ C‖u0‖2
Hs

uniformly for t ≥ 0 with s ≥ [n/2] + 1. The local existence is proved by
applying the local Hs-solvability result in [5]. The Hs-energy a priori esti-
mate is obtained by the energy method by Matsumura and Nishida [12]. The
conditions ν ≥ c1 and (2ν + ν ′)/γ2 ≤ c2 appear in a similar manner to the
proof of Proposition 6.8. The decay property ‖u(t)‖∞ → 0 as t → ∞ can be
proved in the same way as in [6].

The proof of Theorem 3.3 (ii) is based on the Hs-energy bound (7.1) and
Theorem 4.1. We will give the necessary estimates for the proof.

We write u(t) as

u(t) = U (t)u0 +

∫ t

0

U (t− τ )f(τ ) dτ,

where f = T (γ2f0, g) with f0 and g defined in (2.5) and (2.6). We decompose
f into

f = Q0f + Q̃f and Q̃f = f1 + f2,

where fj = T (0, gj), j = 1, 2, with

g1 = −ψ · ∇ψ − ν∇
(

φ

γ2 + φ

)
: ∇ψ − ν̃divψ∇

(
φ

γ2 + φ

)
+

(P2(γ, φ) − 1)φ

γ2 + φ
∇φ,
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g2 = −ν
n∑

j=1

∂xj

(
φ

γ2 + φ
∂xjψ

)
− ν̃∇

(
φ

γ2 + φ
divψ

)
≡ div g̃2.

We define M(t) by

M(t) = sup
0≤τ≤t

1∑
l=0

(1 + τ )
n−1

4
+ l

2‖∂ l
xu(τ )‖2.

By applying the Gagliardo-Nirenberg inequality, Poincaré inequality and
(7.1) one can obtain the following estimates. In what follows we will write
s0 = [n/2] + 1.

Lemma 7.1. Let s ≥ s0 + 1 and assume that ‖u0‖Hs ≤ ε0. Then the
following inequalities hold.

(i) ‖φψ‖1 + ‖Q0f‖1 ≤ C(1 + t)−
n−1

2
− 1

2M(t)2.

(ii) ‖g1‖1 ≤ C(1 + t)−
n−1

2
− 1

2M(t)2.

(iii) ‖g̃2‖1 ≤ C(1 + t)−
n−1

2
− 1

2M(t)2.

(iv)

‖Q0f‖H1 ≤ C(1 + t)−
n−1

4
− 1

2 ‖u‖Hs0+1M(t) (n ≥ 4),

‖Q0f‖H1 ≤ C(1 + t)−
n−1

4
− 1

2 {‖u‖Hs0+1M(t) + ‖∂xψ‖
3
4
Hs0M(t)

5
4}

(n ≥ 3),

‖Q0f‖H1 ≤ C(1 + t)−
n−1

4
− 1

2 {‖u‖Hs0+1M(t) + ‖∂xψ‖
1
2
Hs0M(t)

3
2}

(n ≥ 2).

(v)

‖Q̃f‖H1 ≤ C(1 + t)−
n−1

4
− 1

2{‖u‖Hs0+1 + ‖u‖1−α
Hs0+1‖∂xψ‖α

Hs0+1}M(t)

(n ≥ 4),

‖Q̃f‖H1 ≤ C(1 + t)−
n−1

4
− 1

2

({‖u‖Hs0+1 + ‖u‖1−α
Hs0+1‖∂xψ‖α

Hs0+1}M(t)

+‖∂xψ‖
3
4
Hs0M(t)

5
4 + ‖∂xψ‖

4
5

Hs0+1M(t)
6
5

)
(n ≥ 3),

‖Q̃f‖H1 ≤ C(1 + t)−
n−1

4
− 1

2

({‖u‖Hs0+1 + ‖u‖1−α
Hs0+1‖∂xψ‖α

Hs0+1}M(t)

+‖∂xψ‖
1
2
Hs0M(t)

3
2 + ‖∂xψ‖

2
3

Hs0+1M(t)
4
3

)
(n ≥ 2).
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Here α is some constant with α ∈ (0, 1).

Let U (t) = U (0)(t) + U (∞)(t) be the decomposition of U (t) given in
Theorem 4.1. Then we write u(t) as

u(t) = U (t)u0 + I1 + I2 + I3 + I4 + I5,

where

I1 =

∫ t−1

0

U (t− τ )Q0f(τ ) dτ, I2 =

∫ t−1

0

U (0)(t− τ )f1(τ ) dτ,

I3 =

∫ t−1

0

U (0)(t− τ )f2(τ ) dτ, I4 =

∫ t−1

0

U (∞)(t− τ )Q̃f(τ ) dτ

and

I5 =

∫ t

t−1

U (t− τ )f(τ ) dτ.

Then applying Theorem 3.1, Theorem 4.1 and Lemma 7.1 and using (7.1)
one can obtain the following estimates.

Proposition 7.2. Let ε1 ∈ (0, ε0]. Assume that ‖u0‖Hs + ‖u0‖1 ≤ ε1. Then
the following estimates hold:

(i) M(t) ≤ C{ε1 + ε1M(t) +M(t)2} (n ≥ 4),

M(t) ≤ C{ε1 + ε1M(t) +M(t)2 + ε
3
4
1M(t)

5
4 + ε

4
5
1M(t)

6
5} (n ≥ 3),

M(t) ≤ C{ε1 + ε1M(t) +M(t)2 + ε
1
2
1M(t)

3
2 + ε

2
3
1M(t)

4
3} (n ≥ 2).

(ii) Furthermore, if M(t) ≤ Ĉ for all t ≥ 0 with some constant Ĉ > 0,
then

‖u(t) − U (t)u0‖2 ≤ CĈ(1 + t)
n−1

4
− 1

2L(t)

for all t ≥ 0.

It follows from Proposition 7.2 (i) that M(t) ≤ Cε1 for all t ≥ 0, if ε1 > 0
is sufficiently small. This yields the decay estimate for ‖u(t)‖2 in Theorem 3.3
(ii). Proposition 7.2 (ii), together with Theorem 3.2, then gives the estimate
for ‖u(t) −Gt ∗x′ Π(0)u0‖2 in Theorem 3.3 (ii).

Appendix
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In this section we will give an outline of the proof of Lemma 6.6. For this
purpose we first consider the halp-space problem:

(A.1)

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

iξ′ · v′ + ∂xnv
n = F (xn ∈ (0,∞)),

λv′ + (|ξ′|2 − ∂2
xn

)v′ + iξ′p = F ′ (xn ∈ (0,∞)),

λvn + (|ξ′|2 − ∂2
xn

)vn + ∂xnp = F n (xn ∈ (0,∞)),

v|xn=0 = 0.

Here λ ∈ C is a parameter. We define an operator Ŝξ′ in H1(0,∞)×L2(0,∞)

with domain D(Ŝξ′) by

Ŝξ′u =

⎛⎜⎜⎜⎝
0 i T ξ′ ∂xn

iξ′ (|ξ′|2 − ∂2
xn

)In−1 0

∂xn 0 |ξ′|2 − ∂2
xn

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝

p

v′

vn

⎞⎟⎟⎟⎠
for u = T (p, v′, vn) ∈ D(Ŝξ′) = H1(0, 1)×(H2(0, 1)∩H1

0 (0, 1)). Then problem
(A.1) is written as

(A.1)′ Ŝξ′(λ)u = F,

where u = T (p, v′, vn) ∈ D(Ŝξ′), F = T (F 0, F ′, F n) and

Ŝξ′(λ) = λQ̃+ Ŝξ′.

Before proceeding further, we introduce some notations. In the following
we will denote the norms of L2(0, 1) and L2(0,∞) by the same symbol | · |2
if no confusions occur.

Let λ ∈ C\ (−∞,−|ξ′|2], λ �= 0 and ξ′ �= 0. We denote the principal
branch of the square root of λ+ |ξ′|2 by μ1 = μ1(λ, ξ

′), i.e.,

μ1 = μ1(λ, ξ
′) =

√
λ+ |ξ′|2

with Reμ1 > 0. For a complex number μ, we define functions g
(±)
μ (xn, yn)

and hμ(xn) by

g(±)
μ (xn, yn) =

1

2μ

{
e−μ|xn−yn| ± e−μ(xn+yn)

}
and

hμ(xn) =
1

μ
e−μxn.
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We also introduce functions g
(±)
μ1,|ξ′|(xn, yn) and hμ1,|ξ′|(xn) which are defined

by
g

(±)
μ1,|ξ′|(xn, yn) = g(±)

μ1
(xn, yn) − g

(±)
|ξ′| (xn, yn)

and
hμ1,|ξ′|(xn) = hμ1(xn) − h|ξ′|(xn).

We denote by δ(xn) the Dirac delta function. As in the case of the interval
(0, 1), for a function K(xn, yn) on (0,∞)× (0,∞) we will denote by Kf the
integral operator

∫∞
0
K(xn, yn)f(yn) dyn.

Then as in [2, 7, 8], we will establish estimates for solutions of (A.1)′ by
using a solution formula for (A.1)′. Following the argument [2, Section 3]
(cf., [7, Appendix]), one can show that the solution u = Sξ′(λ)−1F of (A.1)′

is written as

u(xn) =
[
Ŝξ′(λ)−1F

]
(xn) =

∫ a

0

R̂(λ, ξ′, xn, yn)f(yn) dyn,

where
R̂(λ, ξ′, xn, yn) = Ĝ(λ, ξ′, xn, yn) + Ĥ(λ, ξ′, xn, yn)

with Ĝ(λ, ξ′, xn, yn) being an (n + 1) × (n+ 1) matrix of the form

Ĝ(λ, ξ′, xn, yn)

= δ(xn − yn)Q0

+

⎛⎜⎜⎜⎜⎝
g

(+)
|ξ′| (xn, yn) −iT ξ′g(+)

|ξ′| (xn, yn) −∂xng
(−)
|ξ′| (xn, yn)

−iξ′g(+)

|ξ′| (xn, yn) 0 0

−∂xng
(+)
|ξ′| (xn, yn) 0 0

⎞⎟⎟⎟⎟⎠

+

⎛⎜⎜⎝
0 0 0

0 g
(−)
μ1 (xn, yn)In−1 0

0 0 g
(−)
μ1 (xn, yn)

⎞⎟⎟⎠

+

⎛⎜⎜⎜⎝
0 0 0

0 ξ′T ξ′
λ
g

(+)
μ1,|ξ′|(xn, yn) − iξ′

λ
∂xng

(−)
μ1,|ξ′|(xn, yn)

0 − iξ′
λ
∂xng

(+)
μ1,|ξ′|(xn, yn) − 1

λ
∂2

xn
g

(−)
μ1,|ξ′|(xn, yn)

⎞⎟⎟⎟⎠ ,
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and Ĥ(λ, ξ′, xn, yn) being defined by

Ĥ(λ, ξ′, xn, yn)

=

⎛⎜⎜⎜⎝
0 iT ξ′h|ξ′|(xn)e

−μ1yn 0

0 − ξ′T ξ′
λ
hμ1,|ξ′|(xn)e

−μ1yn 0

0 iT ξ′
λ
∂xnhμ1,|ξ′|(xn)e

−μ1yn 0

⎞⎟⎟⎟⎠

+

⎛⎜⎜⎜⎝
0 0 0

hμ1(xn)β0(yn) hμ1(xn)B(yn) hμ1(xn)βn(yn)

0 0 0

⎞⎟⎟⎟⎠

+

⎛⎜⎜⎜⎝
−iTξ′h|ξ′|(xn)β0(yn) −iT ξ′h|ξ′|(xn)B(yn) −iT ξ′h|ξ′|(xn)βn(yn)

ξ′T ξ′
λ
hμ1,|ξ′|(xn)β0(yn)

ξ′T ξ′
λ
hμ1,|ξ′|(xn)B(yn)

ξ′T ξ′
λ
hμ1,|ξ′|(xn)βn(yn)

− iT ξ′
λ
hμ1,|ξ′|(xn)β0(yn) − i′T ξ′

λ
∂xnhμ1,|ξ′|(xn)B(yn) − iT ξ′

λ
∂xnhμ1,|ξ′|(xn)βn(yn)

⎞⎟⎟⎟⎠ .

Here μ1 = μ1(λ, ξ
′); and

β0(yn) = β0(λ, ξ
′, yn) =

iλξ′

|ξ′|(μ1 − |ξ′|)e
−|ξ′|yn,

B(yn) = B(λ, ξ′, yn) = − ξ′T ξ′

|ξ′|(μ1 − |ξ′|)(e
−μ1yn − e−|ξ′|yn),

and

βn(yn) = βn(λ, ξ
′, yn) =

i|ξ′|ξ′
|ξ′|(μ1 − |ξ′|)(e

−μ1yn − e−|ξ′|yn).

To estimate Ŝξ′(λ)−1F , we prepare some lemmas.

Lemma A.1. For μ1 = μ1(λ, ξ
′), there hold the following estimates uni-

formly in λ ∈ Σ(− |ξ′|2
2
, 3

4
π), ξ′ ∈ Rn−1 with |ξ′| ≥ 1 and xn > 0:

(i) C−1(|λ| + |ξ′|2) 1
2 ≤ Reμ1 ≤ C(|λ| + |ξ′|2) 1

2 ,

(ii) C−1(|λ| + |ξ′|2) 1
2 ≤ |μ1| ≤ C(|λ| + |ξ′|2) 1

2 ,

(iii) C−1 |λ|
(|λ| + |ξ′|2) 1

2

≤ |μ1 − |ξ′|| ≤ C
|λ|

(|λ| + |ξ′|2) 1
2

,
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(iv)

∣∣∣∣ 1

μ1
− 1

|ξ′|
∣∣∣∣ ≤ C

|λ|
|ξ′|(|λ| + |ξ′|2) ,

(v)
∣∣∣e−μ1xn − e−|ξ′|xn

∣∣∣ ≤ C|μ1 − |ξ′||
(

1

|ξ′|e
− 1

2
Re μ1xn +

1

Reμ1
e−

1
2
|ξ′|xn

)
.

Proof. An elementary observation gives the inequalities (i) and (ii). The
inequalities (iii) and (iv) can be obtained by writing

μ1 − |ξ′| =
λ

μ1 + |ξ′| .

As for (v), since Reμ1 > 0 and xn > 0, we have∣∣∣e−μ1xn − e−|ξ′|xn

∣∣∣ =

∣∣∣∣(|ξ′| − μ1)xn

∫ 1

0

e−θμ1xn−(1−θ)|ξ′|xn dθ

∣∣∣∣
≤ |μ1 − |ξ′||xn

(∫ 1
2

0

+

∫ 1

1
2

)
e−θRe μ1xn−(1−θ)|ξ′|xn dθ

≤ C|μ1 − |ξ′||
(

1

Reμ1
e−

1
2
|ξ′|xn +

1

|ξ′|e
− 1

2
Re μ1xn

)
.

This completes the proof. �

We will employ the following well-known inequality.

Lemma A.2. Let K(xn, yn) be a function on (0,∞) × (0,∞) satisfying

sup
yn>0

∫ ∞

0

|K(xn, yn)| dxn ≤ M1 and sup
xn>0

∫ ∞

0

|K(xn, yn)| dyn ≤ M2

for some constants M1 > 0 and M2 > 0. Set

KF (xn) =

∫ ∞

0

K(xn, yn)F (yn) dyn.

Then it holds
|KF |2 ≤M

1
2
1 M

1
2
2 |F |2.

Using Lemmas A.1 and A.2 one can obtain the following estimates for
ĜF and K̂F .
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Lemma A.3. There hold the following estimates uniformly in λ ∈ Σ(− |ξ′|2
2
, 3

4
π)∩

{λ; |λ| ≤ 1, λ �= 0} and ξ′ ∈ Rn−1 with |ξ′| ≥ 1:

(i)
|ξ′|k|∂ l

xn
Q0ĜF |2 ≤ C

{|ξ′|k|∂ l
xn
Q0F |2 + |ξ′|k+l−2|Q0F |2

+|ξ′|k+l−1|Q̃F |2
}

(0 ≤ k + l ≤ 1),

(ii)

|ξ′|k|∂ l
xn
Q̃ĜQ0F |2 ≤ C|ξ′|k+l−1|∂(l−1)+

xn Q0F |2 (0 ≤ k + l ≤ 2, l ≤ 1),

|∂2
xn
Q̃ĜQ0F |2 ≤ C|∂xnQ0F |2,

(iii) |ξ′|k|∂ l
xn
Q̃ĜQ̃F |2 ≤ C|ξ′|k+l−2|Q̃F |2 (0 ≤ k + l ≤ 2),

(iv)
|ξ′|k|∂ l

xn
Q0ĤF |2 ≤ C

{|ξ′|k+l|Q0F |2 + |ξ′|k+l−1|Q̃F |2
}

(0 ≤ k + l ≤ 1),

(v) |ξ′|k|∂ l
xn
Q̃ĤQ0F |2 ≤ C|ξ′|k+l−1|Q0F |2 (0 ≤ k + l ≤ 2, ),

(vi) |ξ′|k|∂ l
xn
Q̃ĤQ̃F |2 ≤ C|ξ′|k+l−2|Q̃F |2 (0 ≤ k + l ≤ 2).

Proof. We first make two observations. By integration by parts we see that
∂xng

(+)
|ξ′| F

0 = g
(−)
|ξ′| [∂xnF

0]. For an integer l we set g
(l,±)
μ F = g

(±)
μ F if l is even

and

g(l,±)
μ F = − 1

2μ

∫ ∞

0

{sgn (xn − yn)e
−μ|xn−yn| ± e−μ(xn+yn)}F (yn) dyn

if l is odd. Then for l = 1, 2, 3, 4, we have

∂ l
xn
g

(±)
μ1,|ξ′|F = (μl

1g
(l,±)
μ1

− |ξ′|lg(l,±)
|ξ′| )F − δ4l(μ

2
1 − |ξ′|2)F.

The desired inequalities in Lemma A.3 then follow from Lemmas A.1 and
A.2. We omit the details. (Cf., [8, Section 8] and [2, Sections 4–5].) �

We now derive the estimate for the solution u of (A.1)′ with λ = 0.
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Lemma A.4. If |ξ′| ≥ 1, then there exists a unique solution u = Ŝ−1
ξ′ F =

T (p, v) with v = (v′, vn) and u satisfies the estimate

(A.2)
|p|22 +D0[p] + |v|22 +D0[v] +

∑
j+k=2

∣∣|ξ′|j∂k
xn
v
∣∣2
2

≤ C
{|F 0|22 +D0[F

0] + |F ′|22 + |F n|22
}
.

Proof. By Lemma A.3 we see that if λ ∈ Σ(− |ξ′|2
2
, 3

4
π)∩ {λ; |λ| ≤ 1, λ �= 0}

and |ξ′| ≥ 1, then Ŝξ′(λ) has a bounded inverse in H1(0,∞) × L2(0,∞) and

u = Ŝξ′(λ)−1F satisfies the estimate

(A.3)

|Q0Ŝξ′(λ)−1F |22 +D0[Q0Ŝξ′(λ)−1F ]

+|Q̃Ŝξ′(λ)−1F |22 +D0[Q̃Ŝξ′(λ)−1F ] +
∑

j+k=2

∣∣∣|ξ′|j∂k
xn
Q̃Ŝξ′(λ)−1F

∣∣∣2
2

≤ C
{|F 0|22 +D0[F

0] + |F ′|22 + |F n|22
}
.

uniformly for λ ∈ Σ(− |ξ′|2
2
, 3

4
π) ∩ {λ; |λ| ≤ 1, λ �= 0} and |ξ′| ≥ 1. Since

Ŝξ′u = −λQ̃+ Ŝξ′(λ) =
[
I − λQ̃Ŝξ′(λ)−1

]
Ŝξ′(λ),

we see from (A.3) that Ŝξ′ has a bounded inverse Ŝ−1
ξ′ = Ŝξ′(λ)−1

[
I − λQ̃Ŝξ′(λ)−1

]−1

(with suitably small λ) in H1(0,∞)×L2(0,∞) and u = Ŝ−1
ξ′ F = T (p, v) sat-

isfies the estimate (A.2). This completes the proof. �

We are now in a position to prove Lemma 6.6.

Proof of Lemma 6.6. Let (p, v′, vn) be a solution of (6.26) and let χ be a
C∞ funciton with suppχ ⊂ [0, 1) or suppχ ⊂ (0, 1]. Then (χp, χv ′, χvn) is a
solution of the following problem on the half spaces [0,∞) or (−∞, 1]:⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

iξ′ · (χv ′) + ∂xn(χvn) = F̃ 0,

(|ξ′|2 − ∂2
xn

)(χv ′) + iξ′(χp) = F̃ ′,

(|ξ′|2 − ∂2
xn

)(χvn) + ∂xn(χp) = F̃ n,

χv|xn=0 = 0 or χv|xn=1 = 0.

Here
F̃ 0 = χF 0 + (∂xnχ)vn,
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F̃ ′ = χF ′ − 2(∂xnχ)∂xnv
′ − (∂2

xn
χ)v ′,

F̃ n = χF n − 2(∂xnχ)∂xnv
n − (∂2

xn
χ)vn + (∂xnχ)p.

It follows from Lemma A.4 that

(A.4)

|χp|22 +D0[χp] + |χv|22 +D0[χv] +
∑

j+k=2

∣∣|ξ′|j∂k
xn

(χv)
∣∣2
2

≤ C
{
|F̃ 0|22 +D0[F̃

0] + |F̃ ′|22 + |F̃ n|22
}

≤ C
{|F 0|22 +D0[F

0] + |F ′|22 + |F n|22 + |v|22 +D0[v] + |p|22
}
.

We take C∞ functions χ1 and χ2 with χ1+χ2 = 1 on [0, 1] with suppχ1 ⊂
[0, 1) and suppχ2 ⊂ (0, 1]. Applying (A.4) to (χjp, χjv) (j = 1, 2), we obtain

(A.5)
|p|22 +D0[p] + |v|22 +D0[v] +

∑
j+k=2

∣∣|ξ′|j∂k
xn
v
∣∣2
2

≤ C
{|F 0|22 +D0[F

0] + |F ′|22 + |F n|22 + |v|22 +D0[v] + |p|22
}
.

The desired estimate of Lemma 6.6 now follows from (A.5) if |ξ′|2 ≥ 2C.
This completes the proof. �
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