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1. INTRODUCTION

In this paper we consider the following linear elliptic equations

(1.1) (=L—-B-V—-XNu={, r € R",
where n > 1 and
T n
1.2 A+ =
(1.2) L +2 V+2,

with A =37 02 and V = V, = (0yy,- ,0z,) . The given scalar and
vector valued functions A = A(z) and B = B(z) are assumed to belong to
L>*(R™) and (L*°(R™))™, respectively, and f is a given scalar valued function.
If we do not mention explicitly, each function in this paper is assumed to
be real valued. Eq. (1.1) is interpreted in the weak sense, i.e., u belongs to
WEA(R") and satisfies

loc

(1.3)

Vu(e)-Vip(a)—{ (5+B(@)) Vule)+(MN@)+3ue) yo(@)de = | f(a)p(a)d,

R” R

for any smooth function ¢ with compact support.

The operator £ often appears in the analysis of self-similar solutions to
linear or nonlinear heat equations, and its properties are well understood by
now. For example, L is realized as a self-adjoint operator in the Gaussian
weighted L? space:

dx a|?

2 2(on 2 _ ~z L
(L4 1=(feP®)| [ f@lgs) G- n)

In L2G the spectrum o (L) consists of semisimple eigenvalues and is given by
o(L) ={-%|k=0,1,2,--}; see Escobedo-Kavian [4]. Especially, for each
k € NU {0} the eigenspace of the eigenvalue —% is spanned by the Hermite
functions {8£G}|5|:k where 3 = (B, -+ , 3,) is a multi-index. If the space L
is replaced by the polynomial weighted spaces, then £ possesses the essential
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2 Y. MAEKAWA

spectrum, and moreover, it is not even a sectorial operator. More precisely,
for each m > 0 let L2, be the Hilbert space defined by

(15) Lo ={feL’®") | |flZ, = /Rn(l +|z*)™| f(2)[Pda < oo}

Then Gallay-Wayne [10] showed that L is realized as a closed operator in
L2, with its spectrum

n m k
(1.6) o(£) ={peC|Re(p) <, = S}U{-5 | k=0,1,2,-}.
Moreover, if k& € N satisfies m > § + k, then —% is a semisimple eigenvalue

with multiplicity %, and the set {peao(L)|Re(p) <% — "3} consists of

eigenvalues whose eigenfunctions decay at spatial infinity in some polynomial
order. This implies by functional analytic considerations that in the case
pu > 4 — %, if f belongs to LG, then a solution u € L2, to —Lu + pu = f
actually belongs to LZ. We can expect this property also for (1.1). Set

(1.7) As = RILH;O essSup|z> pA(2), B, = ngréo esssup > r|B(z)|.
Note that A, can be negative. Then we have

Proposition 1.1. Let [ € L2 Assume that 5 > 7 + A + BT*Q‘. Let u €
L2 N WE2(R™) be a solution to (1.1). Then u € L%,

loc

The proof of this proposition will be given in the appendix.

In this paper we are interested in pointwise estimates of solutions to (1.1)
when f decays exponentially. Our main results are three lemmas stated below,
in which we assume that v € L2 N VVllof(]R") We can always replace this

assumption by u € L2 N VVllof(]R") with 5 > %+ A\ + BT*% by Proposition 1.1.
Set

(1.8) Hg={feLg|07f €L, |8 < s}
Our first main result is

Lemma 1.1. Assume that f satisfies

(1.9) f(z)| < Cee 712z R,

for all € > 0. Then any solution u € L% N VVZ%)’CQ(]R”) to (1.1) belongs to
u € HAZNW2P(R") with 1 < p < 0o and satisfies

(1.10) u(z)| + |Vu(z)| < Cle 777, z € R",

for all e > 0. Moreover, if f is nontrivial and if there is an Ry > 0 such that
both f(z) and u(x) are nonnegative for |x| > Ry, then we have

1
"o 1—6|x‘2

(1.11) u(z) > C e |z| > Ry,

for all e > 0. Here C’; and C! are positive constants independent of x € R™
with |$‘ > Ry.

Remark 1.1. If there is an Ry > 0 such that both f(z) and u(z) are nonpos-
itive for |z| > Ry, then the lower bound (1.11) follows for —u(z). The same
remark holds for Lemma 1.2 and Lemma 1.3 below.
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Under the additional assumption on B we can show more precise pointwise
estimates as follows.

Lemma 1.2. Let B € (L*(R"))"™ satisfy

(1.12) lim sup |z B(z)| = 0.
R—o0 |z|>R

Assume that f satisfies

(1.13) @) < OO+ e, sern,

for some > 0. Then any solution u € L, N VVZZCQ(]R”) to (1.1) satisfies
(1.14) u(@)| < C'(1 + a2 Hee— z € R™

If f satisfies (1.13) with =0 and if there is an ¢y > 0 such that
(115) M@+ Bl < A+ m for  Ja| > 1,
then (1.14) is replaced by

(1.16) lu(z)| < C"{(1 + |z[*)* log(1 + \x!z)}e_#, x € R"™.

Moreover, if f is nontrivial and if there is an Ry > 0 such that both f(x)
and u(x) are nonnegative for |x| > Ry, then we have

1! ﬂ
(1.17) u(z) > C, (14 |z|>)M Ve 4, |z| > Ry,
for any v > 0. Here C' and C’Z/,/ are positive constants independent of x € R"
with |$‘ > Ry.

The logarithmic term in (1.16) is optimal. For example, if we set f,, =
||
{log(e + |z|2)}#005 e~ "1, then the direct calculations yield

1) ol@)] = O(f1og(e + laP) o100 5), Jaf - oo,

This implies the optimality of (1.16) when B = 0, A = @, and 4 = 0 in
(1.13). In order to obtain the estimates without the logarithmic term we need
the additional assumption on the decay of f. Let Ag be the Laplace-Beltrami
operator on the unit sphere S”~!'. For simplicity, we assume that B = 0 and

A is a constant in the next lemma. Especially, A, = A in this case.

(1.18)  |(L+

Lemma 1.3. Assume that X is a given number and B = 0. Let 1(r) be a

given positive decreasing function on [0,00) such that % 1s integrable over
[1,00). Assume that f € HZ satisfies

2
|

(1.19) F@)] < Cp(aP) (A + |aPPe 5, zeRn
(1.20) (Asf)(@) < O+ [P e, zern,

for some 0 < p < 1. Then any solution u € L% N VV;?(R") to (1.1) satisfies
(1.21)
}u(az)fA(

|22 o |22
Ya|Pe™ T | < CaA (|2 2D+ Mdr)e—T, |lz| > 1.
|SL‘| |2 T

X
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Here A is a continuous functions on S"~'. Moreover, if u satisfies (1.17)
and if we can take Y(r) = (1 + r)"* for some y' > 0 in (1.19), then
mingcgn—1 A(o) > 0. Especially, in this case we have

C/

||

1.22 uw(z) > —|z[Pe z| > 1.
2
Remark 1.2. If f satisfies (1.20) for u = 0, then (1.21) can be replaced by
(1.23)
x _le? _ ah(r _le?
}u(m)—A(m)MQ}‘e | < O (| 210g(€+|33‘2)+/ 2 fn )dfr’)e i, x> 1.

Remark 1.3. In view of (1.18) the assumption (1.19) is essential in Lemma
1.3. However, the author does not know so far whether the additional as-

sumption (1.20) can be removed or not in order to verify the estimate |u(x)| <
z|2
C(1+|z|?)e 7.

Lemma 1.1 and Lemma 1.2 are proved by estimating the L> norm of ;-or
with a suitable weight function w. We essentially use the Nash-Moser iteration
arguments in this step. However, it seems to be difficult to prove Lemma 1.3
only by this iteration arguments, so we rewrite (1.1) in polar coordinates
and use the representation of solutions obtained through the related ordinary
differential equations. In this step we are forced to estimate Agu, which is
the reason why (1.20) is required in our arguments. The positivity of A(o) in
(1.22) is proved by a contradiction argument combining with Lemma 1.2 and
the representation of solutions in polar coordinates.

Our lemmas are useful to study pointwise estimates of solutions to some
nonlinear elliptic equations. Let us consider the equation
(1.24) —Lu=a-V(u[ru), xR

Jrn u(z)dz = o,
where n > 1, a € R” is a given constant vector, o € R is a given number. Eq.
(1.24) is related with the following convection-diffusion equation

(1.25) { O — Av =a- V(|v]+v), t>0, xR,

Jgn (2, t)dz = @, t>0.

Indeed, if uq is a solution to (1.24) then t~2u, (%) is a solution to (1.25),

which is called a self-similar solution to (1.25). In [1] Aquirre, Escobedo, and
Zuazua studied (1.24) in L%, and showed that

S

Theorem 1.1 ([1]). For any o € R there is a unique solution u, to (1.24)
in HE N W2P(R™) with 1 < p < oo such that u, is positive (negative) when
a >0 (when a < 0) and satisfies the estimate

(1.26) lua(z)| < Cla)e 1 2 e R,

for’y:% whenn=1,2,3, and 0 < vy < % when n > 4.

Remark 1.4. Since the sign of u, is constant in R” we can differentiate

the nonlinear term a - V(|ua|%ua) pointwisely. Especially, u,, is shown to be
smooth in R™ by the usual elliptic regularity.



Y. MAEKAWA 5

Remark 1.5. The self-similar solution ¢~ 2 ua( \/) is closely related with the

large time behav1ors of solutions to (1.25). Indeed, it is proved in Escobedo-
Zuazua [6] that t~2 ua( \[) gives the large time asymptotic profile of solutions

o (1.25).

When n =1 the solution to (1.24) is explicitly written as

1 (e
TN e Y R
12
valz) = L~ &= e s o <0

2a /7 + (eo@ — 1) [" e ¥’dy’
2

Especially, when n = 1 the solution satisfies the exact pointwise estimate

(1.27) Ce™ T < |ug(z)| < Ce™ 1, xz € R.

Motivated by (1.27) and the results of [1], Kawashima [17] studied (1.24)
further in details, and improved (1.26) by

(1.28) |ua ()| + |Vaua(z)| < Cla,)|ale ", zeR",

for any v € [0, 7) and n > 2. However, it has been still open whether or not
we can take v = Z n (1.26). Moreover, it seems that no pointwise estimates
have been established so far for higher order derivatives of u,. The difficulty

is that the nonlinear term a - V(|u]%u) is not smooth for n > 2, and we only
know that the sign of u, is constant in R™. In order to overcome this difficulty
the precise pointwise lower bounds of u, are also required.

Using Lemma 1.1-Lemma 1.3, we can obtain sharp pointwise estimates of
solutions to (1.24) from above and below, together with the pointwise upper
bounds for their derivatives.

Theorem 1.2. Let u, be the solution to (1.24) obtained in Theorem 1.1. Let
B be any multi-index. Then u,, satisfies

(1.29)  |ua(z) — A(‘z’)e—'i} < cm-%-% 2| > 1,
(1.30)  [0Puqa(z) - Aﬁ( )|z|/Ble= \<cyxylﬁ| 201 2| > 1.

Here A is a positive (negative) continuous function on S™=1 when o is positive
(negative), and each Ag is a continuous function on S™=1. Especially, we have

from (1.29),
|2 ||

(1.31) Cre™ T < |u(z)| < Coe T, zeR™

Remark 1.6. When a = 0 the solution to (1.24) is given by aG. Hence (1.30)
is also considered to be optimal.

Theorem 1.2 is easily obtained from our lemmas. Especially, the "rough”

lower bound (1.11) is important to ensure that each derivative of a-V(|ua|%ua)
belongs to LQG.
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Next we consider the nonlinear elliptic problems of the Haraux-Weissler [11]
type:

x

1.32 —Au——=-Vu-—
(1.32) u=5-Vu -
There is much literature on (1.32), but here we just focus on the results about
rapidly decreasing solutions. It is well-known that if a solution u to (1.32) is
radially symmetric and decays in the order

u = |ulPu.
1

(133) u(@) = ol 77),  fa] = ox,

2

then u has actually the asymptotics of A|x|9%1_ne_% with a constant A # 0
at |z| — oo; see Peletier-Terman-Weissler [21]. Moreover, for radially sym-
metric solutions, detailed structures of solutions have been achieved based on
the number of the points where u(x) = 0; see Weissler [23, 24], Yanagida [25],
Dohmen-Hirose [5], Hirose [12], and Hirose-Yanagida [15]. As for nonradially
symmetric solutions, Escobedo and Kavian showed in [4] that there exist in-
finitely many solutions to (1.32) in H}, if 1 < p < (2£5)*. Here (2£2)* = 0
when n = 1,2 and (2£2)" = 242 when n > 3. On the other hand, in [4] they
also proved that there are no solutions to (1.32) in W12(R") if n > 3 and
p> Z—fg Naito-Suzuki [18] proved that when n > 2 if a solution u is positive
and satisfies (1.33) then it must be radially symmetric. As for the case of
n = 1, any positive and rapidly decreasing solution must be even symmetric
with respect to the origin by [15].

Our interest here is the decay estimates of solutions obtained in [4], in which
Escobedo and Kavian proved that if u is a solution to (1.32) in H}, then u
satisfies

2
(1.34) w(@) =0 %), |zl > 1.

Fukuizumi-Ozawa [8] discussed complex valued solutions to (1.32) and de-
rived a condition for solutions in W12(R") to belong to H} when 1+ 2 <
p < ("+2)+; see Remark 1.8 below. Note that the critical number p — 1 = %
is related with the bound of the essential spectrum of £ in L*(R) by (1.6). T
[18] more general equations of the type Au + § - Vu 4 ku 4+ f(u) = 0 are also
studied, and it is proved that if f € C*(]0, 00) satisfies f(s) = O(s7) as s — 0
for some o > 1 and if a positive solution u satisfies u = o(|z|™!) as |z| — oo
for some [ > 2k, then u = o(|z|™™) as |z| — oo for every m > 0.

As a consequence of Proposition 1.1 and Lemma 1.2, we can improve (1.34)
as follows.

Theorem 1.3. Let 1 < p < (M) and let u be a solution to (1.52) in
NWL2(R™) for some 2 > % T+ Then u satisfies
1 _n lz|?
(135) Ju(x)| < C{(1+ |:c|2>p11 Flogle + 2}, zeR,
1 _n-d I
(1.36) |Vu(z)] < C{(1+ 2|71 "% logle + [z)}e” 3,  zeR™

If we apply Lemma 1.3 to (1.32) in order to establish the optimal bound
without logarithmic term, we need a restriction on p due to the lack of the
smoothness of the nonlinear term |u|P~!u.
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Theorem 1.4. Letn <5 (md 2 <p< ()T, Let u be a solution to (1.52)
in L2, N WH2(R™) for some @ > % — 4. Then u satisfies
(1.37)
2 _ =]
ula) = A a1 | < Ol T P loglete) e, ) 1

Here A is a continuous functions on S™ L.

Remark 1.7. When we apply our lemmas to (1.32) we regard |u[P~! or |u|P~1u
as a given function. Especially, it is not difficult to check that Theorem 1.3 and
Theorem 1.4 hold also for complex valued solutions. In this case the function
A in Theorem 1.4 is in general complex valued.

Remark 1.8. In [8] it is proved that if 1 + 2 < p < (%£2)* and if a solution

u € WH2(R™) to (1.32) satisfies HUHLOO({‘I‘ZR}) < (F— %)Pil for some R > 0,
then u € H é In the proof of Theorem 1.3 we will show that any solution u
to (1.32) in WH2(R") satisfies u € L°(R") and limpg_ .o lull oo ({2 RY) = 0,
if 1 < p < (2£2)*. Especially, the smallness assumption on u stated in [8] is
shown to be always satisfied.

Remark 1.9. The restriction p > 2 in Theorem 1.4 will not be optimal. The
difficulty is that we need the estimate for Ag|u[P~'u in order to apply Lemma
1.3. But since Ag includes the second order derivatives, the condition p > 2 is

required in our arguments. The condition n < 5 comes from 2 < p < (Z+g)+

We note that if u is positive, then we can verify (1.37) for all o € S"~! since
|u[P~1u becomes smooth and is estimated as

02 (Ju(@) P~ (o)) < Cpe™ B0,z e Ry,

for any multi-index 8 by Lemma 1.1. However, when the solution u € LG is
positive it is already known by [18] that u must be radially symmetric, and
thus, the asymptotics (1.37) is already established by [21].

Finally we consider the nonlinear elliptic equations of the form
(1.38) —Av + klz)?v + wo = |vP o, r € R,

where v is a complex valued function on R”, £k >0, w e R, p > 1, and n > 1.
Eq. (1.38) is related with standing wave solutions of nonlinear Schrédinger
equations. We are interested in the pointwise estimates of solutions to (1.38)
which belong to the complex Hilbert space X = {v € WH2(R") | |z|v €
L?(R™)} with scalar product

<u,v >x= Vu(z) - Vu(z)dx +/ u(z)v(x)dx —I—/ |z 2u(z)T(x)dz.

R R

In Kavian-Weissler [16] the existence of infinitely many real valued solutions
to (1.38) in X is proved for 1 < p < (2£2)* and for all w € R by variational
methods. But we do not go into the details on the existence or the stability of
solutions to (1.38) here; for details, see the results and references in Fukuizumi
[7]. As for the estimates of solutions, in [16] it is proved that when k =  and
1 < p < ()T, any real valued solution v € X belongs to C?(R™) and
satisfies

(1.39) lv(z)| + |Vo(z)| + V()| < Ceem T2 2 e R,

n
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for all e € (0,1). Moreover, if w > —§ then (1.39) is valid also for e = 0.
Under the setting of k = 1, w > —n, and 1 <p < (22)* Hirose-Ohta [13, 14]
showed that any positive radially symmetric solution v to (1.38) in X satisfies
the estimate

(1.40) v(z) =

where A is a positive number. In [16] or [13] the maximum principle or the
ODE methods are essentially used. On the other hand, Fukuizumi-Ozawa [9]
discussed complex valued solutions when £ = 1 and 1 < p < (%)+7 and
established the estimate

(1.41) lo(z)| < Cee™ w2 4 e R,

|12
2 (14 0(1)), |z > 1,

for all ¢ > 0. We remark that in [9] more general potentials other than the
harmonic potential |z|? in (1.38) are treated. In Pankov [20] nonlinear elliptic
equations of the form —Au + V(z)u = f(z,u), which includes (1.38), are
discussed and some exponential upper bounds of solutions are obtained. In
Shirai [22] the lower bound in the sense of L?(R™) for solutions to nonlinear
Schrodinger equations with magnetic field are established.

By regarding the term |v|P~! as a given term and by using suitable trans-
formations we can reduce (1.38) to (1.1) with a real valued solution. Then our
lemmas lead to

Theorem 1.5. Let k > 0, w € R, and p > 1. Let v be a complex valued
solution to (1.38) in X N L>°(R™). Then v satisfies

n

(1.42) [v(2)] < C{(1+ [22) T 7T log(e + [z[2) }e= 5 1P, z € R",
(1.43) |Vo(z)| < C{(1 + |$‘2)_%2 R log(e + |z|?) }eiim2 z € R".

As in the case of (1.32), in order to drop the logarithmic term in (1.42), so
far we need the restriction of p > 2 due to the lack of the smoothness of the
nonlinear term.

Theorem 1.6. Let k > 0, w € R, and p > 2. Let v be a complex valued
solution to (1.38) in X N L*>°(R™). Then v satisfies
(1.44)

|o(z) - A(,%

for |x| > 1. Here A is a complex valued continuous function on S" 1.

_n_ w_ VEk VEk
|72 vEe 2 1) < 0|22 T 3E P log(e + |2) e 2 1

Remark 1.10. When 1 < p < (2£2)* we do not need to assume v to be in
L>(R™) in the above theorems. Indeed, in this case if a solution v to (1.38)
belongs to X then it must belong to L>°(R"); see [9] or [20].

This paper is organized as follows. Section 2 is the main contribution of this
paper. In this section we establish the pointwise estimates of solutions to the
linear equation (1.1), and prove Lemma 1.1, Lemma 1.2, and Lemma 1.3. In
Section 3 we consider (1.24) and prove Theorem 1.2. In Section 4 we discuss
(1.32) and show Theorem 1.3 and Theorem 1.4. In Section 5 we deal with
(1.38) and prove Theorem 1.5 and Theorem 1.6. The proof of Proposition 1.1
is given in the appendix.
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2. POINTWISE ESTIMATES OF SOLUTIONS TO LINEAR EQUATIONS

In this section we consider pointwise estimates of solutions to (1.1). Section
2.1 is devoted to establish the upper bound of solutions stated in Lemma 1.1,
Lemma 1.2, and Lemma 1.3. The lower bounds in these lemmas are proved in
Section 2.2.

2.1. Pointwise upper bounds. To prove the upper bounds of solutions to

(1.1) we prepare some fundamental inequalities. Due to the presence of the

term § - V we need to be careful to verify calculations at spatial infinity.
Let u € VVZIOCZ(R") be the solution to (1.1) and let w be a positive function

such that + is smooth and % € LY(R™) N L>®(R™). Then by direct calculations

we observe that U = ¢ satisfies the equation

2 A
(2.1) ~AU- (3 +B+ﬂ) VU= (\+5+(5+B)- %—F%)U—Fi.

That is, for any compactly supported smooth function ¢, we have

2
(22) | VU -Vypdr = / E+B+ Z ) VU(pdx—i—/ igodx
Rn n n

Vw A
+/ (A +5+(G+B) ~-+ =)Uypda.

Clearly (2.2) holds for all ¢ € W2(R™) with a compact support. Note that,
since % € L>®°(R™), by the elliptic regularity we always have U € L ({|z| <
R}) for each R > 0. Let xg be a smooth cut off function such that xp =1 if
|| < R and xr = 0 if |x| > 2R. We can take xp as satisfying |z - Vxg(z)| <
C where the constant C is independent of R. Then, since |U|?’"2Uxr €
WLH2(R™) for all 1 < p < oo, we get

(2p—1)/ XR|U\2p2VU|2dx+/ \U*~2UVU - Vxrdz
R R

2
_ /XR(2+B+W) VU|U|*~2Udx

Vu A
+/ XR{/\+7+( +B)- ww “’}\Uﬁde/ X%\Uﬁﬂwx.

Thus, by the Young inequality ab < aq+ b7 with 1 + =1,1<¢q,¢ < oo,
and by the integration by parts, we have

1
/R RIV(UP)Pde

2p —
2.

V 1
< / Xr{ @) + B 22 4 B 4} Uda
Rn

1 2 1 x  2Vw 2
+5 XR|—— pdaz+/ Axr — Vxr: (5 + —)}HU|"dz,
3 | xal L praas o [ o G+ 2ol
where n < 1 is a given positive number and
n 1 Vw x Vw 1. Aw
2.4 ) - S+ A S .
24) D) =~ A g (- )

By taking w = 1 we first claim that if U = u € L?(R") then u € LP(R™)
for all 2 < p < oo. Indeed, by taking p = 1 in (2.3), since U € L*(R") and
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|z - Vxr(z)| < C, we can pass R to oo and get the bound of ||[VU||;2 by the
Fatou lemma. Hence U € W12(R") and the claim holds for n = 1,2 by the
Sobolev imbedding theorem. Let n > 3. From the Sobolev inequality

(2.5) 1Al 20, < Cs|[Vhl|z2,

we have u € L%(R”). Set p = "5 in (2.3). Since u € L%(R"), taking

n

the limit R — oo, we observe again from the Fatou lemma that V(|u|72) €
L?*(R™). Hence, u € L2G5) (R™) by (2.5). Repeating this arguments, we see
that u € LP(R™) with p = 2(-25) for every [ € N. This proves the claim.

Next we consider the case u € L?(R") and % is smooth and bounded
together with its derivatives. Then U = % € WY2?(R") N LP(R™) for all
2 < p < o0 by the above claim. Hence we can take the limit R — oo in (2.3)
and obtain

2p—1
o) L2 [ (P
p R™
Vw 1 1 f
< ®,(w) +|B- —|+ —|B*+n Uzpdaz—i—/ ~|*Pdz.
| @) +1B- 2+ o BE Ui+ o [ 1
Recalling the Nash inequality
_n_ _2
(2.7) 7]z < Cul[ VR 32 [|R]I77,
we get
2p(n+2)
_2n+2) || n \Y% 1
(2.8) Cn * ’”L"’ipgzp/ (®p(w) +1B - ==[ + 5| BI* + ) [U[de
U R v P
[ L pras
R2 wWn

The inequality (2.8) is a key tool of the Nash-Moser type iteration arguments
below.

2.1.1. Gaussian upper bounds in Lemma 1.1. In this section we prove the up-
per bounds (1.10) in Lemma 1.1 by using (2.8) with a suitable weight function
w.

For [ > 0 let w; be a positive and smooth function satisfying

wy =1 if |z| <1, wp=|z|"2? if |z|>2,

and set

U =—.
wy

We first prove

Proposition 2.1. Letl > 0 and assume that U, € L>(R"™). Then U; € L4(R")
for all q € [2,00].

Proof. It suffices to show U; € L>(R™). For any § > 0 we also set w; 5 =

w; + 0 and consider U;s = —“-. Note that by the above preparations we

wi,s
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already have U 5 € WL2(R™) N LP(R™) for all 2 < p < oo and (2.8). By direct
calculations we see
n

R 5 if 2] < 1,
n 42 n l 1.21{2(l +1) —n}
o = —— Ay Ty U
R ) M R e R A P (R T
z 4+ 1
< _14_)\ n (+1) if |x| > 2.

p AT T T e T T

Especially, ®,(w; ) is bounded uniformly in 0 < ¢ < 1 and 2 < p < co. Let

n = 1. Since |B - %| + 2—110]]9|2 < C uniformly in 0 <6 < 1 and 2 < p < o0,
we have from (2.8),

2p(n+2)
_2(n+2) ||U]; "
Cn 7 ”MLQZPSQCP/ |Uz,5|2pd93+/ !wi|2pd$,
NUs | [ R R Lo

that is,

(2.9) (U5l < (2Cp) 202Uy s

2
2 f 2 —n_
B (10l + 172, 70

Here C' > 1 depends only on n I, |[A||ze, and ||B|[z~. We set p, = 2¥ with
k € N and set §k = HUlﬁ”LP’“ d= Supggpgoo HﬁHLP- Then (2.9) implies

n _2_ —n____
(2.10) Ert1 < (Cpryy) W02 (G dPir ) Prn ),

We may assume d > 1. Then we claim that

(2.11) & < T3 (2Cpj) ™ (&1 + d).
Indeed, it is clear that the case k = 1 is true. Suppose that (2.11) is true for

& but £ > H?ill(20pj)#”(§1 + d) holds. Especially, {x4+1 > d and thus
from (2.10) we have

n 2 _n_ n
Chr1 < (Cppgy) et FD g ﬁif(1+(56l)p’“+1)”k+1(n+2>
k+1

. n 2 n_
< (20 pggr) PR

i.e.,
n

Ehi1 < (2CPg41) R0 &y < (20pgsr) 1 I, (2Cp;) ™5 (& + d).

This is a contradiction, and (2.11) holds. Hence, we see & is bounded uni-
formly in k£ and obtain

(2.12) 105z < 1ikmsup 105l ee < C (&1 +d),
ade o]

where C' is independent of . Since d < supg<,<q HwilHLp and & = ||Ups||p2 <
|Ui|lL2, we have the uniform bound for ||Ujs||ze~. This implies U; € L*(R").
Now the proof is completed.

The main goal of this section is to establish the following moment bounds
for w.
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Proposition 2.2. Suppose that f € L satisfies the conditions in Lemma 1.1.
Letu € LEN I/Vllof(Rn) be the solutwn to (1.1). Then for any € > 0 there is a

positive const(mt C. such that for any k € N the following estimate holds.
(2.13) |z u(z)| < Cef4(1 + )}k, x €R"

Proof. To simplify calculations we take Wy = |z|~2* and set Uj, = u% By

Proposition 2.1 we see that Uy, belongs to L>(R") for each k € N and satisfies
(2.8). It suffices to show (2.13) for large k and |x|. We recall that

. n n 4k(k+1)
) < Ao T
for all x € R™. We take n =1 in (2.8). Then we have for any € > 0,
- Vwk n 1 k(4k + ek + 4
By(00) 418 T+ BP < A+ G+ (o + 2| Bl k4 S
2 2 ||
Let ayp. > 0 be the number given by
_2p 1
2 1 —
(2.14) ot = {4+ 2¢)k}
Then we have
k(4k 4 ek + 4) ~ ~op—1-
Rkt ek +4) pop _ piak 4 ek + 90710,
EE k k
4k + ek +4 -9, k(4k + ek +4) o2 2P
< 172 U.,” + o JNU
Hence, there is a kg € N such that if £ > kg then
- Vw ~
[ (@t +18- T2 4 B 4 1) O
Rn
k(4k + ek + 4) 02
e ,WHU I,
Note that ko does not depend on p > 2. Then we have from (2.8) that
. nt2 1~ 2 k(4k‘—‘r6k+4)
10475 < €10 AL B o [0l + 1L ).
Letting p — oo, we finally get
(2.15) 1Tkl < (44 26| g1l + ||,JJ;||L°°-
Putting a = ||Ug||z~ and b = || - ||z, we have from (2.15),
apy1 < (4+2€)(k+ 1Dak + b
k—ko
ko (B +1)! i ~ (k+ 1)
(216) S (4 + 26) OTO!CUCO + ]gﬂ (4 + 26) bk+1_jm.

From the assumption of f we have

r 4
by < Csupr®(1+r)He 1 < C{M}kw’
r>0 e
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which gives

k—ko

3 ; (k4 1)!

J .
. (4+26) bk’-i—l—] <k+1_])'

7=0

k—ko
(S T ). (k414 p)

< 42’“5423’“( Ftltp—g
< Cd+2) j:O( +207H e J (k+1+p—j)!

(k—l—l—i—,u )}k+1+ufj
4—|—26 ekﬂﬂ‘ Ik+14pu—7)!

k
< Clk+1+p"A+20"k+ 1)1 (
7=0

1/2rl k4+1+4pu—q)Yet+1tu—7
ll'ﬂ = 1, the term {Sgﬂwfbj(fg)ipm_j)!
is bounded uniformly in x4 and k& > j. Thus we have

From the Stirling formula lim;_,

k—ko

> (4426 b1y

J=0

Substituting this to (2.16), we get (2.13). This completes the proof.
Proposition 2.2 immediately leads to

(k+1)!

m < CA4(1+ 6)}k(k + 1)

Corollary 2.1. Suppose that f € LQG satisfies the conditions in Lemma 1.1.

Letu € LEN Y/Vlif(R") be the solution to (1.1). Then for any e > 0 there is a
positive constant C. such that

(2.17) lu(z)] < Ceem alol?, xz € R".

Proof of the upper bounds (1.10) in Lemma 1.1. It remains to prove the
estimate for derivatives of u. We return to (2.1) and set w = w, = e lel
this case. From Corollary 2.1 the function Ue = ;- belongs to LY(R™")NL>(R")

for all € > 0. We rewrite (2.1) as
-AU. = V- {( + B + 2V log we)Ue}
Aw,
We _ A]ogwe}U6 + i
We

€

+{/\—V‘B+(g+B)-Vlogw5+

Then the Calderén-Zygmund inequality and the Hardy-Littlewood-Sobolev
inequality yield that U, € WP (R") for sufficiently large p < co. Since 9,U. =
89”w€u+89”“ and ‘%weu € LY(R™)NL>®(R™) by Corollary 2.1, we see that a”“
LP(R") for sufﬁmently large p for all € > 0. Hence (5 + B + 2V logwe) - VU
and the right-hand side of (2.1) belongs to LP(R”) for some p > n. Then
by the Calderén-Zygmund inequality we get U. € W2P(R™) for some p > n,
which gives 0,U. € L>°(R") for all € > 0. It is easy to see u € HZ N W?P(R")
with 1 < p < oo from the above arguments. Now the proof of upper bounds

in Lemma 1.1 is completed.

2.1.2. Gaussian upper bounds in Lemma 1.2. In this section we prove (1.14)
and (1.16) in Lemma 1.2. First let us consider the case f satisfies (1.13) with
> 0. For any € > 0 let us take w = w. = (1 + |x\2)’\*+“ef%|m|2 in (2.1).
Then by Lemma 1.1 the inequality (2.8) is verified for U = U, = »- with all
1<p<oo.
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From direct calculations we observe that

V. Mtp l—c
pu— 2 J—
w, Ty RE T T
Aw, 1—¢€)?2 , n
= —(1—e{=+2(\.
- TP = (1= 9 + 200 + )
2(A + ) 20 +p—1)
ST 1 e 2 ) — TRy
T ot er ) - e

Hence we have

(I)p(we) = _6(14_6)

1 1 n
|z]* + {% + (1 - 5)6}5 + 2e(As + 1)

TA@) — A — i+ O ), o> 1.

1+ |z|?

Then, by the assumptions on A and B there are constants R > and n > 0
such that if € > 0 is sufficiently small and p is sufficiently large then it follows
that

218) [ (@yw) + B

Here the constant C is independent of 0 < e < 1 and p > 1.
Then by (2.8) and (2.18) we have

Vw,

We

1
|+ %!BF +)|UPdx < Ol[Uexrl -

n+2 1 2 f
Uell 5, < (2CCZp) > |Uel o (1UexRll 20 + Hﬂ”ﬂ”a
€
for all p > 1. This implies that

f
[Uellzoe < [[Uexrllzes + ||
WeT)

HLoo,

i.e., we have by taking ¢ — 0,

u u f
(2.19) [—llzee < l—xXrllLe + |=—= |z,
wo wo woT)

2|2
where wo(z) = (1 + ]x\Z)’\**'“e*%. This gives (1.14).
Next we consider the case f satisfies (1.13) with p = 0. We recall that it is

also assumed that A\(z) + |5 - B(z)| < A + log(le_% for |x| > 1. Let us take

w = we = {(1+ [z log(e + [z2) }e~ " and 5 = n(z) =
(2.1). Then we have

€0 :
2Tog(e+z?) M

Bywe) + |B - |+ 5| B
< Lo dppa (e a-Dal 20+ 1Bl

BN < ot B g
< Lo (- Dag + e

b Bl — 5 b O el

2 " Slogle t [2P) | 1+ [P’
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Then we have the estimate (2.18) with R > 1 which is independent of
0 < e < 1landp > p(e) > 1. This is enough to conclude (2.19) with

||

wo = {(1 + |z|?)* log(e + |z|*) }e~ "2 . This completes the proof.

2.1.3. Gaussian upper bounds in Lemma 1.3. To prove (1.21) in Lemma 1.3
we rewrite (2.1) into the equation in polor coordinates z = ro.

—1
(2.20) 0%u + (2

r n 1
+ 5)67% + (5 + )\)U + ﬁASU =—F,

where Ag is the Laplace-Beltrami operator on the unit sphere S"~!. The next
proposition gives the estimate for Agu.

Proposition 2.3. Under the assumptions in Lemma 1.3, (Agu)(x) belongs
to HA NW2P(R™) with 1 < p < oo and satisfies the estimate

||
(2.21) (Asu)(a)] < C(1 + 2 )MreF
Here i is the number in Lemma 1.3. Moreover, if f satisfies (1.20) with u = 0,
then (2.21) is replaced by

x|2

(2.22) (Asu)(@)] < C{(L+ [a*)M og(e + [af*) e 7

Proof. Since f € HZ we have u € Wlif(R”) by the elliptic regularity.
We first assert that Agu € L%. Indeed, since |(Agu)(z)| < CXg<a(l +

|2[2)[02u(z)]|, the assertion follows from the fact |z|?u € HE, which is already
proved since we showed in the proof of (1.10) that for any € > 0 the function

e T lely belongs to W?2P(R") for sufficiently large p > n. In order to prove
Agu € HZNW?P(R™) and (2.21), we note that AgLu = LAgu and thus Agu
satisfies the equation

(2.23) —(L£+ N Agu = Agf.

Then the claim follows from the assumption of Agf and the results of
Lemma 1.1 and Lemma 1.2. This completes the proof.

Set u(ro) = w(%a), flro) = g(%a), and 7 = %. Then w satisfies

n n A 1 1
> Ejt;)w = —pAsw—;g =:b(7,0), 7> 0.
By Proposition 2.3 and the assumption on f it is not difficult to see that
b(r,0) is continuous with respect to o € S"~! for a.e. 7> 0. Regarding the
term b(7,0) as the inhomogeneous term, let us consider the linear ordinary
differential equation

d? n.d n oA
(2.25) d72h+(1+27)d7h+(27+T)h_o.

Then by [3, Chapter 3, Theorem 8.1] there are two linearly independent solu-
tions ¢1(7), @2(7) to (2.25) such that

(2.24) Q2w+ (14 -—)0rw+(

(2.26) )
Jim 77T (pr(r), @4(7) = (1,-1),  lim 72 (pa(7), 5 (7)) = (1,0).

Moreover, we can show the asymptotics of 1 such that

(2.27) e1(1) =T T(1+0(r7 1)), 7> 1L
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Although (2.27) seems to be well-known, we give the proof of it in the appendix
for convenience to the reader.

Noting that the Wronskian determinant of ¢; and 2 is given by T Ze T,
we see that w is represented as

(2.28) w(to) =C(1,0)e1(T) + D(1,0)p2(T),

where
Clro) = C(o)— /1753@8802(3)1)(5,0)@,
D(r,0) = D(O‘)+/178368g01(8)b(5,0)d8.

Now we claim that

(2.29) sup |C(7,0)] < o0, lim C(7,0) exists,
T>1,0eSn~1 T
(2.30) lim sup |D(r,0)|=0.

T70 gesn-1

Let p € [0,1) and ¢ be the number and the function stated in Lemma 1.3,
respectively. By the assumption on f and Proposition 2.3 we have

C 7 P
(2.31) b)) < XL s
T
where ¢)(7) = 74~ 4+ ¢)(47) is a positive decreasing function such that @ is

integrable over [1,00), and C is a constant which does not depend on o € S"~ 1.
Thus, by (2.26) each function sz e p;(s)b(s, o) is integrable over [1, 00). Since
we already know that w decays exponentially at 7 — oo, from the fact pa(7) ~
7727 at 7 — o0, we must have lim, .o D(7,0) = 0 for each o € S"~'. Hence
we get

o0

(2.32) D(r,0) = D(o)+ /; s2e%p1(s)b(s,0)ds = —/ s2e%p1(s)b(s, 0)ds,

which implies (2.30) by (2.26) and (2.31). To show (2.29) it suffices to prove
C(0) is continuous in o € S"~1. Let 79 > 1 be the number such that ¢ (1) #
0. Then we have

Clo) = /170 52¢°pa(8)b(s,0)ds + ¢1(10) ! (w(100) — D (10, 7)p2(m0)),

from which we can easily get the continuity of C(o).
Proof of (1.21) in Lemma 1.3. From the above preparations let us establish
the asymptotics (1.21). From (2.28), (2.29), and (2.32), we can write

o0

(2:33) w(r0) = Co(@)r(n) + [ 53 (1(T)eals) — o1(5)pa(r)b(s.0)ds,
where Coo (o) is a continuous function on S™~! given by

Coo(0) = lim C(r,0) = C(o) — /1 " sE e (s)b(s, 0)ds.

T—00
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Then from (2.26) and (2.31) we observe that
[ st (am)enls) =~ or(s)oalr)bls,o)ds
C/ (T———A SH2X,— _i_e—rTA)w(S)ds

S
(2.34) < CT/\e_T/ w(ss)ds, > 1.

IN

In the last line we used the fact that sz2+t? e~ is decreasing at s > 1. Col-
lecting (2.26), (2.27), (2.33), and (2.34), we finally get (1.21). This completes
the proof.

Remark 2.1. If f satisfies (1.20) with g = 0, then by Proposition 2.3 the
function b(7, o) is estimated as

|b(T,0)] < C’(T_1 log 7 + ¢(4T))7’>\_16_T, > 1.
This leads to (1.23) in Remark 1.2 from (2.27) and (2.33).

Remark 2.2. If we can take 1(r) = (1 +7)~! and g = 0 in the assumptions
of Lemma 1.3 and if f satisfies in addition that f € H, é and

|

(2.35) (AZf) (@) < C(L+ [2)MHe 5, zeRY,
for some 0 < p1 < 1, then (1.21) is replaced by
x _ = =2
(2.36) lu(z) — A(m)\ z|Pe } < Olz|P 2 , || > 1.

Indeed, under the above assumptions we can verify the estimate |(Agu)(x)| <

|2
C|LE‘2>‘€7% at || > 1 by applying Lemma 1.3 to the equation —(L +
N (Agu) = Agf. Hence (2.31) is replaced by |b(7,0)| < C7*72e™" in this
case, which leads to (2.36) from (2.27) and (2.33).

2.2. Pointwise lower bounds. In this section we establish the Gaussian
lower bounds for solutions to (1.1) and complete the proofs of Lemma 1.1,
Lemma 1.2, and Lemma 1.3.

2.2.1. Gaussian lower bounds in Lemma 1.1. In this section we prove the
estimate (1.11) when f(z), u(z) > 0 for |x| > Rp. We first note that we
may assume u(z) > 0 for all € R™. Indeed, if u(z) > 0 for |x| > Rp then it
suffices to consider @& = u + 2||u|| L~ xR, instead of u, where xg,, 0 < xr, < 1,
is a smooth cut-off function with xr, = 1if || < Ry and x g, = 0 if |z| > 2Ry.

Let w be a positive and smooth function such that w=! € W2P(R") for all
p € [n,00]. Set M = 2||u||z~ and let 0 < 6 < 1. We consider the function

_ -1 u
(2.37) Us=w log(M +9).

Then by (1.10) and the fact u € H2, the function Us belongs to Wl2’2( )N
WLP(R™) for all p € [n,o00]. From the choice of M and §, the function Us(x)
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is strictly negative in R™. The direct calculation leads to

Vu Vw

VUs = w(u+ M§)  w Us,
Au 2Vw Aw |Vul?
AU; = _ v - AWy, - Vel
Us w(u + MJ) w vUs w Us w(u+ M9)?

Hence U; satisfies the equation

2 A
~AUs = (§+ﬂ+3) VUs+ (== +5- @+B Vs

2 w
uAtg)+f |V
w(u+ Mé)  w(u+ Md)?

By replacing ufj\% = wVUs 4+ UsVw, we have

2V
(238)  —AUs = (5+=——+2UsVw+B)-VUs
A Vu |Vl Vw
LBuyz Vo | w‘U+B s
w 2w w
—w(u+M5) +w|VU5] .

Let p € N with p > n. Multiplying both sides of (2.38) by U;*~" and
integrating over R™, we get

(2p—1) / U2 VU;s 2 da
Rn

2 1A
_ / n +£L' Vw+ |Vl U5+(1—*)7w)U52pdfC
n w p’ w

4p w

1 1 _
/ (= \WP—v-(UNw)JrB-W)U;pda;Jr/ B-VU;U* da
D w

{u\ +3) + f1U !
R w(u + MY6)

dzx + / w| VU 2UP de.

By the integration by parts we see

2p—1 2p 2p+1
[V Ut = 2 | et e,

From Us < 0, u > 0 for € R” and f(x) > 0 for |z| > Ry, we have

2p—1 _
(2p )/ U2V Us[2da
2 Rn
n x Vw |Vuw? 1 |/\| 2
< LA I et Y 5 PG [ UsPdx
- /n( 4p+2 w+ w s+ ( p)w )5
1 Vo, 2Aw B2\ I [FUs2e?
Y Ua +B- YL Py, 4 ——
/ Gl 57 )V wj<ry WM

dx.
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Set w = (K + |x|?) with K > 1, which is determined later. Then we have
for any € > 0,

2 — 1 _
@p-1) )/ U2~V U,|*da
Rn

2
1 2 U2r
< / (E-Vw—w—kA + B-Vuw+ |A|) 5dx
Us<—3—¢ 2 4
1,Vw, 2Aw |B2, 5
+ “|— Us + UZd
/Ua<_411—e (p’ w - 2p+1 ’ 2p ) 5 0F
+C Ufpdx+/ U Us| %~ dx:
Us>—1 e 2| <Ro WMO
1 2 Uz
< / (E-Vw—MJFA +B- Vw+c—+|A|) 5dx
Us<—1_c 2 4 p
e U2+l ol / U de,
Us>—1—e |#|<Ro

where the constant C' depends only on n, |[A||ze, ||B||z=, and ||Us||z. We

take p > n so large that CTK < 5. Then a direct calculation shows that

1 2 C
f—Vw—M—kAw—kB-Vw—k—w—kw
2 4 P
C(K + |z|?
< —elef 4+ 2n+ Bl gl + CETD |y e
€ 19 € 19 .
< S+ 2n 424 | Bloslel + Al <~ o it || > R,

where R > 1 does not depend on ||Us||p~, K, p>> 1, and §. We may assume
that R > Ry. Thus we obtain

(2p—1)
7 o ‘VU§)|2dl‘

2p — 1 _
— 7( p2 )/ U(;Qp 2|VU5\2da;
Rn

1
< ¢ U2y 4 C UFdn + sl [ s,
Us<—1—e, |z|<R Us>—1—e lz|[<R
where C depends only on n, |[|A||ze, || B||L~, and |Us|| 1. By usign the Nash

inequality (2.7) we have

2(n+2) 2p(n+2)

4p
I— n 2 2
Cn sl o™ < ClUsll 2 (1Usx 1<y lI720 + 1UsX (s <4 1750

ie.,

n+2 2 2(n+2) 1
U3 < 0I5 (Co ™ C0)2 (1Usxqai<my e + 1UsX (<t sy l20)

where x4 is the characteristic function on the measurable set A. Taking the
limit p — oo, we have

1
Wsllzee < NUsXqai<ryllzee + 1Usx (v, <1 epllzee < IUsxqui<myllne + 7 +e.
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We recall that R > Ry does not depending on K and J, so if |x| < R then

u(z)

M

inf
mlg<Rr u(z) <e
— =
if K is sufficiently large depending only on R, M, and €. Thus we have

u(x)

\Us(x)| = —(K + |=|*) " log( ](\4) +46) < —K llog

< —K llog

Us(2)] = —(K + [2[2) " log(r" AR +2€
for any € > 0, which implies
1
log(u](\;) +9) > _(Z + 26)(K + |z|%), x € R",
that is,
(2.39) w(z) + M6 > M=K+ 5 c g,

Taking the limit 6 — 0, we get (1.11). This completes the proof of Lemma
1.1.

2.2.2. Gaussian lower bounds in Lemma 1.2. In this section we establish the
estimate (1.17) under the assumption

lim sup |z B(z)| = 0.
R—o00|z>R

By considering @ = u + 2||u|| L~ xR, if necessary as in the previous section,
we may assume u(z) > 0 in R”. Fix v > 0. For any € > 0 we set

))\* Ve~ H'E |m|2

we(z) = pe(jel?) = (1 + |a]

Ue(x) = IZG((;)) :

By Lemma 1.1 we have U, € LY(R") N L>®(R") N W2%(R"). By direct
calculations we have

VU, = U 4 Y
u U
A Aw,
AU, = —=", —2@ VU, + ==
and hence,
x  2Vu n f
—A e — o . € — A = - e_B' €
U (2+ u)VU (+2+U)U VuU,
1 x
—(Aw + = - 0.
u( w +2 Vwe)
Rewriting%:—%—k%,we get
x  2Vw 2 n f
—-A e — S ) - I 62_ = — )Ue B. €
U (2+ o, ) - VU, UEWU| ()\+2—I—u)U+ VU,
_B.VweUe—(Awe_Ff.vuk)Ue_
We We 2 we
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Multiplying U2~ both sides above and integrating over R", we have

(2.40) (2p — 1)/ VU |PU?P~2dx
R’ﬂ
1 Aw, e -
= —/ e —|W|2)Ufpdx—2/ VU [2U2P2dz
p n 4 ’LU€ Rn
A € €
—/ (A+2 +f w+E Vey 112 g,
n 2 2w
—/ B- &Ufpdq: +/ U?P~'B.VU.dx.
n wE R”
Since
Vw, 1+e€ vV— A
= -2
We x( 4 1+ |$|2)’
Awe  (1+e? , n
v 1 || —(§+2)\*—2V)(1+6)
20 —v)(n—142 . —2v+¢€) 4(A—v)(1 =X +Vv)
1+ [af? (1+ [2[*)? ’
we obtain from (2.40),
2p—1 12
2 /Rn |VUP|“dz
1 Aw, e Awe ¢
YT S SNCIPSIES
D Jrn 4 We R® We

B||5 =
+ [ (cu m+””Lﬂ@w+Hmw/ t@m
R® 2p u |z|<Ro

1+26 n CIA\ — v [F]
< —42)\) —v(142¢) + 1 B4 U
< { (5 +22) —v(1+26) + 4 a2 +Clz - B| + 2% JUZPdx
+/ yA—A*Ufpdx+\|f||Loo/ U2Pdy
|z|<Ro
< [ {-gen-a+s Lo myura s - [ vt
+ || U /< Ro

if € > 0 is sufficiently small and p is sufficiently large. From the assumption
on B, there is an R = R(v) > Ry such that

2p—1
/R IVUPPdz < Cl\Uex (jaj<ry | 72p-

2p?
Here the constants C' and R do not depend on p > 1 and € > 0. Hence from
the Nash inequality (2.7), we get
2(n+2)

2(nt+2) 1
1Ue Hsz < Ul (Ca ® Cp) % [Uex{jz1<ryll 20
By taking p — oo we have

1Uellzee < Uex{izj<myllzo-

Since the choice of R does not depend on € > 0, we can pass the limit ¢ — 0 and
||

obtain the L*° bound of (1+|z‘2):€x_)yeiT , which gives (1.17). This completes
the proof of Lemma 1.2.
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2.2.3. Gaussian lower bounds in Lemma 1.3. In this section we prove the sharp
lower bound for solutions to (1.1) and complete the proof of Lemma 1.3. Note
that f is assumed to satisfy

r_l=?
(2.41) [f(@)] < O+ |2[P)A e,
for some p/ > 0. We use the representation of the solution in polar coordinates
stated in Section 2.1.3: u(z) = u(ro) = w(%cr), T = %. Let us recall that by
(2.33) w is written as

o0

(2.42) w(r0) = Cool0)r(7) + / S5 (o1(T)als) — ea()en(5))b(s, 0)ds,

T

where

(2.43) dim m Ty (r) =1, dim 73 Pe(r) = 1,
1 f ; VT
(2.44) b(r,0) = — 585w — f(ro) = f(=-0),

and Cy(0) is a continuous function on S™71.
By Proposition 2.3 we have

T —T
(Asw)(70)] = (Asu)(5 )] € CulL +7) e,
where p € (0,1) is the number in Lemma 1.3. Set
" = min{l — p, '} > 0.

Then, b(7,0) is estimated as

(2.45) lb(r,0)| < CTAH* ~te™T, 7> 1
Combining this with (2.43), we see
(2.46)
/ s2¢*|p1(T)pa(s) — pa(m) 1 ()| |b(s, o)|ds < CTA e, 7> 1,
We claim that
(2.47) Coo := inf Cux(o) > 0.
oesn—1

Indeed, since w is positive for 7 > 1, we have from (2.42), (2.43), and (2.46),

0 < lim 7% w(ro)
T—00

IN

lin 7T (7)Cocl0) + i 7 [ sEelr()gas) — o1 ()65, 0)ds
< Cxlo) + C'Tli_{go T = COx(0). '
Suppose that Cy(0) = 0 for some o € S"~1. Then from (2.42) we have

0 <w(ro) = /OO 52e%(p1(7)a(8)—p1(8)pa(T))b(s,0)ds < CTA e ™, 7> 1,

On the other hand, we have already proved in Lemma 1.2 that u(zx) > C,(1+

|2 Ca I
|z|>)* e~ "1~ for any v > 0, which is a contradiction. Hence Cuo(c) > 0
for each o € S"1. Since Cy(0) is continuous on S"~ !, we conclude that
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inf,cgn-1 Cxo(0) > 0. The claim is proved. From (2.43), (2.46), and (2.47),
we achieve the estimate

w(to) = Cxl(o)er(r) + / s2e*(01(7)pa(s) — 1(s)p2(7))b(s, 0)ds
> COorte™™ (T7A€T¢1(T) - C’T*“*),
which implies w > C%T)‘G_T for 7 > 1. The proof of Lemma 1.3 is completed.

3. POINTWISE ESTIMATES FOR SOLUTIONS TO (1.24)

We are now in position to prove Theorem 1.2. Let u, be the solution to
(1.24), i.e., uqy solves

1
(3.1) —Lug — (14 —)|ua|%a -Vug =0, x e R"
n

Without loss of generality we may assume that a > 0 and thus u,, is strictly
positive. Although we can assume u, € H3 N W2*P(R") with 1 < p < oo and
both u, and Oyu, decay exponentially by Theorem 1.1 and (1.28), below we
start from the regularity condition u, € L% N I/Vl})f (R™) N L*>*(R™), which is
enough to apply the results obtained in the previous section. We first take

i
B =a(l+ L)ug € (L>(R™))" and obtain by Lemma 1.1 that u, € HZ and
(3'2) Céei 1IEII‘2 < Ua(x) < Ceei%‘xla |Vua(:c)] < Ceei%m?a

for any € > 0. Then differentiating both sides of (3.1), we see 0, u,, satisfies

(3.3)
1.1 Oy U 1 1_
— L0y Uuq—(14+=)ul a-V Oy ug— i iu("} lf)x.uaa-Vua, r e R".
J n J 2 n2 J

From (3.2) we have

1_ /
lug 18xjuaa -Vug(x)] < Ce i ol
1

Dyug we

for some € > 0. Thus from Lemma 1.1 with A = § and B = a(1 +
conclude 0, ;u, € H é and satisfies

1—e|z|2
)

VO, ua(z)| < Ce™ 1

for any € > 0. Repeating this arguments, we obtain the estimates for deriva-
tives of the nonlinear term in (1.25) as follows.

Proposition 3.1. Let 8 be any multi-index. Then Ofua € Hg'; and there is
an €y > 0 such that the following estimate holds.

(3.4) 102 (Jual Fua) ()] < Cge= 1212, z € R"

Theorem 1.2 follows from Proposition 3.1 and Lemma 1.3. Indeed, differ-
entiating both sides of (1.24), we observe that ug satisfies

(3.5) (—L — |§|I)8fua = a- PV (|ua| " ua).

Then, noting the pointwise inequality [(Agh)(z)| < C Zlglﬁ/|§2(1+\x|2)|8§f/h(x)],

from Proposition 3.1 we can check that the term f = a - 85V(|ua|%ua) sat-
isfies the assumptions stated in Remark 2.2. Hence (1.29) and (1.30) hold
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by Lemma 1.3 and Remark 2.2 with A = @ This completes the proof of
Theorem 1.2.

4. POINTWISE ESTIMATES FOR SOLUTIONS TO (1.32)

In this section we apply the results in Section 2 to Eq. (1.32) and prove
Theorem 1.3 and Theorem 1.4.
We first show that if 1 < p < Z£2 then a solution u to (1.32) in W1?(R")

belongs to L!(R™) for all 2 < I < oco. It suffices to consider the case n > 3.

From the Sobolev imbedding theorem we have u € L%(R"). As in the
calculations of (2.6), we can obtain

4.1 V(|u|)|*de < — — —)|u|dx + ul?9P g,
@) s [P < [ (= D [
2n

for ¢ = q1 with 2¢1 +p — 1 = 7 (by the assumption of p <

n+2
n—2’

2n,
q1 > 1). Then by the Sobolev inequality (2.5) we have u € LTE(R”). Thus
2n
we have (4.1) with ¢ = g where 2go+p—1 = 2" which gives u € L3 (R™).

n—2"
2nqp41
Repeating this argument, we have u € L™ »-2 (R") where 2g;1+1+p—1 =

We observe that

we have

2nqg
n—2"

(n=2)p-1),, n

_ (n—2)(p-1)
(4.2) qr = {1 - 1 o

k
)"+ 1 .
Since k is arbitrary and 1 — M;ﬁ > 0, we have u € L'(R") for all 2 < [ <

0.
Next we will show that

(4.3) we LXRY),  lm ullpgafzry = 0.

Indeed, we first note that |u(z)[P~'u € L*(R™). Then, since % is in the
resolvent set of £ in L?(R") by (1.6), (—L£ + %)_1(1% + |ulP~1u) makes sense
and belongs to the domain of £ in L?(R") which includes W12(R"). On the
other hand, as in the calculations of (2.6) it is easy to see that the uniqueness
in W12(R™) holds for solutions to —Lu + Zu = f € L*(R") (especially, we
do not need the condition on § - Vu for the uniqueness). Thus we have u =
(=L +5) " (gu), where g = 13 + [ul~".

Then by the Laplace formula we can write

(4.4) u=(-L+ g)*l(gu) = / e~ 2ttt (gu)dt,
0
where e'£ is the semigroup generated by £ which is explicitly represented as
5t o=y :
4.5 L ) (z) = 62,1/ e 4l e2)dy.
(145) N = oy [T Sty

Here a(t) = 1—e™; see [10] for details. Using (4.5), we can show for 1 < ¢ < oo
and R > 0,

(4 6) || tcf” < Ceg(l‘ %) e—{? HfH C@g 1- %)t HfH
. oo T I La n xT .
€ Loo({|z|22R}) = a(t)2 (t)% La({|z|=R})
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Here the constant C' does not depend on R > 0 and f. Indeed, when |z| > 2R

we have
2t _lz—y)? t
(47Ta( ))% /Rn e da(t) f( 2)
o L e s [ e
= T T e Y e ° yez)ay
(4ma(t))2 Jyyi<r (4ma(t)® Jiy=r
R
Ce2te s / _lz—y? ¢ Cest t
< — e S0 [f(yez)|dy + an( ) a{lzl>r
alt)’ WI<R a(t)% ({lz[=R})
n 2 n 1
C’ef(l*%) e~ 5 Ce21=9)!
< 7 [ fllea + 7\\f\\m ({|2|>R})-

[
Q

a(t)? a(t)2
Here we used the Young inequality. Let § < ¢ < oo. Then, recalling that
u € LY(R™) for all 2 <1 < oo, we have from (4.5) and (4.6),

|wll oo (§12)>2R})

1 [e'e)
< / € gull oo {jafz2my) dt + /1 e 2 e gul| oo (fu>2R)) At
2
Ce™ = C
< [ E gl + — S ol
(t) “ a(t)%
_i
+C / Cllgulls + lgulza ey
< Cle v HQUHLq + [lgullr2) + lgull Lagiei=rY) + ll9ull L2(fjo> R} }-

In the above calculations the facts § < ¢ < oo is essentially used. It is not
difficult to see v € L*°(R™). Now (4.3) has been proved.
Proof of Theorem 1.3. Let u be a solution to (1.32) in L2, N WH2(R")

with 9 > 13 — . Set A(z) = 217 — § + [u(@)[P~". Since A € L>(R") and
P p— -2z by (4 3), from Proposition 1.1 (or we can apply [8] when m = 0)
we have u € L2 Then by Lemma 1.1 with A\ = T — 5+ |ulP” 1B =0, and
f=0, we have

(4.7) lu(z)| + |Vu(z)| < Cee” 1P zeRrn,

for all € > 0. Thus by Lemma 1.2 with A = p%l — 2, B=0,and f = |[ulP"lu,
we get (1.35). The estimate for derivatives (1.36) is proved obtained similarly
by differentiating both sides of (1.32). This completes the proof of Theorem
1.3.

Proof of Theorem 1.4. By Theorem 1.3 and Lemma 1.1 with A(z) = zﬁ —

2+ |u(z)[P~! we already have w € HZ N W*P(R™) with 1 < p < oo, and
(4.7) holds for all € > 0. Since 0, u satisfies —(£ + 152 + 1)8x]u = (p—
1)[u[P~10,,u, we have by Lemma 1.1 with A(z) = 152 + ;%1 —(p— 1)|ulp~t
that

IVo,u(z)| < Cee™ 1 1ol

for all € > 0. Hence we see that f = |u[P~lu satisfies the assumptions in
Lemma 1.3 with g = 0 and 9 (r) = e~%" for some dy > 0 if p > 2. Thus by
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Lemma 1.3 and Remark 1.2 with A\ = p%l — 2 and f = |u|P~'u, we obtain the
estimate
(4.8)

;u@)_A('%

This completes the proof of Theorem 1.4.

2 || 2 . || 2
a1 e | < OfJal 1T log(eta) e T, Jal > 1.

Remark 4.1. The author does not know if there is a o9 € S™! such that
A(0og) # 0in general. At least when the solution u € H}, is radially symmetric,
it is already known by [21] that A(c) = A # 0 if w is not trivial. If A(op) # 0
then u is smooth in the set

{z eR" | |z| > 1, |jZ—| € S"!is near o},

since u(z) # 0 in this set and so the nonlinear term |u[P~'u can be shown to
be smooth without any restrictions on p in this set. From this point of view it
seems to be important to find any structures of the set {o € S"~! | A(0) = 0}.
This problem will be also related with the problem whether we can relax the
condition p > 2 in Theorem 1.4 or not, since the information on the points
where u(z) = 0 is important to estimate the second order derivatives of |u|P~1u
(recall that the condition p > 2 comes from the difficulty of the possible
singularity of the second order derivatives of |u|P~1u).

5. POINTWISE ESTIMATES OF SOLUTIONS TO (1.38)

In this section we establish pointwise estimates of solutions to (1.38). To
apply our lemmas we first consider the rescaling

o(x) = v(2 ).

1
1
Then v satisfies
1 w

(5.1) Lo+ 7 (n+ —=)0 = 5P~ 15,

Vk 4\F
where L = —A + |x| — 4. Since L = G_ﬁ(—ﬁ)G%, by setting u = G%f), we
have from (5.1),

1 w

R SUE

(5.2) —Lu+ o|P~?

|o
with 7 = G~ 2u.

Proof of Theorem 1.5. Let u = u1; + v/—1ug where each wu; is real valued.
Since v € L?(R) we see u; € L. Then under the assumptions of Theorem 1.5
we have from Lemma 1.1 with A = —%(n + ﬁ) + ﬁmp_l € L>(R"),

(5.3) i (z)] + [Vui(z)] < cee—lflmli z €R",

for all € > 0. This leads to |v(z)| < Ce™ T and so A, = —3(n+ ). Hence

Ve
by Lemma 1.2 with A = —%(n + ﬁ> + m]v\p L we get

n w :I:2
[u@)] < C{(1+ o) "4 7 log(e + o)},
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which gives (1.42) by the relation v(z) = (Gféu)(%:i:v). By differentiating
both sides of (5.2) we also get the estimate

2
\

V()] < C{A + |2?) T ~3v% log(e + |z]?)}e .

This yields (1.43). The proof of Theorem 1.5 is completed.
Proof of Theorem 1.6. By differentiating both sides of (5.2) and by applying
Lemma 1.1 we get

176|‘,L,|2
)

|VOyui(z)| < Cee™ 4 z € R",

for all € > 0. Hence if p > 2 then the term f = |0|P~ u; = G_%(u%—i—u%)%uz
satisfies the assumption of Lemma 1.3. Thus from Lemma 1.3 with A =

—(n+ %) + ﬁ and f = [0|P~u; = GJ)T_I(U% + u%)p%ul, we have

n w $2 n w x2
(5.4) |ui(m)_Ai(|i|)’fU|2m€_l4l| < C{lz| 272w 210g(e+|x\2)}6_%,

for |z| > 1. This implies (1.44) again by v(z) = (Gféu)(%'ix), which com-
pletes the proof of Theorem 1.6.

Remark 5.1. As in the case of (1.32) the author does not know whether
there is a 09 € S"~! such that A(og) # 0 or not, in general. When a solution
u € X is positive (in this case v must be radially symmetric by Li-Ni [19]) it
is already known that A > 0 by [13, 14].

6. APPENDIX

6.1. Proof of Proposition 1.1. We prove Proposition 1.1 by using the idea
of [8]. Let ™ > 2 4 A\, + 1B2 and let u € L2, N W2 (R™) satisfy (1.3). Tt
is not difficult to check that we can take R — oo in (2.3) with p = 1 and
w = (14 |z[?)™% when f € L}. Thus we may assume that Op,u € L2, for
each j. We first show that e_%mgu(x) € L%(R") for all € > 0. Motivated by
[8], for k> 1,e¢>0,1>1, and 0 € [0,m], we set

(1—)k|z|? 1

(6.1) Pre(x) =€ #l= 0 G g() (1 +[a]?)”.

R

Then we can take ¢ = (; gpicu in (1.3) and we have
1
/ CLopr,e| Vul*dz + / uVu - V((,0pk,e)dx + i / [ul?z - V(Copk,e)dx

n
= Copr,cubB - Vudr + / CLopke( A+ Z)|U|2d:v + / G0k fudz.
R» R» R»

Since

6 1 8(1 — e)kakyex

Vao =2 T VT @ e
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we have for n; > 0,

/ uNVu - V(Copk,e)dx

0 1 8(1 — 6)]{2Q 0Pk.c

2 ) 9

= Y - Pk.e rdr + -Vud
/n "LL‘ Xz {(1 ’113‘2 l ‘ ’2)Cl79 k, } X /n ( L ‘ |2)2 uxr uax

4 1 2(1 — €)kCopke

> 2 . _ e d _ ) ) d

> /]R" |u|“x V{(l R Ty ‘xP)Q,ePk, }da /]R" T+ Jaf? |uz||Vu|dx
k210 pr.e| zul? CClopk,e CL,0Pk e 9

> — 1 _ 0 ’ ’ d . ) ) . ) ) d

z —8(—¢) /R 4k + |22)2(1 + |22) " / (T FEREAA Y |x|2>)|“| v

1-— 6)2 k%G 0Pk ux\Q
_ 1 _ . 2d _ ( / s J€ d
( 771)/]Rn C.0Pk.e| Vu|“dz T Jan @k 1 222 z,
and

4

1 2, 0 1 k2o pk.c|lzul®
- . - de +2(1 — DALk T g
Q/Rn Gopreleul (o om — o)+ 2 6)/,,, 4k 1 |22z

Here the constant C' > 0 does not depend on [, k, and e. Set ¢p = (1 + |z|?)°.
We observe that we can take the limit [ — oo in each term above by the
Lebesgue convergence theorem, and obtain for 72,13 > 0,

1
! / e - V(Copr)dz

(6.2)
9 (1-— e)kQCka7€|a:u|2 1—2n +e€ 86
— B d — d
n ”2)/Rn Cokel V2 “/Rn TR T e P e
C n |BJ? 0. . 1 / )
< (s A+ — + - 5)|uldr + — el flda.
= L. Copr, (1+|x‘2 tA+ T 1, +m3 2)!u\ $+4n3 o Copk.el fI7dx

Now we take 7y = 72 = 5 and § = m in (6.2). Then, since 2 > 2+ \,+1 B2
there is an R > 0 independent of k£ > 1 such that if n3 > 0 is sufficiently small,
then we have
rul?

k2€9pk:e
1—c¢ e/ ————dr < C e
( ) . (4k—l— ’x‘g)g el<R CBpk,

1

wPot o [ Gl P,
13 JRrn

where C' is independent of k > 1. Hence by the Fatou lemma we get

(1-— e)e/ (1+ x|2)me%|z|2\xu|2dm

1 e
< C(R) / [ulde + — / (14 z)me 71| f2de,
|z|<R 4ns Jrn

which gives e%lx‘gu(x) € L*(R") for all € > 0. Next we take g = §, n2 = %,

n3 = 1, and # = 0 in (6.2). Then by the Lebesgue convergence theorem we
have

1 —e 1-— —e
8/n€14 $|2’VU‘2dx+246/Rn614 |x|2‘$U|2d:L'

—€ 1 —€
< C eleQIU\de + / elTlxlz\f\zd:ra
R’I’L 4 RTL
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where C' does not depend on € > 0. This inequality yields that

1 —e 1-— —c
8/n€14 ‘x|2]Vu\2da:—|— 486/Rnel4 |x|2\xu|2dx

< C el4_€|m|2|u|2d:v+1/ e 71| f 2,
for some R’ > 0 independent of ¢ > 0. Taking the limit ¢ — 0, we obtain
u € H é The proof is now completed.

6.2. Asymptotic behavior of ¢;. Here we give the proof of (2.27), which
is based on the arguments of Brezis-Peletier-Terman [2]. For simplicity of
notations we write #'(7) = “Lh(7) and h'(r) = %h(ﬂ. Note that by (2.26)
we already have

Set
E(1) = 7(¢1(7) + (7))
Then by the I’'Hopital rule, we have

Br) _ . B@) _ . (1= DEO+a0) - A
= A

Next set
F(r) = 7(E(T) + Apa(7))
Then again by the I’Hopital rule, we see

im 20 gy, £
oo pi(r) T e ()
— i EO () (BT + A (7))
e ©1(7) T—00 ()
_ o O M@)o @)+ eun) el
ST am A UV TTOm T g
P L (o 5)(@1(7) - ©1(7)) = Ap(7)
2 oo ©1(7)
= 2 -A1- TN =A(G -3+,

By the definitions of E and F' we get

4 A AME -3+ 1
@1(7):_1_7+ (5 + )"’0()7 P>,
v1(7) T T2

which yields for p > 7> 1,

5e™ 1 (10) = 7_—/\67'()01(T)e{/\(%*3+)\)+o(1)}(%f%)'

Tending 79 — oo, since the left-hand side of the equality converges to 1, we
finally obtain

Arn
o1(7) = e e 7Lz 3 Ao} 7> 1

This completes the proof.
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