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1 ��	O�¸�”�»�‹

��	O�¸�”�»�‹�w�7	s�w�æ���x Euler [E] �p�K�”�U�|�f�\�p�{�˜�•�o�M�”�w�x�®
��^ 2� �̄q�M
�O�›���s	Ô�ù�p�K�l�h�}�Ž�<�p���[�b�”�‘�O�s�°
`�w
��^�w��	O�¸�”�»�‹�›	s�Š�o�{�l�h�w�x
Hoffman [H1], �f�`�o�f�•�U�7�‘�s
:�¶�q���È�b�”�\�q�›	s�Š�t	{�M�h�w�x Zagier [Z0, Z1]

�p�K�”�}�q�X�t Zagier [Z1] �w�è�¹�x�G�V�X�|��	O�¸�”�»�‹�����p�x�7�‹�‘�X�¾�;�^�•�”�æ
���p�K�–�O�}

1.1 �ƒ
:�t�‘�”���[�q�M�X�m�T�w�é�.�$�s�‹

��	O�¸�”�»�‹�x�Í�w�‘�O�t��	O�ƒ
:�p���[�b�”�w�U�°
`�$�p�K�”�}

���[ 1.1.1 (��	O�¸�”�»�‹ , multiple zeta value) 
Y�w
T
: k1, k2, . . . , kn ≥ 1, �h�i�` k1 ≥
2�|�t�0�`�o , ��	O�¸�”�»�‹ ζ(k1, k2, . . . , kn) �›�Í�w�ƒ
:�p���Š�” : �y

ζ(k1, k2, . . . , kn) :=
∑

m1>m2>···>mn>0

1

mk1
1 m

k2
2 · · ·mkn

n(
=

∞∑
µ1=1

· · ·
∞∑

µn=1

1

(µ1 + · · ·+ µn)k1 · · · (µn−1 + µn)kn−1µkn
n

)
.

�\�\�p , k := k1 + k2 + · · · + kn �›��	O�¸�”�»�‹ ζ(k1, k2, . . . , kn) �w	O�^ (weight), n �›
��^
(depth) �q�M�O. �¢�™�p�_�” ζ(2, 1) = ζ(3) �U�Ô�b�‘�O�t�|	O�^�•
��^�x� �ï�Ã�¿�«�µ�w	B�ù
(k1, k2, . . . , kn) �t�0�`�o���‡�”�‹�w�q�t�l�o�S�M�h�M�U���•�U�s�M�U�|�Ž�<�p�x�›�t�Ø�W�x

\�a�s�M�w�p�|�K�‡�“
��&�í�t�s�’�s�M�p�S�X�}�£

	O�^�w	–�^�M��	O�¸�”�»�‹�›
¯�t�`�o�S�X .

wt = 2 wt = 3 wt = 4 wt = 5

dep = 1 ζ(2) ζ(3) ζ(4) ζ(5)

dep = 2 ζ(2, 1) ζ(3, 1), ζ(2, 2) ζ(4, 1), ζ(3, 2), ζ(2, 3)

dep = 3 ζ(2, 1, 1) ζ(3, 1, 1), ζ(2, 2, 1), ζ(2, 1, 2)

dep = 4 ζ(2, 1, 1, 1)

��	6�ð�J 1 	O�^�U k �w��	O�¸�”�»�‹ ( �w� �ï�Ã�¿�«�µ	B�ù ) �x�M�X�m�K�”�T . �‡�h�|	O�^�U
k, 
��^�U n �w��	O�¸�”�»�‹�x�M�X�m�K�”�T .

�x�a�Š�t�\�w�ƒ
:�w	)���t�m�M�o , 	—�`�°
`�t , � �ï�Ã�¿�«�µ�w�7	s�w k1 �›�!
: s �t�`�h
��
:

ζ(s, k2, . . . , kn) :=
∑

m1>m2>···>mn>0

1

ms
1m

k2
2 · · ·mkn

n

�w	)��
Q�w���p	\�‚�o�S�X .

�4�J 1.1.2 Re(s) > 1 �s�’�y ζ(s, k2, . . . , kn) �x
ˆ�0	)���b�” .

1



	Â�Ì ) Re(s) = σ �q�S�X�}
Æ�s�Ü∣∣∣∣ 1

ms
1m

k2
2 · · ·mkn

n

∣∣∣∣ ≤ 1

mσ
1m2 · · ·mn

�‘�“�|�ƒ
:

ζ(σ, 1, . . . , 1︸ ︷︷ ︸
n−1

) =
∑

m1>m2>···>mn>0

1

mσ
1m2 · · ·mn

=
∞∑

m1=n

A(m1)

m1
σ
,

�h�i�`

A(m) =
∑

m>m2>···>mn>0

1

m2 · · ·mn

,

�w	)���›�t�Q�y�‘�M�}�\�\�p

A(m) ≤
m∑

m2,...mn=1

1

m2 · · ·mn

=

(
m∑

r=1

1

r

)n−1

�p�K�l�o , �‘�X�Œ�’�•�h�Ð�è�ƒ
:�w
°�A (�™�p�‹	Z�o�X�” ) �‘�“�Ú�™�w ε > 0 �t�0�`�K�” (m

�t�‘�’�s�M ) 
Y��
: Cε �U���O�`
m∑

r=1

1

r
< Cεm

ε

�q�s�”�w�p ,

A(m) ≤ Cn−1
ε m(n−1)ε.

�‘�l�o

ζ(σ, 1, . . . , 1︸ ︷︷ ︸
n−1

) ≤ Cn−1
ε

∞∑
m1=n

m
(n−1)ε
1

m1
σ

= Cn−1
ε

∞∑
m1=n

1

m
σ−(n−1)ε
1

.

�>���‘�“ σ > 1 �p�K�l�o , n �x�{���^�•�h�×
µ
:�s�w�p , ε �›	G
ü	–�^�X�q�”�\�q�t�‘�“
σ − (n− 1)ε > 1 �q�p�V�” . �\�w�q�V�È�%�w�ƒ
:�x	)���b�”�w�p , �4�J�x�Ô�^�•�h .

�«�™ 1.1.3 �°
`�t�|�b�‚�o�w ki (i = 1, 2, . . . , n) �›
ó
É�!
: si (i = 1, 2, . . . , n) �t�`�h��
:

ζ(s1, . . . , sn) :=
∑

m1>m2>···>mn>0

1

ms1
1 m

s2
2 · · ·msn

n

�›�ß�Q�”�\�q�U	Z�R�”�U�|�\�•�x	3�• –�Ð	Í –�i
’ [AET] ���t�‘�“ Cn 	Í�w���g����
:�t�r

s
€���^�•�”�\�q�U�Ô�^�•�o�M�”�} �È�%�w�ƒ
:�w
ˆ�0	)���¬�x

{(s1, . . . , sn) ∈ Cn | <(s1) > 1,<(s1 + s2) > 2, . . . ,<(s1 + · · ·+ sn) > n}

�p�K�”�}�\�w	Â�Ì�x	¦�Š [Mat] �t�K�”�}
�‡�h�| 1 �!
:�w ζ(s, k2, . . . , kn) �t�m�M�o�x�|�›�t s = 1 �p�w�Ã�w�•
:�•	��A
æ�t�m�M�o�|
§1.4.9 �t�S�M�o�®
Y�F�=�¯�q�w�����›	\�‚�”�}


��^ 1 �w��	O�¸�”�»�‹�x Riemann �¸�”�»��
:�w
T
:�:�p�w�‹�t���s�’�s�M . 
��^ 1 �p	O
�^�U�î
:�w	Ô�ù , Euler �t�‘�”�Í�w�¬�Ü�x���Ê�p�K�” .
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���g 1.1.4 (Euler, 1735 �� ) �×
µ
: k ≥ 1 �t�0�`�o ,

(1) ζ(2k) = −1

2

B2k

(2k)!
(2πi)2k

(
=

(−1)k−1

2

B2k

(2k)!
(2π)2k =

|B2k|
2

(2π)2k

(2k)!

)
.

�\�\�p , B2k �x Bernoulli 
:�p�K�” :

∞∑
m=0

Bm
tm

m!
=

tet

et − 1
.

( Bernoulli 
:�t�m�M�o�x [AIK] �›�€	°�w�\�q ).

�x�a�Š�w�M�X�m�T�›�«�q�`�o�K�[�”�q ,

B2 =
1

6
, B4 = − 1

30
, B6 =

1

42
, B8 = − 1

30
, B10 =

5

66
, B12 = − 691

2730
, B14 =

7

6
, . . .

�p�K�l�o (B0 = 1, B1 = 1/2, 3 �Ž	Í�w�-
: m �t�m�M�o�x Bm = 0),

ζ(2) =
π2

6
, ζ(4) =

π4

90
, ζ(6) =

π6

945
, ζ(8) =

π8

9450
, ζ(10) =

π10

93555
,

ζ(12) =
691π12

638512875
, ζ(14) =

2π14

18243225
, . . .

��	6�ð�J 2 	Í�w ζ(2k) �w�‹�p , 
ü�<�t 10 �w�‚�V�t�Ù�M
:�U�è�q�m�g���›�ß�Q�‘ .

Euler �w�¬�Ü�w�‘�X�K�”	Â�Ì�x�Í�w�‘�O�s�‹�w�p�K�” . sin x �w�Á�v
u�2�‰

(2) sinπx = πx
∞∏

m=1

(
1− x2

m2

)
�T�’	Z
C�` , �†�%�w�0
:
•
ü�›�q�”�q ,

π
cos πx

sin πx
=

1

x
+

∞∑
m=1

−2x/m2

1− x2/m2
.

�\�•�x cotx �w
æ
ü
ü
:�2�‰�p�K�“ , �\�•�›	Z
C�:�t�q�l�o�‹�‘�M (�î�M�x sin x �w�Á�v
u�›
cotx �w
æ
ü
ü
:�2�‰�T�’	Â�Ì�b�”�\�q�U���M�U ). |x| < 1 �w�q�V , �è�w�¤�›�s
z�ƒ
:�t�2�‰
�` , �Ë	O�ƒ
:�w
ˆ�0	)��
Q�T�’�è�w	q	‚�U�¦�õ�p�V�”�\�q�‘�“ ,

πx
cosπx

sinπx
= 1− 2

∞∑
m=1

∞∑
k=1

(
x2

m2

)k

= 1− 2
∞∑

k=1

(
∞∑

m=1

1

m2k

)
x2k = 1− 2

∞∑
k=1

ζ(2k)x2k.

�°�M ,

πx
cosπx

sinπx
= πx

(eiπx + e−iπx)/2

(eiπx − e−iπx)/2i
= πix

eiπx + e−iπx

eiπx − e−iπx
= πix

e2πix + 1

e2πix − 1

= πix
2e2πix − e2πix + 1

e2πix − 1
=

2πixe2πix

e2πix − 1
− πix

=
∞∑

m=0

Bm
(2πix)m

m!
− πix

�q�s�”�w�p , �\�w�†�Ü�w x2k �w��
:�›
z�‚�”�q�‘�M .

�Í�w�‹�x sin x �w�Á�v
u�2�‰ (2) �T�’�Ú�j�t�˜�’�•�” .
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�Ë�J 1.1.5 �×
µ
: n ≥ 1 �t�0�`�o , �Í�U
R�“�q�m .

(3) ζ(2, 2, . . . , 2︸ ︷︷ ︸
n �x

) =
π2n

(2n+ 1)!
.

	Â�Ì ) (2) �w�Á�v
u�›�f�w�‡�‡�2�‰�b�”�q��
:�t ζ(2, 2, . . . , 2) �U�K�’�˜�•�” :

sin πx

πx
=

∞∏
m=1

(
1− x2

m2

)
=

(
1− x2

12

)(
1− x2

22

)(
1− x2

32

)
· · ·

= 1−

(
∞∑

m=1

1

m2

)
x2 +

( ∑
m1>m2>0

1

m2
1m

2
2

)
x4 −

( ∑
m1>m2>m3>0

1

m2
1m

2
2m

2
3

)
x6 + · · ·

= 1 +
∞∑

n=1

(−1)nζ(2, 2, . . . , 2︸ ︷︷ ︸
n �x

)x2n.

�°�M , Taylor �2�‰

sin x =
∞∑

n=0

(−1)n x2n+1

(2n+ 1)!
= x− x3

3!
+
x5

5!
− · · ·

�T�’

sinπx

πx
=

∞∑
n=0

(−1)n π2n

(2n+ 1)!
x2n .

��
:�›
z�±�b�”�q�Ë�J�w�Ü�U�˜�’�•�” .

�™�p, Euler �w ζ(2k) �w�¬�Ü�w , �\�w�Ë�J�›�–�O�°
G�!�˜�l�h	Â�Ì�›�)�Q�” .

���t�é�.�$�t�‹�U
ü�T�”��	O�¸�”�»�‹�q�`�o ,

? ζ(2k, 2k, . . . , 2k︸ ︷︷ ︸
n �x

) = (���g
: )× π2kn,

? (Borwein-Bradley-Broadhurst-Lisoněk[BBBL]),

ζ(3, 1, 3, 1, . . . , 3, 1︸ ︷︷ ︸
2n �x

) =
2π4n

(4n+ 2)!
,

? ζ(k, 1, 1, . . . , 1) = (Riemann �¸�”�»�‹�a�w���ò�Ü ), (k ≥ 2)

�s�r�U�K�” . �\�w�O�j�•�Š�w�‹�w�x��	6�ð�J 5, �Ë�m�è�w�¬�Ü�¢�x�a�Š Zagier �U�'
Ý�`�h�£
�x Broadhurst �w	Â�Ì�›���›�=�`�h Zagier �w	Â�Ì�w�“�t�›�Í
…�w��	6�ð�J 6 �q�`�o�Ö�•�h .

�7�™�w�‹�w�x�®�‹�U�˜�T�l�h� �̄q�x�t�Q�s�M�T�‹�Œ�•�s�M�U�|�‘�“	Ä�`�X�x §1.4.5 �¤�›�€	° .

�‡�h�o� �w�‹�p�x�s�M�U�|�Ë�m�è�w�¬�Ü�w�°
`�=�q�`�o
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? (Bowman-Bradley[BowB], 	+�> [Mu1])∑
j0+j1+···+j2n=m

ζ({2}j0 , 3, {2}j1 , 1, {2}j2 , . . . , 3, {2}j2n−1 , 1, {2}j2n)

=

(
m+ 2n

m

)
π2m+4n

(2n+ 1)(2m+ 4n+ 1)!
,

�h�i�`�| {2}i �q�x 2 �U i �x���œ�i�‹�w , �s�r�‹�K�”�}

�Ž�<
•�’ , ��	O�¸�”�»�‹�w���t
R�“�q�m�����Ü�t�m�M�o�æ�a�” . �«�Q�y ,

�« 1.1.6 (Euler[E]) �×
µ
: k ≥ 3 �t�0�`�o ,

(4)
k−1∑
i=2

ζ(i, k − i) = ζ(k).

�\�•�x�®�è�¬�Ü (sum formula)�¯�q�z�y�•�”�����Ü�w�›���s	Ô�ù�p�K�” . �°
`�w�è�¬�Ü�w	Â
�Ì�›�™�p�)�Q�”�U , �\�\�p�x�°
j�›���s	Ô�ù , �b�s�˜�j k = 3 �q�`�o�˜�’�•�”

ζ(2, 1) = ζ(3)

�w���o�p�¼�ˆ�s	Â�Ì�›�)�Q�‘�O . �‡�c ,

ζ(2, 1) + ζ(3) =
∑

m≥n>0

1

m2n
=

∞∑
m=1

(
m∑

n=1

1

n

)
1

m2
=

∞∑
m=1

∞∑
n=1

(
1

n
− 1

m+ n

)
1

m2
.

�\�\�p ,(
1

n
− 1

m+ n

)
1

m2
=

1

mn(m+ n)
=

m+ n

mn(m+ n)2
=

1

n(m+ n)2
+

1

m(m+ n)2

�p�K�”�w�p ,

ζ(2, 1) + ζ(3) =
∞∑

m,n=1

(
1

n(m+ n)2
+

1

m(m+ n)2

)
= 2ζ(2, 1).

�‘�l�o ζ(2, 1) = ζ(3) �›�˜�” .

�\�w�s�Ü ζ(2, 1) = ζ(3) �w���7�s	Â�Ì�q�°
`�=�t�m�M�o�x [BorB] �q�M�O�Ø
(�M�¡�ˆ
ú�U
�K�”�}

��	6�ð�J 3 ∗ ζ(k − 1, 1) + ζ(k) �T�’	Z
C�` , �‰�7�w�-�‰�O�›���“�&�b�\�q�p�����Ü (4) �›
�‹�Z .

�\�\�p , ��	O�¸�”�»�‹�p�Á�’�•�” Q 	Í�w�Õ�«�Ä�ç�í���›�‹�Ö�b�” .

∗�ª�j�H� �à���w�­�Ô�t�‘�” .
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���[ 1.1.7 ���g
:�. Q 	Í�w�Õ�«�Ä�ç�í�� Zk (k = 0, 1, 2, . . .) �› ,

Z0 = Q, Z1 = {0},
Zk =

∑
k−1≥n≥1

k1,...,kn≥1,k1≥2
k1+···+kn=k

Q · ζ(k1, . . . , kn) (k ≥ 2)

�p���[�b�” . �b�s�˜�j , 	O�^�U k �w��	O�¸�”�»�‹
¶�o�t�‘�l�o Q 	Í
\
R�^�•�” R �w
æ
ü Q

�Õ�«�Ä�ç�í���› Zk �q�b�”�w�p�K�” . 	O�^�U 1 �w��	O�¸�”�»�‹�x�s�M�T�’ Z1 = {0} �q�` , �(
�S	Í Z0 = Q �q�`�o�M�” . �Ë�t��	O�¸�”�»�‹
¶�o�U
\
R�b�”�í���› Z �q�b�” :

Z =
∞∑

k=0

Zk.

�« 1.1.8 	O�^ 2 �x ζ(2) �U�K�”�i�Z�s�w�p Z2 = Q · ζ(2) (1 �Í�i ) �p�K�” . �‡�h	Í�t	Â�Ì�`�h
�‘�O�t ζ(2, 1) = ζ(3) �s�w�p Z3 = Q · ζ(2, 1) +Q · ζ(3) = Q · ζ(3) (1 �Í�i ) �q�s�” . Z4 �U ζ(4)

�p�Á�’�•�” 1 �Í�i�í���p�K�”�\�q�›�™�p�Ô�b . k ≥ 5 �p�Í�i�U�¬���`�o�M�” Zk �x�s�M .

Zk �w�Í�i�t�m�M�o�x�Í�w�¶�`�M�'
Ý�U�K�” . 
:�» dk (k = 0, 1, 2, . . .) �› , 
´�=�$�t

d0 = 1, d1 = 0, d2 = 1, dk = dk−2 + dk−3 (k ≥ 3)

�p���Š�”�q�V ,

�'
Ý (Zagier �� [Z1]) dimQZk = dk �p�K�–�O .

�'
Ý�Í�i dk �q , 	O�^ k �w� �ï�Ã�¿�«�µ�w�x
:�p�K�” 2k−2 �w
¯�›�K�[�o�S�X .

k 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

dk 1 0 1 1 1 2 2 3 4 5 7 9 12 16 21 28

2k−2 − − 1 2 4 8 16 32 64 128 256 512 1024 2048 4096 8192

��	6�ð�J 4 dk �w
´�Ù�$�s�G�V�^�›�{�Š�‘ .

�\�w�'
Ý�t�m�M�o�7�Ù�w�>���$�s�A�L�x�Í�w���g�p�K�”�U , �f�‘�x�f�w	Â�Ì�•
�� �t�m�M
�o� �”�ó�—�›�Ë�h�s�M�w�p�A�L�›	\�‚�”�t�y�Š�” .

���g 1.1.9 (Goncharov[Go], �É�� [Te], Deligne-Goncharov[DG]) 
Æ�s�Ü

dimQZk ≤ dk

�U
R�“�q�m .

�«�™ 1.1.10 Q-�Õ�«�Ä�ç�í�� Z �x�Á�v�Í�i�p�K�” . �\�•�x

? π2k ∈ Z2k (Euler) �q π �w�Ò�ý
Q (Lindemann), �‡�h�x

? Rivoal [Ri] �t�‘�” , ζ(3), ζ(5), ζ(7), . . . �w�¤�t Q 	Í� �q�s�‹�w�U�Á�v�x�K�”�\�q
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�‘�“�˜�T�” . �‡�h , Z =
⊕∞

k=0Zk �¢�Ú�è�£�q	ô�a�’�•�o�M�” . ( �`�T�`�\�•�U	Â�Ì�^�•�”�_
���ˆ�x���w�q�\�–�s�M�q�¥�˜�•�”�w�p , Z �›�x�a�Š�T�’�È�%�w���Ü�$�s�Ú�è�q�`�o���[�b�”
�w�U�q�î�$�p�x�K�” . 	—�s�X�q�‹�q�O�‡�p�|�Ÿ�s�”	O�^�›�Ë�m��	O�¸�”�»�‹�w���t
R�“�q�m

¢�������Ü�x�_�m�T�l�o�M�s�M�} )

�î�x�Õ�«�Ä�ç�í�� Z �x
u�t�m�M�o���a�o�M�” . �w�ˆ�s�’�c Z �t�x , �Š
…�q�Í
…�t	\�‚�”
�™�¯�p , �®�Ë�è�“�w
u�w�Ï���¯�U�Ö�“ , �f�w�\�q�U��	O�¸�”�»�‹�w���w�[
Ë�s�����Ü�›
\�ˆ
	Z�b .

�Ë�J 1.1.11 Z �x Q-�E
:�p�K�” . �‡�h Zk1 · Zk2 ⊂ Zk1+k2 �U
R�“�q�m .

	Â�Ì ) �Ë�m�w��	O�¸�”�»�‹�w
u�U Z �t�Ö�”�\�q�x , ���[�ƒ
:�w
u�t�q�•�”�è�w
c�“�›�&�p
�t
ü�Â�b�”�\�q�t�‘�l�o�¬�T�Š�’�•�” . �«�Q�y , Riemann �¸�”�»�‹�w
u�x ,

ζ(p)ζ(q) =

(∑
m>0

1

mp

)(∑
n>0

1

nq

)
=
∑

m,n>0

1

mpnq

=

( ∑
m>n>0

+
∑

n>m>0

+
∑

m=n>0

)
1

mpnq

= ζ(p, q) + ζ(q, p) + ζ(p+ q)

�q�s�” . �Ë�t�È�%�w�¤�ò�w	O�^�U�(�%�w�f�•�g�•�w	O�^�w�è�p�K�”�\�q�‹
ü�T�” . �‡�h , 
�
�^�U 1 �q 2 �w�¸�”�»�‹�w
u�x

ζ(p)ζ(q, r) =

(∑
l>0

1

lp

)( ∑
m>n>0

1

mqnr

)
=
∑
l>0

m>n>0

1

lpmqnr

=

( ∑
l>m>n>0

+
∑

m>l>n>0

+
∑

m>n>l>0

+
∑

l=m>n>0

+
∑

m>l=n>0

)
1

lpmqnr

= ζ(p, q, r) + ζ(q, p, r) + ζ(q, r, p) + ζ(p+ q, r) + ζ(q, p+ r)

�q�s�“ , �•�x�“	O�^�U�f�•�g�•�w	O�^�w�è�t�s�”�‘�O�s��	O�¸�”�»�‹�w�è�q�`�o
¯�b�\�q�U
�p�V�” . �‰�7�w�“�M�p
��^�U 2 �q 2 �w�¸�”�»�‹�w
u�›�-�‰�b�”�q 13 �x�w�¸�”�»�‹�w�è�q�`
�o
¯�^�•�” . �°
`�w	Ô�ù�›�Ü�p	\�‚�”�w�x�ý�p�p�K�”�U , �A�x , �è�w
c�“�q�`�o�f�•�g�•� �q
�t�G	–	q	‚�w�m�M�h�×
µ
:�w
Ê�›�˜�h�”�‹�w�U
Ê�ˆ�ù�˜�^�l�h�q�V , �f�•�U
¶�.�q�`�o�w�G
	–	q	‚�w�D�ó
Q�b�‚�o�t�˜�h�” , �“�M�t�¦�˜�’�s�M�ù���q�`�o	{�Z�o , �¤�‘�w�ò�U�°�m�w��
	O�¸�”�»�‹�›�)�Q�”�w�p�K�” . �f�w�q�V , �‹�U�s�`�X�s�”�q�\�–�p�x
��^�U�<�U�”�\�q�t�«
�™�b�” .

�H 1.4.2 
…�p�\�w
u�¢�®�Ð�è
u�¯�q�‘�•�£�w�F���›�E
:�$�t���Ü�=�b�” . �°
`�t�|
��^�U
m �q n �w�¸�”�»�‹�w
u�›�\�w�•�“�M�p�-�‰�b�”�q�V�t�q�•�”�ò�w
: D(m,n) �x Delannoy

number �q�z�y�•�”
:�t�s�”�}�\�•�x�<��
:
¯�G�p∑
n,m>0

D(m,n)XmY n =
1

1−X − Y −XY

7



�p���[�^�•�”
:�p�K�”�}
´�=�Ü�p�)�Q�”�s�’

D(m,n) = D(m− 1, n) +D(m,n− 1) +D(m− 1, n− 1),

(D(1, 1) = 3, D(1, 2) = D(2, 1) = 5)

�p�K�”�} 1.4.2 
…�p	\�‚�”�|	Í�G�w
u�w�F���w
´�=�$�s���Ü�=�U�¸�S�\�•�t�0� �`�o�M�”�\
�q�U�_�o	��•�”�p�K�–�O�}

�\�\�p , �\�w
u�›�–�l�o , ζ(2, 2, . . . , 2︸ ︷︷ ︸
n �x

) �w�‹ (3) �T�’ Euler �w�¬�Ü (1) �›�‹�M�o�ˆ�‘�O .

�‡�c ζ(2)2 = 2ζ(2, 2) + ζ(4) �‘�“

ζ(4) = ζ(2)2 − 2ζ(2, 2) =

(
π2

6

)2

− 2 · π
4

120
=
π4

90

�q ζ(4) �U�{�‡�” . �Í�t ,

ζ(2)ζ(2, 2) = 3ζ(2, 2, 2) + ζ(4, 2) + ζ(2, 4),

ζ(4)ζ(2) = ζ(2, 4) + ζ(4, 2) + ζ(6)

�s�w�p , �†�Ü�w�)�›�q�”�q ζ(4, 2) + ζ(2, 4) �U	«�Q�o

ζ(6) = ζ(2)ζ(4)− ζ(2)ζ(2, 2) + 3ζ(2, 2, 2)

=
π2

6
· π

4

90
− π2

6
· π

4

120
+ 3 · π6

5040
=

π6

945

�q ζ(6) �U�{�‡�” . �°
`�w ζ(2n) �t�0�`�o�‹ n ≥ 2 �t�0�`�o ,

ζ(2)ζ(2, 2, . . . , 2︸ ︷︷ ︸
n−1 �x

) = nζ(2, 2, . . . , 2︸ ︷︷ ︸
n �x

) +
n−1∑
i=1

ζ(2, . . . , 2, 4
∧

i 
j�è

, 2, . . . , 2),

ζ(4)ζ(2, 2, . . . , 2︸ ︷︷ ︸
n−2 �x

) =
n−1∑
i=1

ζ(2, . . . , 2, 4
∧

i 
j�è

, 2, . . . , 2) +
n−2∑
i=1

ζ(2, . . . , 2, 6
∧

i 
j�è

, 2, . . . , 2),

. . . . . . . . .

. . . . . . . . .

ζ(2n− 2)ζ(2) = ζ(2n− 2, 2) + ζ(2, 2n− 2) + ζ(2n).

�\�•�’�w�%�‘�›�¦�E�$�t�C�Q�”�q ,

(−1)n−1ζ(2n) = nζ(2, 2, . . . , 2︸ ︷︷ ︸
n �x

) +
n−1∑
m=1

(−1)mζ(2m)ζ(2, 2, . . . , 2︸ ︷︷ ︸
n−m �x

).(5)

�\�\�p , Cm := (−1)m−12(2m)!ζ(2m)/(2π)2m, �q�S�X (�h�i�` C0 = 1 �q�b�” ). Cm �U Bernoulli


: B2m �t�s�`�M�\�q�›�Ô�d�y�‘�M . �Ü (5) �t 2(2n)!/(2π)2n �›�»�Z�o (3) �›�;�M�”�q ,

Cn =
2n

2n+ 1
· 1

22n
−

n−1∑
m=1

(2n)!
Cm

(2m)!
· 1

22n−2m
· 1

(2(n−m) + 1)!
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�q�s�”�w�p ,

(2n+ 1)22nCn = 2n−
n−1∑
m=1

(
2n+ 1

2m

)
22mCm,

	H�l�o ,
n∑

m=0

(
2n+ 1

2m

)
22mCm = 2n+ 1

�›�˜�” . �\�w�†�%�t t2n/(2n+ 1)! �›�»�Z�o�è
∑∞

n=0 �›�q�”�q ,

�È�% =
∞∑

n=0

t2n

(2n)!
=
et + e−t

2
,

�(�% =
∞∑

n=0

(
n∑

m=0

(
2n+ 1

2m

)
22mCm

)
t2n

(2n+ 1)!
=

∞∑
n=0

(
n∑

m=0

22mCm

(2m)!

1

(2n− 2m+ 1)!

)
t2n

=

(
∞∑

m=0

22mCm

(2m)!
t2m

)(
∞∑
l=0

t2l

(2l + 1)!

)
=

(
∞∑

m=0

Cm(2t)2m

(2m)!

)(
et − e−t

2t

)
.

�‘�l�o ,

∞∑
m=0

Cm(2t)2m

(2m)!
= t

et + e−t

et − e−t
= t

e2t + 1

e2t − 1
=

1

2

(
2te2t

e2t − 1
+

(−2t)e−2t

e−2t − 1

)
=

∞∑
m=0

B2m
(2t)2m

(2m)!
.

�•�Q�t , Cm = B2m �q�s�“	Â�Ì�U�p�V�h .

��	6�ð�J 5 �‰�7�w�M�O�p,

ζ(2k, 2k, . . . , 2k︸ ︷︷ ︸
n �x

) = C(k)
n (2πi)2nk/(2nk)!,

�\�\�t C
(k)
n �x

C
(k)
0 = 1, C(k)

n =
1

2n

n∑
m=1

(−1)m

(
2nk

2mk

)
B2mkC

(k)
n−m (n ≥ 1)

�p
´�=�$�t�>�‡�”���g
: , �p�K�”�\�q�›�Ô�d . �h�i�` Euler �w�¬�Ü (1) �x�7�Œ�q�`�o�;�M�o
�‘�M�q�b�” .

1.2 ��	O
u
ü�t�‘�”
¯�Ô

�Í�w�‘�O�s��	O
u
ü�¢
S
î
u
ü�|�‡�h Drinfel’d 
u
ü�q�z�y�•�”�\�q�‹�K�”�£�›�ß�Q�” .

I(ε1, · · · , εk) =

∫
· · ·
∫

1>t1>···>tk>0

Aε1(t1)Aε2(t2) · · ·Aεk
(tk) dt1 · · · dtk

(6)

=

∫ 1

0

Aε1(t1)dt1

∫ t1

0

Aε2(t2)dt2 · · ·
∫ tk−2

0

Aεk−1
(tk−1)dtk−1

∫ tk−1

0

Aεk
(tk)dtk.
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�h�i�` εj = 0 �‡�h�x 1 (1 ≤ j ≤ k) �p ,

A0(t) =
1

t
�S�‘�| A1(t) =

1

1− t
,

�Ë�t ε1 = 0 �T�m εk = 1 �q�>���b�” . 
u
ü�x�\�w	Ú�E�w�<�p	)���b�” . ��	O�¸�”�»�‹�x�\�w��
�w
u
ü�p
¯�^�•�” . �\�•�x���o�p�K�”�U�Ã�Š�o	O�A�p�K�” . [Z1] �t�x�x�a�Š Kontsevich �t
�‘�“�«�™�^�•�h�q�K�” .

���g 1.2.1 (��	O�¸�”�»�‹�w
S
î
u
ü
¯�Ô )

ζ(k1, k2, . . . , kn) = I(0, . . . , 0︸ ︷︷ ︸
k1−1

, 1 0, . . . , 0︸ ︷︷ ︸
k2−1

, 1, 0, . . . , 1, 0, . . . , 0︸ ︷︷ ︸
kn−1

, 1).

	Â�Ì ) 1/(1− ti) �›�s
z�ƒ
:�t�2�‰�`�o�ò��
u
ü�›���“�&�d�y�˜�’�•�”�U , �\�\�p�x�™�w�\
�q�‹�ß�Q�o , �Í�w�ƒ
: (multi-polylogarithm) �›�‹�Ö�` , �f�w
S
î
u
ü
¯�Ô�w�›���s	Ô�ù�q�`
�o	Â�Ì�b�” .

���[ 1.2.2 �×
µ
: k1, . . . , kn ≥ 1 �t�0�` ,

Lik1,k2,...,kn(z) :=
∑

m1>m2>···>mn>0

zm1

mk1
1 m

k2
2 · · ·mkn

n

�q�b�” . �\�•�x |z| < 1 �p
Y���s��
:�›���Š�”�U , k1 > 1 �s�’�y z → 1 �p�‹	)���`

Lik1,k2,...,kn(1) = ζ(k1, k2, . . . , kn)

�q�s�” . n �U 1 �w	Ô�ù�w Lik(z) =
∑∞

m=1 z
m/mk �U, ��	O�0
:��
: (polylogarithm) �p ,

(7) Li1(z) = − log(1− z) =

∫ z

0

dt

1− t
�p�K�” .

�4�J 1.2.3 k1, . . . , kn ≥ 1, |z| < 1 �t�0�`�o , �Í�U
R�“�q�m .

d

dz
Lik1,k2,...,kn(z) =


1

1− z
Lik2,...,kn(z) (k1 = 1),

1

z
Lik1−1,k2,...,kn(z) (k1 > 1).

	Â�Ì ) k1 > 1 �s�’���[�Ü�›�ò��
•
ü�`�o�Ú�j�t�˜�’�•�” . k1 = 1 �w�q�V ,

d

dz
Li1,k2,...,kn(z) =

∑
m1>m2>···>mn>0

zm1−1

mk2
2 · · ·mkn

n

=
∑

m2>···>mn>0

(
∞∑

m1=m2+1

zm1−1

)
1

mk2
2 · · ·mkn

n

=
∑

m2>···>mn>0

zm2

1− z
· 1

mk2
2 · · ·mkn

n

=
1

1− z
Lik2,··· ,kn(z).
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��	6�ð�J 6 (Zagier) �Ž�<�w�M
��p

ζ(3, 1, 3, 1, . . . , 3, 1︸ ︷︷ ︸
2n �x

) =
2π4n

(4n+ 2)!

�›	Â�Ì�d�‘ .

F (a, b; c;x) �› Gauss �w�Ò�2�?�ƒ
:�q�b�” :

F (a, b; c;x) = 1 +
ab

c
x+

a(a+ 1)b(b+ 1)

c(c+ 1)

x2

2!
+
a(a+ 1)(a+ 2)b(b+ 1)(b+ 2)

c(c+ 1)(c+ 2)

x3

3!
+ · · · .

�s�Ü
∞∑

n=0

Li3, 1, . . . , 3, 1
| {z }

2n �x

(x) t4n = F
( t

1 + i
,
−t

1 + i
; 1;x

)
F
( t

1− i
,
−t

1− i
; 1;x

)
�› , �†�%�U 1 +O(x2) �p�K�” x �w�ˆ�ƒ
:�p
•
ü�^�;
É(

(1− x) d

dx

)2(
x
d

dx

)2 − t4
�p	«�Q�”�\�q�T�’�‹�X . �Ò�2�?�ƒ
:�w�›	��‹�›�¨�ï�Ú��
:�p
¯�b�¬�Ü�q , �¨�ï�Ú��
:�w
ì�4
�¬�Ü (�K�q�w §1.4.5 �w (35) �Ü) �›�ù�˜�d�o�Q�’�•�”

F (a,−a; 1; 1) =
1

Γ(1− a)Γ(1 + a)
=

sin πa

πa

�T�’

F
( t

1 + i
,
−t

1 + i
; 1; 1

)
F
( t

1− i
,
−t

1− i
; 1; 1

)
=

2

π2t2
sin
(1 + i

2
πt
)

sin
(1− i

2
πt
)

=
cosh πt− cosπt

π2t2
=

∞∑
n=0

2π4nt4n

(4n+ 2)!
.

�^�o , �4�J 1.2.3 �q (7) �T�’ Lik1,k2,...,kn(z) �w
S
î
u
ü
¯�Ô�U�˜�’�•�” . �f�•�›	\�‚�”�h�Š
�t , �t�G�O�›�;�™�`�o�S�X . 
•
ü���Ü ωi(t) �¢�î�M�x dt/t �‡�h�x dt/(1− t)) �t�0�`�o
S
î
u
ü∫ z

0

ω1(t1)

∫ t1

0

ω2(t2) · · ·
∫ tk−2

0

ωk−1(tk−1)

∫ tk−1

0

ωk(tk)

�› ∫ z

0

ω1(t1) ◦ ω2(t2) ◦ · · · ◦ ωk(tk)

�q	{�X .

�Ë�J 1.2.4 �Í�U
R�“�q�m :

Lik1,k2,...,kn(z)

=

∫ z

0

dt

t
◦ dt
t
◦ · · · ◦ dt

t︸ ︷︷ ︸
k1−1 �x

◦ dt

1− t
◦ dt
t
◦ · · · ◦ dt

t︸ ︷︷ ︸
k2−1 �x

◦ dt

1− t
◦ · · · ◦ dt

t
◦ · · · ◦ dt

t︸ ︷︷ ︸
kn−1 �x

◦ dt

1− t
.
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	Â�Ì ) (7) �T�’	Z
C�` , Lik1,k2,...,kn(0) = 0 �t�«�™�`�o
Œ�w�4�J�w
u
ü�›���“�&�`�o�M�Z�y�‘
�M.

���g 1.2.1 �x�Ë�J�p z = 1 �q�S�M�h�‹�w�p�K�” . �t�G�O�p	{�X�q

ζ(k1, k2, . . . , kn)

=

∫ 1

0

dt

t
◦ dt
t
◦ · · · ◦ dt

t︸ ︷︷ ︸
k1−1 �x

◦ dt

1− t
◦ dt
t
◦ · · · ◦ dt

t︸ ︷︷ ︸
k2−1 �x

◦ dt

1− t
◦ · · · ◦ dt

t
◦ · · · ◦ dt

t︸ ︷︷ ︸
kn−1 �x

◦ dt

1− t
.

�\�w
u
ü
¯�Ô�w�¤�p , 	O�^ k = k1 + · · · + kn �x dt/t �q dt/(1 − t) �w�x
:�w
ï
: , �m�‡�“
u

ü�w�Í�i (
S
î�w�s
: ) �q�`�o�q�˜�• , 
��^ n �x dt/(1− t) �w�x
:�q�s�l�o�q�˜�•�o�M�” . �\
�w�\�q�T�’ , 	O�^ k, 
��^ n �w��	O�¸�”�»�‹ (�w� �ï�Ã�¿�«�µ ) �x

(
k−2
n−1

)
�x�K�”�\�q�U�˜�T�” .

(�(�z�x dt/t, �È�z�x dt/(1 − t) �q�>�‡�l�o�M�”�w�p .) �`�h�U�l�o	O�^ k �w��	O�¸�”�»�‹�x∑k−1
n=1

(
k−2
n−1

)
= 2k−2 �x�K�”�¢ k − 2 �U	t�t dt/t, dt/(1− t) �w�M�c�•�T�£ .

�« 1.2.5 	O�^�U	–�^�M�q�V�w , �4�J�›�–�l�h�Ë�J�w	Â�Ì�w�-�‰�›�•�l�o�ˆ�” . �‡�c

d

dz
Li1,1(z) =

1

1− z
Li1(z) =

1

1− z

∫ z

0

dt

1− t

�p�K�”�w�p ,

Li1,1(z) =

∫ z

0

dt1
1− t1

∫ t1

0

dt2
1− t2

=

∫ z

0

dt

1− t
◦ dt

1− t
.

�\�•�x z = 1 �p
C�„�b�” . �Í�t

d

dz
Li2(z) =

1

z
Li1(z) =

1

z

∫ z

0

dt

1− t

�‘�“ ,

Li2(z) =

∫ z

0

dt1
t1

∫ t1

0

dt2
1− t2

=

∫ z

0

dt

t
◦ dt

1− t
.

�\�\�p z = 1 �q�S�M�o

ζ(2) =

∫ 1

0

dt1
t1

∫ t1

0

dt2
1− t2

= I(0, 1).

	O�^�U 3 �w�q�V�x	O�^ 2 �w�-�‰�U�–�Q�o , �«�Q�y

d

dz
Li3(z) =

1

z
Li2(z)

�q�s�”�w�p ,

Li3(z) =

∫ z

0

dt1
t1

∫ t1

0

dt2
t2

∫ t2

0

dt3
1− t3

.

�\�•�‘�“

ζ(3) =

∫ 1

0

dt1
t1

∫ t1

0

dt2
t2

∫ t2

0

dt3
1− t3

= I(0, 0, 1).

�‡�h
d

dz
Li2,1(z) =

1

z
Li1,1(z)
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�‘�“

Li2,1(z) =

∫ z

0

dt1
t1

∫ t1

0

dt2
1− t2

∫ t2

0

dt3
1− t3

,

ζ(2, 1) =

∫ 1

0

dt1
t1

∫ t1

0

dt2
1− t2

∫ t2

0

dt3
1− t3

= I(0, 1, 1).

�y�/�$�s Lik(z), Riemann �¸�”�»�‹ ζ(k) �t�m�M�o�x

Lik(z) =

∫ z

0

dtk
tk

∫ tk

0

dtk−1

tk−1

· · ·
∫ t3

0

dt2
t2

∫ t2

0

dt1
1− t1

=

∫ z

0

dt

t
◦ dt
t
◦ · · · ◦ dt

t︸ ︷︷ ︸
k−1 �x

◦ dt

1− t
,

�S�‘�|

ζ(k) =

∫ 1

0

dt

t
◦ dt
t
◦ · · · ◦ dt

t︸ ︷︷ ︸
k−1 �x

◦ dt

1− t

�p�K�” .

Drinfel’d 
u
ü�x�0	¶
Q

(8) I(ε1, · · · , εk) = I(1− εk, . . . , 1− ε1)

�›�Ë�m . �\�•�x (6) �t�S�M�o�!
:�!�õ (t1, . . . , tk) −→ (t′1, . . . , t
′
k) = (1− tk, . . . , 1− t1) �›�æ

�s�Q�y , Aεi
(1− tk+1−i) = A1−εi

(tk+1−i) �t�|�à�¯�Ï�ž�ï

|J | =

∣∣∣∣∣∣∣∣∣∣

dt′1
dt1

dt′2
dt1
· · · dt′k

dt1
dt′1
dt2

dt′2
dt2
· · · dt′k

dt2
...

...
. . .

...
dt′1
dtk

dt′2
dtk
· · · dt′k

dtk

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣
0 −1

−1

· · ·
−1 0

∣∣∣∣∣∣∣∣∣ = 1

�‘�“�Ú�j�t�˜�’�•�” .

�« 1.2.6 �s�Ü ζ(2, 1) = ζ(3) �›�\�•�t�‘�“	Â�Ì�b�” .

ζ(2, 1) =

∫ 1

0

dt1
t1

∫ t1

0

dt2
1− t2

∫ t2

0

dt3
1− t3

=

∫∫∫
1>t1>t2>t3>0

dt1dt2dt3
t1(1− t2)(1− t3)

.

�\�\�p
u
ü�w�!
:�!�õ (t1, t2, t3) 7→ (1− s3, 1− s2, 1− s1) �›�æ�O�q , �È�%�w
u
ü�x∫∫∫
1>s1>s2>s3>0

ds1ds2ds3

s1s2(1− s3)
= ζ(3)

�q�s�” .

�\�w (8) �›�°
`�w��	O�¸�”�»�‹�w�t�?�t�‹���b�”�q�Í�w�‘�O�t�s�” .
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���[ 1.2.7 
R
ü�U�×
µ
:�w��	O� �ï�Ã�¿�«�µ k = (k1, . . . , kn) �U k1 ≥ 2 �›�¬�h�b�q�V , �\
�•�›	)��� �ï�Ã�¿�«�µ�q�M�O�\�q�t�b�” ( �ó� �p�x Zagier �U “admissible” �q�M�O� �›�K�o
�o�M�” ). 	)��� �ï�Ã�¿�«�µ k �› , 2 �Ž	Í�w
R
ü�q 1 �q�t
ü�Z�o ,

k = (a1 + 1, 1, . . . , 1︸ ︷︷ ︸
b1−1

, a2 + 1, 1, . . . , 1︸ ︷︷ ︸
b2−1

, . . . , as + 1, 1, . . . , 1︸ ︷︷ ︸
bs−1

), (a1, b1, . . . , as, bs ≥ 1)

�q
¯�b . �\�w�q�V , k �w
Ò�0 (dual) � �ï�Ã�¿�«�µ k′ �›

k′ = (bs + 1, 1, . . . , 1︸ ︷︷ ︸
as−1

, bs−1 + 1, 1, . . . , 1︸ ︷︷ ︸
as−1−1

, . . . , b1 + 1, 1, . . . , 1︸ ︷︷ ︸
a1−1

)

�p���[�b�” . k′ �x	)��� �ï�Ã�¿�«�µ�p�K�l�o , k′ �w
Ò�0�x k �p�K�” . k �q k′ �w	O�^�x�s�`�X ,


��^�x
ì�4�$ , �m�‡�“ k �q k′ �w
��^�w�è�U k (�S�‘�| k′) �w	O�^�t�s�`�M�q�M�O�����U�K�” .

��	6�ð�J 7 ���[�¤�w�t�Ì�›	Â�Ì�d�‘ .

���g 1.2.1 �‘�“ ,

ζ(k) = I
(
0, . . . , 0︸ ︷︷ ︸

a1

, 1, . . . , 1︸ ︷︷ ︸
b1

, 0, . . . , 0︸ ︷︷ ︸
a2

, 1, . . . , 1︸ ︷︷ ︸
b2

, . . . , 0, . . . , 0︸ ︷︷ ︸
as

, 1, . . . , 1︸ ︷︷ ︸
bs

)
�p�K�”�T�’ , (8) �›�–�l�o�Í�w�®
Ò�0
Q���g�¯ (“duality theorem”) �U�t�Q�” . �¢�\�w���g�w

u
ü
¯�Ô�›�–�˜�s�M	Â�Ì�x�K�”�w�i�–�O�T�}�£

���g 1.2.8 (
Ò�0
Q , duality) 	)��� �ï�Ã�¿�«�µ k �q , �f�w
Ò�0� �ï�Ã�¿�«�µ k′ �t�0�`�o ,

ζ(k) = ζ(k′)

�U
R�“�q�m .

�« 1.2.9 �×
µ
: n �t�0�` ,

k = (2, 1, 1, . . . , 1︸ ︷︷ ︸
n−1 �x

)
dual←→ k′ = (n+ 1)

�s�w�p
ζ(2, 1, 1, . . . , 1︸ ︷︷ ︸

n−1 �x

) = ζ(n+ 1).

�‘�“�°
`�t , �×
µ
: m, n �t�0�`

k = (n+ 1, 1, 1, . . . , 1︸ ︷︷ ︸
m−1 �x

)
dual←→ k′ = (m+ 1, 1, 1, . . . , 1︸ ︷︷ ︸

n−1 �x

)

�s�w�p

ζ(n+ 1, 1, 1, . . . , 1︸ ︷︷ ︸
m−1 �x

) = ζ(m+ 1, 1, 1, . . . , 1︸ ︷︷ ︸
n−1 �x

).
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Œ�t	î�•�h , ��	O�¸�”�»�‹�w
u�Ï���w�Ë�m�è�U , �\�w
S
î
u
ü
¯�Ô�T�’�˜�’�•�” . �\�\�p
�‹ , Lik1,k2,...,kn(z) �w
u�U�‰�a���w��
:�w�è�p	{�Z�”�q�M�O , �°
`�$�s���g�w�›	��= (z = 1) �q
�`�o	Â�Ì�b�” . �°
`�$�s���g�›	\�‚�”
²�t�«�›�-�‰�`�o�ˆ�‘�O .

�« 1.2.10 �4�J 1.2.3 �‘�“

d

dz

(
Li1(z)

2
)

= 2
1

1− z
Li1(z) = 2

d

dz
Li1,1(z)

�s�w�p ,

Li1(z)
2 = 2Li1,1(z).

�\�•�q�4�J 1.2.3 �‘�“

d

dz
(Li2(z)Li1(z)) =

1

z
Li1(z)

2 +
1

1− z
Li2(z) = 2

1

z
Li1,1(z) +

1

1− z
Li2(z).

	H�l�o
Li2(z)Li1(z) = 2Li2,1(z) + Li1,2(z).


u
ü��
:�x�b�‚�o z = 0 �p�w�‹�U 0 �q�M�O�\�q�T�’�>�‡�l�o�M�”�\�q�t�«�™ .

	O�^�U 4 �‡�p�w
u�›�»�•�`�o�S�X .

	O�^ 2:

Li1(z)
2 = 2Li1,1(z).

	O�^ 3:

Li1(z)Li2(z) = 2Li2,1(z) + Li1,2(z),

Li1(z)Li1,1(z) = 3Li1,1,1(z).

	O�^ 4:

Li1(z)Li3(z) = Li1,3(z) + Li2,2(z) + 2Li3,1(z),

Li1(z)Li1,2(z) = 2Li1,2,1(z) + 2Li1,1,2(z),

Li1(z)Li2,1(z) = 3Li2,1,1(z) + Li1,2,1(z),

Li1(z)Li1,1,1(z) = 4Li1,1,1,1(z),

Li2(z)
2 = 2Li2,2(z) + 4Li3,1(z),

Li2(z)Li1,1(z) = 3Li2,1,1(z) + 2Li1,2,1(z) + Li1,1,2(z),

Li1,1(z)
2 = 6Li1,1,1,1(z).

��	6�ð�J 8 	Í�G�w�¬�Ü�›�¬�T�Š�‘ .

��	6�ð�J 9 
u�U	O�^ 5 �q�s�”�Ë�m�w
Ê�ù�˜�d�›
¶
æ�»�•�`�-�‰�d�‘ . �?�T�F���U�_�Q�o�X
�”�T .
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��	6�ð�J 10 �×
µ
: n �t�0�`

Li1(z)
n = n!Li1, 1, . . . , 1

| {z }

n �x

(z)

�›	Â�Ì�d�‘ .

�Í�w���g�x
S
î
u
ü�w
u�U
S
î
u
ü�w�è�p	{�Z�”�q�M�O Ree [Ree] �t�‘�”�°
`�$�s���g�›
���w
ƒ���p	\�‚�h�‹�w�p�K�” .

���g 1.2.11 (�³�ß�¿�Ñ�ç
u ) ω1, ω2, . . . , ωk, ω
′
1, ω

′
2, . . . , ω

′
k′ �› dt/t �‡�h�x dt/(1− t), �h�i�` ,

ωk = ω′
k′ = dt/(1− t) �q�b�”�q�V , |z| < 1 �t�0�`�o�Í�U
R�“�q�m(∫ z

0

ω1 ◦ ω2 ◦ · · · ◦ ωk

)(∫ z

0

ω′
1 ◦ ω′

2 ◦ · · · ◦ ω′
k′

)
=

∑
(η1,η2,...,ηk+k′ )

(∫ z

0

η1 ◦ η2 ◦ · · · ◦ ηk+k′

)
.

�\�\�p , (η1, η2, . . . , ηk+k′) �x , (ω1, ω2, . . . , ωk) �q (ω′
1, ω

′
2, . . . , ω

′
k′) �f�•�g�•�w	q	‚�›�-�m	q�»

�¢�\�•�› (ω1, ω2, . . . , ωk) �q (ω′
1, ω

′
2, . . . , ω

′
k′) �w�³�ß�¿�Ñ�ç (shuffle) �q�M�O�£
¶�o�›�˜�h�” .

	Â�Ì ) k+ k′ �t���b�”�<�ò�O�p	Â�Ì�b�” . k+ k′ = 2, �b�s�˜�j k = k′ = 1 �w�q�V�x , 
Œ�t�«
�p�-�‰�`�h Li1(z)

2 = 2Li1,1(z) �t���s�’�s�M�w�p
Y�`�M . �Í�t k + k′ < n �w�q�V
Y�`�M�q�>
���b�” . k + k′ = n �w�q�V , ωi = dt/t �‡�h�x dt/(1− t) �t� �a�o , �f�•�g�• ωi(z) := 1/z �‡�h
�x 1/(1 − z) �q���Š�o�S�X (ω′

i(z), ηi(z) �t�m�M�o�‹�‰�7 ). �†�%�w
•
ü�U�s�`�M�\�q�›�ˆ�•�y
�‘�M . 
u�w
•
ü�O�q , 
S
î
u
ü�w���[�‘�“

d

dz
(�(�% ) = ω1(z)

∫ z

0

ω2◦· · ·◦ωk

∫ z

0

ω′
1◦ω′

2◦· · ·◦ω′
k′+ω′

1(z)

∫ z

0

ω1◦ω2◦· · ·◦ωk

∫ z

0

ω′
2◦· · ·◦ω′

k′ .

�\�\�p , (ω1, ω2, . . . , ωk) �q (ω′
1, ω

′
2, . . . , ω

′
k′) �w�³�ß�¿�Ñ�ç
¶�.�x , ω1 �w�™�t (ω2, . . . , ωk) �q

(ω′
1, ω

′
2, . . . , ω

′
k′) �w�³�ß�¿�Ñ�ç�›���‚�h�‹�w�q , ω′

1 �w�™�t (ω1, ω2, . . . , ωk) �q (ω′
2, . . . , ω

′
k′) �w

�³�ß�¿�Ñ�ç�›���‚�h�‹�w�t
ü�Z�’�•�”�\�q�t�«�™�b�”�q , �<�ò�O�w�>���‘�“

(	Í�Ü�w�È�% ) =
∑

(η1,η2,...,ηk+k′ )

η1(z)

∫ z

0

η2 ◦ η3 ◦ · · · ◦ ηk+k′ =
d

dz
(�È�%)

�q�s�“ , ���g�U�Ô�^�•�h .

���g�p ω1 = ω′
1 = dt/t �w�q�V�x , z → 1 �q�b�”�q�†�%�w�¤�ò�U��	O�¸�”�»�‹�t	)���b�”�w

�p , ��	O�¸�”�»�‹�w
u�U��	O�¸�”�»�‹�w�è�p	{�Z�”�\�q�U�6�|	Â�Ì�^�•�h .

�«�™ 1.2.12 �\�w
u�w�F���p�x , 
u�w�È�%�t	Z�o�X�”�ò�w	O�^�U�i�w�f�•�g�•�w	O�^�w�è�t
�s�”�\�q�x
Œ�w�ƒ
:�w	Ô�ù�q�‰�a�p�K�”�U�|�Ë�t�|�¤�ò�w
��^�‹�f�•�g�•�w
��^�w�è�q�s�” .

��	6�ð�J 11 �\�•�x�s�e�T .

��	6�ð�J 12 �é�.�$�t�³�ß�¿�Ñ�ç�›
:�Q	Í�[�”�\�q�p , �×
µ
: m, n �t�0�`�o

Lim(z)Lin(z) =
m−1∑
i=0

(
n− 1 + i

i

)
Lin+i,m−i(z) +

n−1∑
j=0

(
m− 1 + j

j

)
Lim+j,n−j(z)

�U
R�“�q�m�\�q�›	Â�Ì�d�‘ .
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�« 1.2.13 
S
î
u
ü
¯�Ô

Li2(z) =

∫ z

0

dt

t
◦ dt

1− t
�q , (dt/t, dt/(1− t)) �q (dt/t, dt/(1− t)) �w�³�ß�¿�Ñ�ç�x (dt/t, dt/(1− t), dt/t, dt/(1− t)) �U
2 �è�“ , (dt/t, dt/t, dt/(1− t), dt/(1− t)) �U 4 �è�“�s�w�p

Li2(z)
2 = 2Li2,2(z) + 4Li3,1(z).

�‘�l�o
ζ(2)2 = 2ζ(2, 2) + 4ζ(3, 1).

�°�M , 
Œ�w�ƒ
:�›�–�l�h
u�T�’ ,

ζ(2)2 = 2ζ(2, 2) + ζ(4).

�‘�l�o ,

4ζ(3, 1) = ζ(4).

�\�w�‘�O�t , �Ë�m�w��	O�¸�”�»�‹�w
u ζ(k)ζ(k′) �› , �ƒ
:�t�‘�”�M�O , 
u
ü�t�‘�”�M�O , �Ë
�è�“�w�“�M�p�è�t�Ú�`�o
z�±�b�”�q , ��	O�¸�”�»�‹�w���w
‡�×�Ì�s
¢�������Ü�U
\�a�” . �\
�w�����Ü�w�\�q�›�® (���v ) 
ó�³�ß�¿�Ñ�ç�����Ü�¯ (“(finite) double shuffle relation”) �q�M�O.

�\�•�›
C�„�ƒ
:�‡�p�¹�ú�t�M�•�o�°
`�=�` , 	G
ü���X�w�����Ü�›�˜�‘�O�q�M�O�w�U , �H 1.4 
…
�Ž�ñ�w	��J�p�K�” . �f�w
²�t , �\�•�‡�p�t�Œ�’�•�o�M�”	��s�����Ü�t�m�M�o�“�
�b�” .

1.3 �M�–�M�–�s�����Ü

�\�w
…�p�x , �é�.�$�t�)�Q�’�•�”�M�X�m�T�w�����Ü�w�%�»�›	º�p�b�” . �\�\�p	\�‚�”�‹�w
�x , �7�™�w Le-Murakami �w�����Ü�›	†�V�®�G�ú�����Ü� �̄t���‡�•�” . �›	��s�‹�w�T�’	q�t�•
�[�o�M�X�w�x�Á�,�s�‘�O�p�‹�K�”�U , �f�•�g�•� �q�`�h�µ�¯�•�Ô�&�b�”�‹�w�‹�K�–�O�T�’�\
�w�‡�‡�t�b�” .


Ò�0
Q . �\�•�x�7�t
²
…�p	\�‚�h . �Ë�m�w�“�M�t
Ò�0�s	)��� �ï�Ã�¿�«�µ k, k′ �t�0�`

(9) ζ(k) = ζ(k′)

�U
R�“�q�m�q�M�O�‹�w�p�K�” .

Hoffman �w�����Ü [H1]. 	)��� �ï�Ã�¿�«�µ k = (k1, k2, . . . , kn) �t�0�` ,

n∑
i=1

ζ(k1, . . . , ki−1,ki + 1, ki+1, . . . , kn)(10)

=
∑

1≤l≤n
kl≥2

kl−2∑
j=0

ζ(k1, . . . , kl−1, kl − j, j + 1, kl+1, . . . , kn)

�U
R�“�q�m . �È�%�w�è�x , �‡�c kl ≥ 2 �q�s�” l �›�˜�h�“ , kl �T�’
: j �›�¾�M�h
ü kl �w�È�t	ý�h
�t j + 1 �›
à�Ö�`�h�‹�w�› j = 0 �T�’ kl − 2 �‡�p�
�`�o�M�” .
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�« 1.3.1 k = (2) �q�b�”�q�6�| Euler �w�¬�Ü ζ(3) = ζ(2, 1) �U�˜�’�•�” .

k = (3) �q�b�”�q ,

ζ(4) = ζ(3, 1) + ζ(2, 2).

�‡�h k = (2, 1) �q�b�”�q ,

ζ(3, 1) + ζ(2, 2) = ζ(2, 1, 1).

�\�•�’�Ë�m�q , 
²
…�7�™�t�˜�’�•�h 4ζ(3, 1) = ζ(4) �›�ù�˜�d�o , Z4 �x (�h�q�Q�y ) ζ(4) �p
\

R�^�•�” 1 �Í�i�í���p�K�”�\�q�U
ü�T�” .

�‹�O�{�q�m , k = (3, 2, 1) �t�0�`�o ,

ζ(4, 2, 1) + ζ(3, 3, 1) + ζ(3, 2, 2) = ζ(3, 1, 2, 1) + ζ(2, 2, 2, 1) + ζ(3, 2, 1, 1).

Hoffman �w	Â�Ì�x , 
Œ�t ζ(2, 1) = ζ(3) �›�ƒ
:�w�!���p	Â�Ì�`�h�U , �f�\�p�w�ž� �Ã�ž (
æ

ü
ü
:
ü�r�t�‘�”�!�� ) �t�Ù�M . �™�w
…�p	Â�Ì�b�”�®�‹
ü�����Ü�¯�w�›���s	Ô�ù�q�s�l�o�M
�”�w�p�\�\�p�x	Â�Ì�x�Â�j�b�” .

�è�¬�Ü (sum formula) (Granville [Gr], Zagier [Z2]). 	O�^ k, 
��^ n (1 ≤ n < k) �›�{���`
�o , �f�w	O�^ , 
��^�›�Ë�m��	O�¸�”�»�‹�b�‚�o�w�è�›�q�”�q Riemann �¸�”�»�‹�q�s�” :

(11)
∑

k1+k2+···+kn=k

∀ki≥1,k1≥2

ζ(k1, k2, . . . , kn) = ζ(k).

	Â�Ì ) Granville �w	Â�Ì�x	Í�G�w Hoffman �w	Â�Ì�‰�7�|�ƒ
:
¯�Ô�q
æ
ü
ü
:
ü�r�›�;�M�”�‹
�w�p�K�”�} Zagier [Z2] �w	Â�Ì�x�Í�w�è�“�}�Ü (11) �w�(�%�w�è�› S(k, n) �q	{�X�q
S
î
u
ü
¯
�Ô�T�’

S(k, n) =
∑

ε2,...,εk−1∈{0,1}
ε2+...+εk−1=n−1

I(0, ε2, . . . , εk−1, 1)

�U
ü�T�” �¢ 1 �w�x
:�U
��^ n �p�K�l�h�£�}�\�•�‘�“ k �›�­�Š�o n �t���b�”�<��
:�›�^�”�q∑
0<n<k

S(k, n)Xn−1 =
∑

ε2,...,εk−1∈{0,1}

I(0, ε2, . . . , εk−1, 1)Xε2+···εk−1

=

∫
· · ·
∫

1>t1>t2>...>tk>0

1

t1

(
1

t2
+

X

1− t2

)
· · ·
(

1

tk−1

+
X

1− tk−1

)
1

1− tk
dt1 . . . dtk

=
1

(k − 2)!

∫ ∫
1>t1>tk>0

(∫ t1

tk

(
1

t
+

X

1− t

)
dt

)k−2
dt1
t1

dtk
1− tk

=
1

(k − 2)!

∫ ∫
1>t1>tk>0

(
log

t1
tk

+X log
1− tk
1− t1

)k−2
dt1
t1

dtk
1− tk

.

�\�\�p�!
:�!�õ

x = log
t1
tk
, y = log

1− tk
1− t1

,
dt1
t1

dtk
1− tk

=
dx dy

ex+y − 1
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�›�æ�M Xn−1 �w��
:�›
z�‚�”�q

S(k, n) =

∫ ∞

0

∫ ∞

0

∞∑
m=1

e−mx xk−n−1

(k − n− 1)!

e−my yn−1

(n− 1)!
dx dy

=
∞∑

m=1

1

mk−n

1

mn
= ζ(k) (

∫ ∞

0

e−mxxp−1 dx =
(p− 1)!

mp
).

�‹�O�°�m�|�X�ù���í�¯�t�‘�”	Â�Ì (1997) �›	º�p�b�” .

S(k, n) �x	Í�q�‰�7	Â�Ì�`�h�M�Ü�w�(�%�q�` , ���S�x n �›�­�Š�o�<��
:

∞∑
k=n+1

S(k, n)Y k−n−1

�›�ß�Q�” . �\�•�x | Y |< 1 �p	)���`�o�M�”�}�s�e�s�’�|��	O�¸�”�»�‹�x���[�‘�“

| ζ(k1, k2, . . . , kn) |≤ ζ(2, 1, . . . , 1) = ζ(n+ 1) ≤ ζ(2)

�›�ˆ�h�`�|	O�^ k, 
��^ n �w� �ï�Ã�¿�«�µ�x
(

k−2
n−1

)
�x�K�l�h�T�’�|�\�w�<��
:�w���ƒ
:�q�`�o

| Y |< 1 �p	)���b�”

ζ(2)
∞∑

k=n+1

(
k − 2

n− 1

)
Y k−n−1 =

1

(1− Y )n

�U�q�•�”�} �f�\�p | Y |< 1 �q�`�o�|�\�w�<��
:�›�-�‰�b�”�q ,

∞∑
k=n+1

∑
k1+k2+···+kn=k

∀ki≥1,k1≥2

ζ(k1, k2, . . . , kn)Y k−n−1 =
∑

m1>···>mn>0

∑
k1≥2,k2,...,kn≥1

Y k1+···+kn−n−1

mk1
1 m

k2
2 . . .mkn

n

=
∑

m1>···>mn>0

∑
k1≥2,k2,...,kn≥1

Y k1−2

mk1
1

· Y
k2−1

mk2
2

· · · Y
kn−1

mkn
n

=
∑

m1>···>mn>0

1

m1(m1 − Y )

1

m2 − Y
· · · 1

mn − Y
.

�°�M , 	Â�Ì�`�h�M�Ü�w�È�%�w�<��
:�x

(12)
∞∑

k=n+1

ζ(k)Y k−n−1 =
∞∑

k=n+1

∞∑
m=1

Y k−n−1

mk
=

∞∑
m=1

1

mn(m− Y )
.

�4�J 1.3.2 �Í�w
u
ü
¯�Ô�U
R�q .∑
m1>···>mn>0

1

m1(m1 − Y )

1

m2 − Y
· · · 1

mn − Y

=

∫ 1

0

dt0 · tY −1
0

∫ t0

0

dt1
1− t1

· · · · ·
∫ tn−2

0

dtn−1

1− tn−1

∫ tn−1

0

dtn
tYn (1− tn)

.
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	Â�Ì ) �™�–�w
u
ü�T�’	q�Í , �-�‰�`�o�•�X . |Y | < 1 �q�b�” .∫ tn−1

0

dtn
tYn (1− tn)

=

∫ tn−1

0

∞∑
νn=1

tνn−Y −1
n dtn =

∞∑
νn=1

[ 1

νn − Y
tνn−Y
n

]tn=tn−1

tn=0
=

∞∑
νn=1

tνn−Y
n−1

νn − Y
.

∫ tn−2

0

dtn−1

1− tn−1

∫ tn−1

0

dtn
tYn (1− tn)

=
∞∑

νn=1

∫ tn−2

0

1

1− tn−1

·
tνn−Y
n−1

νn − Y
dtn−1

=
∞∑

νn−1=1

∞∑
νn=1

∫ tn−2

0

t
νn−1+νn−Y −1
n−1

νn − Y
dtn−1

=
∞∑

νn−1=1

∞∑
νn=1

t
νn−1+νn−Y
n−2

(νn − Y )(νn−1 + νn − Y )
.

�\�w
â�^�›���“�&�`�o

�È�% =

∫ 1

0

dt0 · tY −1
0

∞∑
ν1, ν2, ...,νn=1

tν1+···+νn−Y
0

(νn − Y )(νn−1 + νn − Y ) · · · (ν1 + · · ·+ νn − Y )

=
∞∑

ν1, ν2, ...,νn=1

1

(νn − Y )(νn−1 + νn − Y ) · · · (ν1 + · · ·+ νn − Y )(ν1 + · · ·+ νn)

= �(�% (�4�J 1.3.2 �w	Â�Ì	4 )

�è�¬�Ü�w	Â�Ì�t�í�”�}�4�J 1.3.2 �w�È�%�w�§�Í
u
ü�›��	O
u
ü�t�`�o

�È�% =

∫
· · ·
∫

1>t0>t1>···>tn>0

tY −1
0

(1− t1) · · · (1− tn−1)(1− tn)tYn
dt0 · · · dtn.

tn−1, . . . , t2, t1 �w	q�t
u
ü�b�” .∫ tn−2

tn

1

1− tn−1

dtn−1 =
[
− log(1− tn−1)

]tn−1=tn−2

tn−1=tn
= log

1− tn
1− tn−2

,

∫ ∫
tn−3>tn−2>tn−1>tn

1

(1− tn−2)(1− tn−1)
dtn−1dtn−2 =

∫ tn−3

tn

1

1− tn−2

log
( 1− tn

1− tn−2

)
dtn−2

=
[1
2

log2
( 1− tn

1− tn−2

)]tn−2=tn−3

tn−2=tn

=
1

2
log2 1− tn

1− tn−3

,

���“�&�`�o ∫
· · ·
∫

t0>t1>···>tn−1>tn

1

(1− t1) · · · (1− tn−1)
dt1 · · · dtn−1 =

1

(n− 1)!
logn−1 1− tn

1− t0
.
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�‡�q�Š�”�q

�È�%�w
u
ü =

∫ ∫
1>t0>tn>0

tY −1
0

tYn (1− tn)
· 1

(n− 1)!
logn−1 1− tn

1− t0
dt0dtn

=

∫ ∫
1>t>s>0

tY −1

sY (1− s)
· 1

(n− 1)!
logn−1 1− s

1− t
dtds.

�‘�l�o ,

∞∑
k=n+1

S(k, n)Y k−n−1 =
1

(n− 1)!

∫ ∫
1>t>s>0

tY −1

sY (1− s)
· logn−1 1− s

1− t
dtds.

�^�’�t�Í�w 2 	O�è�›�ß�Q�” . �¢�\�•�x | X |<| 1− Y | �p	)���b�”�}�£

∑
k, n

k>n>0

S(k, n)Xn−1Y k−n−1 =
∞∑

n=1

( ∞∑
k=n+1

S(k, n)Y k−n−1
)
Xn−1

=
∞∑

n=1

1

(n− 1)!

∫ ∫
1>t>s>0

tY −1

sY (1− s)
·
{
X log

1− s
1− t

}n−1

dtds

=

∫ ∫
1>t>s>0

tY −1

sY (1− s)
· exp

(
X log

1− s
1− t

)
dtds

=

∫ ∫
1>t>s>0

tY −1

sY (1− s)
·
(1− s

1− t

)X

dtds.

�\�\�p

(13) u =
t

s
, v =

1− s
1− t

�q�!
:�!�õ . 
u
ü�–�¬�x u > 1, v > 1 �t�ø�^�•�” . �o�!�õ�x

(14) s =
v − 1

uv − 1
, t =

u(v − 1)

uv − 1

�q�s�“ , ��
:�æ�»�Ü�x

(15) J =

∣∣∣∣∣ ∂s
∂u

∂s
∂v

∂t
∂u

∂t
∂v

∣∣∣∣∣ =
(u− 1)(v − 1)

(uv − 1)4

∣∣∣∣∣ −v 1

−1 u

∣∣∣∣∣ = −(u− 1)(v − 1)

(uv − 1)3
.

�\�•�‘�“ , �7�™�w
u
ü�x

1− s =
v(u− 1)

uv − 1
, s(1− s) =

(u− 1)(v − 1)v

(uv − 1)2
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�s�r�t�«�™�`�o

=

∫ ∞

1

∫ ∞

1

uY −1

s(1− s)
· vX · |J | dudv =

∫ ∞

1

∫ ∞

1

uY −1vX−1

uv − 1
dudv

=

∫ ∞

1

∫ ∞

1

uY −1vX−1

∞∑
m=1

( 1

uv

)m

dudv =
∞∑

m=1

∫ ∞

1

uY −m−1 du

∫ ∞

1

vX−m−1 dv

=
∞∑

m=1

1

(m−X)(m− Y )
.

���M , (12) �‘�“

∑
k, n

k>n>0

ζ(k)Xn−1Y k−n−1 =
∞∑

n=1

( ∞∑
k=n+1

ζ(k)Y k−n−1
)
Xn−1

=
∞∑

n=1

∞∑
m=1

Xn−1

mn(m− Y )
=

∞∑
m=1

1

(m−X)(m− Y )
.

�A�Á , ∑
k, n

k>n>0

S(k, n)Xn−1Y k−n−1 =
∑
k, n

k>n>0

ζ(k)Xn−1Y k−n−1.


z�±�`�o�è�¬�Ü�t�x�a�b�” .

��	6�ð�J 13 �!
:�!�õ (13) �t�m�M�o�o�!�õ�U (14) �p�)�Q�’�•�”�\�q�›�Ô�` , �f�w��
:�æ�»
�Ü�U (15) �t�s�”�\�q�›�¬�T�Š�‘ .

�G�ú�w�����Ü [O]. �Ë�m�w�“�M�t
Ò�0�s	)��� �ï�Ã�¿�«�µ k = (k1, . . . , kn), k′ = (k′1, . . . , k
′
n′)

�q , �Ú�™�w
T
: l ≥ 0 �t�0�`�o ,

(16)
∑

ε1+···+εn=l
∀εi≥0

ζ(k1 + ε1, . . . , kn + εn) =
∑

ε′1+···+ε′
n′=l

∀ε′i≥0

ζ(k′1 + ε′1, . . . , k
′
n′ + ε′n′)

�U
R�“�q�m .

�G�ú�¯�w	Â�Ì�x , 
S
î
u
ü
¯�Ô�›�;�M�o�<��
:�›�^�” Zagier �t�‘�”�è�¬�Ü�w	Â�Ì�›�°
`�=
�`�h�‹�w�p�K�” . �™�t , �È�%�w
Ò�0�›	��l�h���w�s�Ü�›�‹
ü�����Ü�w�<�A�q�`�o	Â�Ì�b�” . �‡
�h , ���> -	Í�ú [OU] �t�‘�”��	Â�Ì�U�K�” .

�« 1.3.3 
Ò�0� �ï�Ã�¿�«�µ (2, 1)
dual←→ (3) �t�0�`�o , l = 1 �w�q�V ,

ζ(3, 1) + ζ(2, 2) = ζ(4),

l = 2 �w�q�V ,

ζ(4, 1) + ζ(3, 2) + ζ(2, 3) = ζ(5).
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�‡�h , (3, 2)
dual←→ (2, 2, 1) �S�‘�| l = 2 �t�0�` ,

ζ(5, 2) + ζ(4, 3) + ζ(3, 4) = ζ(4, 2, 1) + ζ(2, 4, 1) + ζ(2, 2, 3) + ζ(3, 3, 1) + ζ(2, 3, 2) + ζ(3, 2, 2).

��	6�ð�J 14 
Ò�0
Q , Hoffman �w�����Ü , �è�¬�Ü�x�b�‚�o�G�ú�w�����Ü�T�’�‹�T�•�”�\�q�›
�Ô�d .

Le-Murakami �w�����Ü [LM1]. 	)��� �ï�Ã�¿�«�µ k = (k1, . . . , kn) �t�0�` , ki > 1 �s�” i

�w�x
:�› k �w�ô�^ (height) �q�z�| , ht(k) �q
¯�b . �\�w�q�V , 1 ≤ s ≤ k �t�0�`�o , �Í�U
R�“
�q�m . ∑

wt(k)=2k
ht(k)=s

(−1)dep(k)ζ(k) =
(−1)k

(2k + 1)!

k−s∑
r=0

(
2k + 1

2r

)
(2− 22r)B2rπ

2k.

[LM1] �w�¤�T�’
¢�������Ü�›�°�m�\�\�t�K�[�h . ���t�‹	í�‘�s�E
:�����Ü�U�A�|�è�w
Æ�!
�”�›�è�`�o�˜�’�•�o�M�” ([LM2], [Ta], [IT]). 	Í�w�����Ü�x�G�ú -Zagier [OZ] �t�‘�l�o�A�|�è
�w
Æ�!�”�t�‘�’�s�M�p	Â�Ì�^�•�o�M�” . �G�ú -Zagier �w�����Ü�x §4.3 �p	º�p�b�”�}

�‡�h , �\�\�p�x	º�p�`�s�T�l�h�����Ü�q�`�o [HO] �s�r�U�K�” .

1.4 
Y�F�=

�\�w
…�p , �ƒ
:�s�M�`
u
ü�U
C�„�b�”�‘�O�s� �ï�Ã�¿�«�µ�t�m�M�o , ���v�w�‹�›	��“	Z�b
�M�O—
Y�F�= —�t�m�M�o	\�‚�” .

1.4.1 �«�q�°�m�w�M�O

��	O�¸�”�»�‹�w
u�x , �ƒ
:
¯�Ô , �‡�h�x
u
ü
¯�Ô�›�–�O�\�q�t�‘�“�Ë�è�“�w�M�O�p��	O�¸�”
�»�‹�w�è�q�`�o	{�V
¯�^�•�h . �f�`�o�f�w�Ë�m�›�s�`�M�q�S�M�o�˜�’�•�”�����Ü�›
ó�³�ß�¿
�Ñ�ç�����Ü�q�z�œ�i . �f�w�-�‰�› , 	)��
Q�›�Á�¹�`�o�æ�s�O�q�r�O�s�”�i�–�O�T .

�«�Q�y ,

ζ(1)ζ(2) =

(
∞∑

m=1

1

m

)(
∞∑

n=1

1

n2

)
=

(
∞∑

m,n=1

1

mn2

)
=

( ∑
m>n>0

+
∑

n>m>0

+
∑

m=n>0

)
1

mn2

= ζ(1, 2) + ζ(2, 1) + ζ(3).

ζ(1) �• ζ(1, 2) �x	)���`�s�M�T�’�\�w�Ü�x�q�“�K�Q�c���Ü�$�s�‹�w�p�K�” . �°�M , 
u
ü�w
C�„

Q�›�Á�¹�`�o�³�ß�¿�Ñ�ç
u�›�-�‰�b�”�q ,

ζ(1)ζ(2) =

(∫ 1

0

dt

1− t

)(∫ 1

0

dt

t
◦ dt

1− t

)

=

∫ 1

0

dt

1− t
◦ dt
t
◦ dt

1− t
+ 2

∫ 1

0

dt

t
◦ dt

1− t
◦ dt

1− t

= ζ(1, 2) + 2ζ(2, 1).
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�\�•�x Li1(z)Li2(z) = Li1,2(z) + 2Li2,1(z) �p z = 1 �q�S�M�h�‹�w�p�K�”�U , �•�x�“���Ü�$�s�Ü
�p�K�” . �q�\�–�U�\�w�Ë�m�w ζ(1)ζ(2) �w�Ü�›�s�`�M�q�S�M�o�ˆ�”�q , 
C�„�ò ζ(1, 2) �U�'�j	«
�`�o Euler �w ζ(3) = ζ(2, 1) �U�˜�’�•�” . �\�w�Ü�x
Y�`�M�w�p�K�”�T�’ , 	Í�w�^�æ�›
µ�”�‚�X

Y�p�=�p�V�s�M�p�K�–�O�T .

��	6�ð�J 15 �‰�7�t , ζ(1)ζ(k1, . . . , kn), (k1 ≥ 2) �›�Ë�è�“�t�-�‰�` , �†	��U�s�`�M�q�S�X
�q , 
C�„�ò�U�©�ß�ï�·�ç�` , Hoffman �w�����Ü�›�)�Q�”�\�q�›�¬�T�Š�‘ .

�°�m�w
Y�p�=�›��	O�0
:��
: Lik1,...,kn(z) �›�–�l�o�)�Q�o�ˆ�‘�O . 
u
ü�w�³�ß�¿�Ñ�ç
u�‘�“
Li1(z)Li2(z) = Li1,2(z) + 2Li2,1(z) �x |z| < 1 �p
Y�`�M . ���M

Li1(z)Li2(z) =
∞∑

n=1

zn

n

∞∑
m=1

zm

m2

=
∑

n>m>0

zn+m

nm2
+

∞∑
n=1

z2n

n3
+
∑

m>n>0

zm+n

m2n

�p�K�” . z = 1− ε (0 < ε < 1) �q�S�M�o ε→ +0 �w�Ã�v�›	��l�h�’�r�O�s�”�T ?

∞∑
n=1

z2n

n3
−→ ζ(3),

∑
m>n>0

zm+n

m2n
−→ ζ(2, 1), Li2,1(z) −→ ζ(2, 1) (ε→ +0)

�p�K�”�w�p , �Í�w�Ã�v

(17) lim
ε→+0

(
Li1,2(z)−

∑
n>m>0

zn+m

nm2

)
= 0

�U�Ô�d�•�y ε→ +0 �q�`�o 2ζ(2, 1) = ζ(2, 1) + ζ(3), �b�s�˜�j ζ(2, 1) = ζ(3) �U�˜�’�•�” . �\
�w�Ã�v�w	Â�Ì�x�Ž�<�w�è�“ : Li1,2(z) =

∑
n>m>0 z

n/nm2 �p 0 < z < 1 �w�q�V zn > zn+m �p�K
�”�w�p ,

0 < Li1,2(z)−
∑

n>m>0

zn

n
· z

m

m2
=
∑

n>m>0

zn

n
· 1− z

m

m2
< ε

∑
n>m>0

(1− ε)n

n
· 1

m
.

�7�™�w
Æ�s�ø�w�q�\�–�p
°�A

1− zm = (1− z)(1 + z + z2 + · · ·+ zm−1) < mε

�›�;�M�h . ∑
n>m>0

(1− ε)n

n
· 1

m
= Li1,1(1− ε) =

1

2
(− log ε)2

�p�K�“ (��	6�ð�J 10) �T�m lim
ε→+0

ε(− log ε)2 = 0 �i�T�’ (17) �›�˜�” .

�‰�7�w�M�O�¢“�›�`�M�¸�”�»
Y�F�= ”�£�p
��^ = 2 �w�è�¬�Ü�›�Ô�b�\�q�‹�p�V�” : ��	6�ð�J
12 �w�Ü�t�S�M�o m = 1, n = k �q�b�”�q

Li1(z)Lik(z) = Lik,1(z) +
k−1∑
j=0

Lij+1,k−j(z).
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���M

Li1(z)Lik(z) =
∞∑

n=1

zn

n

∞∑
m=1

zm

mk
=
∑

m>n>0

zm+n

mkn
+

∞∑
n=1

z2n

nk+1
+
∑

n>m>0

zn+m

nmk
.

�\�\�p z = 1− ε, ε→ +0 �q�b�”�q

Lik,1(z) −→ ζ(k, 1),
∑

m>n>0

zm+n

mkn
−→ ζ(k, 1),

∞∑
n=1

z2n

nk+1
−→ ζ(k + 1).

�^�’�t j ≥ 1 �w�q�V
Lij+1,k−j(z) −→ ζ(j + 1, k − j).

�™�x�Ã�v�y

(18) lim
ε→+0

(
Li1,k(z)−

∑
n>m>0

zn+m

nmk

)
= 0

�›�Ô�b�\�q�U	Z�R�•�y ε→ +0 �w�Ã�v�q�`�o

ζ(k + 1) =
k−1∑
j=1

ζ(j + 1, k − j)

�›�˜�” . �\�•�U
��^ = 2 �w�è�¬�Ü�p�K�” . �Ã�v (18) �x , �Ã�v (17) �›�Ô�`�h�w�q�‰�7�t

0 < Li1,k(z)−
∑

n>m>0

zn

n
· z

m

mk
=

∑
n>m>0

zn

n
· 1− z

m

mk
< ε

∑
n>m>0

(1− ε)n

n
· 1

mk−1

≤ ε
∑

n>m>0

(1− ε)n

n
· 1

m
= εLi1,1(1− ε) =

1

2
ε(log ε)2

�‘�“�Ô�d�” .

1.4.2 �E
:�$���Ü�=

Hoffman [H2] �t�‘�l�o�‹�Ö�^�•�h��	O�¸�”�»�‹�w�E
:�$�s	��“�{�M�x , 
Y�F�=�›���Ü�=�b
�”�M�t�‹�(�b�p�K�” . �\�w
…�p�f�•�›
†�Ì�b�” .

x, y �›�!
:�q�`�o H := Q〈x, y〉 �p Q 	Í�w 2 �!
:
‡�D�õ���ò�Ü���›
¯�b�‹�w�q�`�y

H1 := Q + Hy, H0 := Q + xHy

�q�S�X . H1 �x Q-
¢���í���q�`�o�x 1 �q , �È�z�U y �p	4�”�‘�O�s�o�ò�Ü (word) �p�Á�’�• ,

H0 �x 1 �q , �(�z�U x �p�•�‡�“�È�z�U y �p	4�”�o�ò�Ü�p�Á�’�•�” . �f�•�g�• H �w
æ
ü��
(H0 ⊂ H1 ⊂ H) �p�K�” .

�×
µ
: k �t�0�` zk = xk−1y �q�S�X . H1 �x , zk (k = 1, 2, 3, . . .) �p
\
R�^�•�”
‡�D�õ���ò�Ü
���q�ˆ�s�b�\�q�U	Z�R�” . k ≥ 2 �p�K�•�y zk �x H0 �t���b�” . �h�i�` H0 �x k ≥ 2 �p�K�”�‘
�O�s zk �p
\
R�^�•�”���p�x�s�M . �h�q�Q�y x2y2 �x�f�w�‘�O�s�i�w
u�p�x	{�Z�s�M . H0 �x
xmyn (m,n = 1, 2, 3, . . .) �p�×���t
\
R�^�•�o�M�” .
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�� , Q-
¢���ø
þ (“evaluation map”)

Z : H0 −→ R

�› , H0 �w�¤�o�ò�Ü w = zk1zk2 · · · zkn �t�0�` (H0 �w�i�q�M�O�\�q�T�’ k1 ≥ 2 �t�«�™ )

Z(w) = ζ(k1, k2, . . . , kn)

�q�` (�h�i�` Z(1) = 1 �q�b�” ), �\�•�› Q-
¢���t�¦�Á�`�h�‹�w�q�b�” . �K�”�M�x , 
S
î
u
ü

¯�Ô�t�0� �`�o	{�X�q , w = u1u2 · · · uk, (u1 = x, uk = y) �t�0�` , ui = x �w�q�V ωi = dt/t,

ui = y �w�q�V ωi = dt/(1− t) �q�`�o ,

Z(w) =

∫ 1

0

ω1 ◦ ω2 ◦ · · · ◦ ωk,

�\�•�› Q-
¢���t�¦�Á�`�h�‹�w , �q�t�l�o�‹�‘�M .

�o�ò�Ü w ∈ H0 �t�0�`�o , �0� �b�”��	O�¸�”�»�‹ Z(w) �w	O�^�x w �w�Í
:�p , 
��^�U w �w y

�t�m�M�o�w�Í
:�p�K�” . �Ž�™w ∈ H1 �t�m�M�o�‹�\�w�™�¯�p	O�^ , 
��^ , �w� �›�;�M�” .

�« 1.4.1 Z(xy) = ζ(2), Z(x2y) = ζ(3), �°
`�t k ≥ 2 �t�0�` Z(zk) = ζ(k). �‡�h Z(xy2) =

ζ(2, 1), Z(x2y2x3y) = ζ(3, 1, 4) �s�r .

�\�w�0� �›�„�t�M�•�o , ��	O�¸�”�»�‹�w
u�›�ƒ
:
¯�Ô�›�;�M�o�è�t�Ú�b�F���t�0� �b�”�‘
�O�s , �`�T�‹
²
…�p�_�h�‘�O�t , 
C�„�b�”�‹�w�‹���Ü�$�t�x�‰�a�F���t	H�O�w�p�f�•�‹	��“
���œ�i���p , H1 �t	ý�h�s
u ∗ (�Ð�è
u , harmonic product) �›���[�b�” . �«�Q�y

ζ(p)ζ(q) = ζ(p, q) + ζ(q, p) + ζ(p+ q)

�t�0� �`�o
zp ∗ zq = zpzq + zqzp + zp+q

�q�s�”�‘�O�s
u�p�K�” . H1 �x zk, k = 1, 2, 3, . . . �p
\
R�^�•�o�M�”�\�q�›�‹�O�°�S�¬�Ý�`�o
�S�X .

H1 	Í�w
u ∗ �›�Í�w�F���S�‘�| Q-
Ò
¢��
Q�t�‘�“���[�b�” :

H1. H1 �w�Ú�™�w�i w �t�0�` w ∗ 1 = 1 ∗ w = w.

H2. H1 �w�Ú�™�w words w1, w2 �q
Y
T
: p, q �t�0�`

zpw1 ∗ zqw2 = zp(w1 ∗ zqw2) + zq(zpw1 ∗ w2) + zp+q(w1 ∗ w2).

�\�•�x , �ƒ
:�t�‘�”�2�‰�w�F���›
��^�t���`�o�<�ò�$�t�&�;�`�o�M�”�w�p�K�” .

�« 1.4.2 
��^�U 1 �q 2 �w
u�x

zp ∗ zqzr = zp(1 ∗ zqzr) + zq(zp ∗ zr) + zp+q(1 ∗ zr)

= zpzqzr + zq(zpzr + zrzp + zp+r) + zp+qzr

= zpzqzr + zqzpzr + zqzrzp + zqzp+r + zp+qzr

�q�s�“ , �\�•�U��	O�¸�”�»�‹�w
u

ζ(p)ζ(q, r) = ζ(p, q, r) + ζ(q, p, r) + ζ(q, r, p) + ζ(q, p+ r) + ζ(p+ q, r)

�t�0� �`�o�M�” .
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Hoffman [H2] �x�\�w���‰ ∗ �U�A�ù�O��

w1 ∗ (w2 ∗ w3) = (w1 ∗ w2) ∗ w3

�›�¬�h�`�D�õ w1 ∗ w2 = w2 ∗ w1 �p�K�”�\�q , 	H�l�o�\�w
u�U H1 �t Q 	Í�w�D�õ�E
:�w�Ï��
�›�)�Q�”�\�q�› , �o�ò�Ü�w�Í
:�t���b�”�<�ò�O�p�Ô�`�h . �\�w Q �E
:�› H1

∗ �q	{�X . 
æ
ü�í
�� H0 �x�\�w
u�t���`�o H1

∗ �w
æ
ü�E
:�q�s�“ , �\�•�› H0
∗ �q	{�X . Hoffman �x�^�’�t , �ø
þ

Z : H0 −→ R �U�\�w
u�t���`�o	j�‰���p�K�”�\�q , �b�s�˜�j ,

(19) Z(w1 ∗ w2) = Z(w1)Z(w2) (w1, w2 ∈ H0)

�w	Â�Ì�‹�)�Q�h . (�f�‹�f�‹�\�O�s�”�‘�O�t ∗ �›���[�`�o�M�”�w�p�K�” .)

�Í�t , 
u
ü�w�³�ß�¿�Ñ�ç
u�t�0� �b�”
u X (�\�•�‹�³�ß�¿�Ñ�ç
u , shuffle product, �q�z�• )

�› , �\�œ�r�x
¶ H = Q〈x, y〉 	Í�t , �Í�w�F���S�‘�| Q-
Ò
¢���p�K�”�\�q�A
e�`�o���[�b�” :

S1. H �w�Ú�™�w�i w �t�0�` wX1 = 1Xw = w.

S2. ui = x �‡�h�x y (i = 1, 2) �q�Ú�™�w words w1, w2 �t�0�`

(u1w1)X(u2w2) = u1(w1Xu2w2) + u2(u1w1Xw2).

�³�ß�¿�Ñ�ç
u X �U�A�ù�O�� w1X(w2Xw3) = (w1Xw2)Xw3 �›�ˆ�h�` , �T�m�D�õ w1Xw2 =

w2Xw1 �p�K�”�\�q�x�0�›�t
ü�T�“ , �\�•�t�‘�“ H �t�D�õ�s Q �E
:�w�Ï���U�Ö�” (�³�ß�¿�Ñ�ç

u�E
:�w�°
`�$�s�\�q�x [Reu] �›�€	° ). �\�w Q �E
:�› HX �q	{�V , H1, H0 �U�f�•�g�•
æ
ü
�E
:�t�s�”�w�p�f�•�› H1

X , H0
X �q	{�X . 
S
î
u
ü�w�³�ß�¿�Ñ�ç
u�T�’�R�”��	O�¸�”�»�‹�w
u

�w�F���x , �ø
þ Z : H0 −→ R �U X �t���`�o�‹	j�‰���p�K�” , �m�‡�“

(20) Z(w1Xw2) = Z(w1)Z(w2) (w1, w2 ∈ H0)

�U
R�“�q�m�\�q�q�`�o���Ü�=�^�•�” .

�« 1.4.3 ? xXy = yXx = xy + yx.

? yXn := yXyX · · ·Xy︸ ︷︷ ︸
n

= n!yn.

? xXn := xXxX · · ·Xx︸ ︷︷ ︸
n

= n!xn.

? p, q ≥ 1 �w�q�V

zpXzq = xp−1yXxq−1y =

q−1∑
i=0

(
p− 1 + i

i

)
zp+izq−i +

p−1∑
j=0

(
q − 1 + j

j

)
zq+jzp−j.

? �›�t p = 1 �w�q�V , z1Xzq = yXxq−1y = zqz1 +
∑q−1

i=0 z1+izq−i.

��	6�ð�J 16 �\�•�’�›	Â�Ì�d�‘ .

�Ë�m�w�Ü (19), (20) �›�ù�˜�d�”�\�q�t�‘�“�˜�’�•�”�w�U (���v ) 
ó�³�ß�¿�Ñ�ç�����Ü ((finite)

double shuffle relation) �p�K�” .
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�Ë�J 1.4.4 (���v
ó�³�ß�¿�Ñ�ç�����Ü , finite double shuffle relation) �Ú�™�ww1, w2 ∈
H0 �t�0�`

Z(w1Xw2 − w1 ∗ w2) = 0.

�«�™ 1.4.5 w1, w2 �ž�t��
:�p�s�Z�•�y	×�t ω1Xw2 6= w1 ∗w2 �s�w�p (�?�‚�T ?), �\�•�x�M�m
�‹
‡�×�Ì�s�����›�)�Q�” .

�{�q�m�«�›�K�[�” .

�« 1.4.6 w1 = zp = xp−1y, w2 = zq = xq−1y �q�b�” . w1, w2 ∈ H0 �w�h�Š�w	Ú�E�x p, q ≥ 2

�p�K�” . 
Œ�w�«�p�K�[�h�‘�O�t�y

w1Xw2 = zpXzq = xp−1yXxq−1y =

q−1∑
i=0

(
p− 1 + i

i

)
zp+izq−i +

p−1∑
j=0

(
q − 1 + j

j

)
zq+jzp−j

�p�K�”�w�p

Z(w1Xw2) =

q−1∑
i=0

(
p− 1 + i

i

)
Z(zp+izq−i) +

p−1∑
j=0

(
q − 1 + j

j

)
Z(zq+jzp−j)

=

q−1∑
i=0

(
p− 1 + i

i

)
ζ(p+ i, q − i) +

p−1∑
j=0

(
q − 1 + j

j

)
ζ(q + j, p− j).

�°�M , w1 ∗ w2 = zp ∗ zq = zpzq + zqzp + zp+q �‘�“

Z(w1 ∗ w2) = ζ(p, q) + ζ(q, p) + ζ(p+ q).

	H�l�o�Ë�J 1.4.4 �‘�“

q−1∑
i=0

(
p− 1 + i

i

)
ζ(p+ i, q − i) +

p−1∑
j=0

(
q − 1 + j

j

)
ζ(q + j, p− j) = ζ(p, q) + ζ(q, p) + ζ(p+ q)

�p�K�” .

�\�w�«�p p = 1 �w	Ô�ù�x ω1 6∈ H0 �s�w�p , �Ë�J 1.4.4 �x�&�;	Z�R�s�M�U , �î�M�t�x
²
… (“�›�`
�M
Y�F�= ”) �p�ˆ�h�‘�O�t , �7�™�w�s�Ü�x
C�„�b�”
æ
ü�U�'�j	«�`�K�l�o , �Í�U
R�q�b�” .

(21)

q−1∑
i=1

ζ(1 + i, q − i) = ζ(1 + q).

�\�•�x
��^ 2 �w�è�¬�Ü (11) �p�‹�K�”�` , Hoffman �w�����Ü (10) �w�›���s	Ô�ù�q�‹�_�O�d�” .

�°
`�t�x , w1 �‡�h�x w2 �U
C�„�b�”��	O�¸�”�»�‹�t�0� �b�”�q�V (H0 �t�x�Ö�’�s�M H1 �w
�i�w�q�V ), Z(w1Xw2) �q Z(w1 ∗ w2) �t�x�'�j	«�`�ù�˜�s�M
C�„�ò�U�q�•�” . �\�w�‘�O�s�q
�V�t�‡�p�é�›�¦�Á�b�”�w�U�Ž�<�p�æ�s�O�\�q�p�K�” .
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1.4.3 �ƒ
:
¯�Ô�›�;�M�h
Y�F�=

Q �E
:	j�‰�� Z : H0
∗ −→ R �w H1

∗ �•�w�¦�Á�›�E
:�$�t���[�b�” .

�Ë�J 1.4.7 Q �E
:	j�‰�� Z∗ : H1
∗ −→ R[T ] �p , �Í�w	Ú�E�›�ˆ�h�b�‹�w�U�°�™�$�t���O�b�” .

Z∗
∣∣∣
H0
∗

= Z, Z∗(y) = T.

	Â�Ì ) �\�•�x , H1
∗, H0

∗ �w�Ï���t���b�” Hoffman �w���g [H2, Th. 3.1, Th. 4.1] �‘�“�†�œ�r�Ì
�’�T�p�K�” . �b�s�˜�j , �f�w���g�t�‘�•�y , H1

∗ �x H0
∗ 	Í y �p
\
R�^�•�”���ò�Ü�� (
u�x ∗) �t�‰

���p�K�” ; H1
∗ ' H0

∗[y]. �m�‡�“ , �Ú�™�ww ∈ H1
∗ �x�°�™�$�t

w = w0 + w1 ∗ y + w2 ∗ y∗2 + · · ·+ wn ∗ y∗n (w0, w1, . . . , wn ∈ H0
∗)

�w���t
¯�d�” . �\�\�p wi �› Z(wi) �t , y �› T �t�”�V�õ�Q�o�˜�’�•�”�w�U Z∗(w) �p�K�” .

H1 �w�i�›	Í�w���t	{�M�h�q�V , �f�w “��
:�ò ” �›	��“	Z�b�ø
þ (�Ð�è
u�t�‘�”�E
:�$�s
Y�F
�= ) �U�™�p
ž�A�t�s�”�w�p���[�`�o�S�X .

���[ 1.4.8 H1 �w�i w �›

w = w0 + w1 ∗ y + w2 ∗ y∗2 + · · ·+ wn ∗ y∗n (w0, w1, . . . , wn ∈ H0)

�q	{�M�h�q�V , w0 �› reg∗(w) �p
¯�b .

�\�w�‘�O�t�E
:�$�t���[�^�•�”�ø
þ Z∗ �U, �r
s�$�t�x�Ž�<�w�‘�O�s�™�¯�›�Ë�m . �‡�c ,

� �ï�Ã�¿�«�µ k = (k1, k2, . . . , kn) (k1 = 1 �p�‹�‘�M ) �t�0�`�o , �0� �b�” H1 �w�i w (=

xk1−1y · · ·xkn−1y) �w Z∗ �t�‘�”
þ�› Z∗
k(T ) �q	{�X�\�q�t�b�” :

Z∗
k(T ) = Z∗(xk1−1y · · ·xkn−1y).

�î�«�›�•�[�‘�O . �¤�×���[�t�w�l�q�l�o�-�‰�`�o�ˆ�’�•�h�M .

�« 1.4.9

Z∗
1 (T ) = T,

Z∗
1,1(T ) =

T 2

2
− ζ(2)

2
,

Z∗
1,2(T ) = ζ(2)T − ζ(3)− ζ(2, 1),

Z∗
1,1,1(T ) =

T 3

6
− ζ(2)

2
T +

ζ(3)

3
,

Z∗
1,3(T ) = ζ(3)T − ζ(4)− ζ(3, 1),

Z∗
1,2,1(T ) = ζ(2, 1)T − ζ(3, 1)− ζ(2, 2)− 2ζ(2, 1, 1),

Z∗
1,1,2(T ) =

ζ(2)

2
T 2 − (ζ(3) + ζ(2, 1))T +

ζ(4)

2
+ ζ(3, 1) + ζ(2, 1, 1),

Z∗
1,1,1,1(T ) =

T 4

24
− ζ(2)

4
T 2 +

ζ(3)

3
T − ζ(4)

8
+
ζ(2, 2)

4
,

Z∗
1,1,1,1,1(T ) =

T 5

120
− ζ(2)

12
T 3 +

ζ(3)

6
T 2 −

(
ζ(4)

8
− ζ(2, 2)

4

)
T +

ζ(5)

30
− ζ(2, 3)

6
− ζ(3, 2)

6
.
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�°�M , 
Y
: M > 0 �q� �ï�Ã�¿�«�µ k = (k1, k2, . . . , kn) (k1 = 1 �p�‹�‘�M ) �t�0�`�o�y

ζM(k1, k2, . . . , kn) =
∑

M>m1>···>mn>0

1

mk1
1 m

k2
2 . . .mkn

n

�q�S�X . k1 ≥ 2 �s�’ M → ∞ �w�q�V ζM(k) → ζ(k) �p�K�” . k1 = 1 �s�’ M → ∞ �w�q�V
ζM(k) �x
C�„�b�” .

�\�w���v�è ζM(k) �t�m�M�o�‹ , ��	O�¸�”�»�‹�w�q�V�q�‰�a�F�� (�Ð�è
u ) �p 
u�›�è�t�s�S
�d�”�\�q�t�«�™�b�” . �«�Q�y ,

ζM(a)ζM(b) = ζM(a, b) + ζM(b, a) + ζM(a+ b).

�Ë�J 1.4.10 (i) �Ú�™�w( 	)���q�x�v�’�s�M ) � �ï�Ã�¿�«�µ k �t�0�`�o , �K�”
Y
: J �U�K�“

ζM(k) = Z∗
k(logM + γ) +O(M−1 logJ M) (M →∞).

�h�i�` γ �x Euler �w��
:

γ = lim
n→∞

(
1 +

1

2
+

1

3
+ · · ·+ 1

n
− log n

)
= 0.57721566490153286 . . .

�p�K�” . �b�s�˜�j , ζM(k) �w
C�„�w�S�ù�M�x logM �w���ò�Ü�w�¦�”�¼�”�p�K�“ , �f�w���ò�Ü
�U Z∗

k(T + γ) �p�)�Q�’�•�” .

(ii) k = (1, . . . , 1︸ ︷︷ ︸
s

,k′), k′ �x	)��� �ï�Ã�¿�«�µ , �q�b�”�q�V ,

Z∗
k(T ) = ζ(k′)

T s

s!
+ �ÿ�Í�w�ò

�p , k �w	O�^�› k �q�b�”�q , Z∗
k(T ) �w T i �w��
:�x Zk−i ( 	O�^�U k − i �w��	O�¸�”�»�‹�p�Á

�’�•�” Q �Õ�«�Ä�ç�í�� ) �t���b�” .

	Â�Ì ) (i) s �t���b�”�<�ò�O�p	Â�Ì�b�” . s = 0 �w�q�V , �b�s�˜�j k �U	)��� �ï�Ã�¿�«�µ�w
�q�V�x Z∗

k(T ) = ζ(k) �p�K�“ , 
°�A

ζM(k) = ζ(k) +O(M−1 logJ M)

�U
R�“�q�m�\�q�x , �4�J 1.1.2 �p�•�l�h	)��
Q�w	Â�Ì�p�w
°�A�›�€�ß�t�`�o�0�›�t�Ô�b�\�q
�U	Z�R�”�¢ k1 = 2 �w�q�V�x 3 �æ�<�w
°�A�U
ž�A�£ . �\�•�T�’	Z
C�`�o�<�ò�$�t	Â�Ì�b�”�h�Š
�w�Ù� �ï�Ä�x�Ë�m�p , �°�m�x	Í�p	\�‚�h�‘�O�t ζM(k) �‹�Ð�è
u�w�F���t	H�O�\�q , �‹�O�°�m
�x�‘�X�Œ�’�•�h
°�A

ζM(1) = 1 +
1

2
+ · · ·+ 1

M − 1
= logM + γ +O

( 1

M

)
�p�K�” . Z∗

(1)(T ) = Z∗(y) = T �s�w�p , �\�w
°�A�U k = (1) �w	Ô�ù�›�)�Q�” .

k = (1, . . . , 1︸ ︷︷ ︸
s

,k′) (s ≥ 1, k′ = (k1, . . . , kr), k1 ≥ 2) �w�q�V�x

ζM(1)ζM(1 . . . , 1︸ ︷︷ ︸
s−1

,k′) = sζM(1, . . . , 1︸ ︷︷ ︸
s

,k′) + ζM(2, . . . , 1︸ ︷︷ ︸
s−1

,k′) + ζM(1, 2, . . . , 1︸ ︷︷ ︸
s−1

,k′)(22)

+ · · ·+ ζM(1, . . . , 2︸ ︷︷ ︸
s−1

,k′) +
r∑

i=1

ζM(1, . . . , 1︸ ︷︷ ︸
s−1

,k′′
(i)) +

r∑
i=1

ζM(1, . . . , 1︸ ︷︷ ︸
s−1

,k′′′
(i))
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�h�i�`
k′′

(i) = (k1, . . . , ki, 1, ki+1, . . . , kr), k′′′
(i) = (k1, . . . , ki + 1, ki+1, . . . , kr)

�q�S�M�h . k′′
(i), k′′′

(i) �x�ž�t	)��� �ï�Ã�¿�«�µ�p�K�”�\�q�t�«�™ .

���M , w = zk1zk2 · · · zkr �q	{�V , �y

w(i) = zk1 · · · zki
z1zki+1

· · · zkr , w(i) = zk1 · · · zki+1zki+1
· · · zkr

�q�S�X�q ,

y ∗ (ys−1w) = sysw + z2y
s−2w + · · ·+ ys−2z2w +

r∑
i=1

ys−1w(i) +
r∑

i=1

ys−1w(i).

�†�%�t Z∗ �›�ª�`�o�¢ Z∗(y ∗ (ys−1w)) = Z∗(y)Z∗(ys−1w) = TZ∗(ys−1w) �t�«�™�`�£�b�‚�o
� �ï�Ã�¿�«�µ�w�G�O�t	{�V�õ�Q�”�q

TZ∗
1, . . . , 1
| {z }

s−1

,k′(T ) = sZ∗
1, . . . , 1
| {z }

s

,k(T ) + Z∗
2, . . . , 1
| {z }

s−1

,k(T ) + · · ·+ Z∗
1, . . . , 2
| {z }

s−1

,k(T )(23)

+
r∑

i=1

Z∗
1, . . . , 1
| {z }

s−1

,k′′
(i)

(T ) +
r∑

i=1

Z∗
1, . . . , 1
| {z }

s−1

,k′′′
(i)

(T ).

�\�•�U�¸�S (22) �t�0� �`�o�M�” . �<�ò�O�w�>���t�‘�“ , k̃ �U�Ú�™�w	)��� �ï�Ã�¿�«�µ�w�q�V�z
�K�”
T
: J̃ ≥ 0 �U�K�l�o

(24) ζM(1, . . . , 1︸ ︷︷ ︸
s−1

, k̃) = Z∗
1, . . . , 1
| {z }

s−1

,ek
(logM + γ) +O(M−1 logJ̃ M)

�q�s�” . k̃ = k′, k′′
(i), k

′′′
(i) �t�m�M�o�w (24) �› (22) �t�E�Ö�` , (23) �q
z�‚�”�\�q�t�‘�“

ζM(1, . . . , 1︸ ︷︷ ︸
s

,k′) = Z∗
1, . . . , 1
| {z }

s

,k′(logM + γ) +O(M−1 logJ M) (∃J ∈ Z, J ≥ 0)

�U�˜�’�•�” .

�‡�h (ii) �‹ (23) �›�;�M�•�y�0�›�t�<�ò�$�t�Ô�b�\�q�U�p�V�” .

��	6�ð�J 17 
°�A

ζM(k) = ζ(k) +O(M−1 logJ M) (M →∞, J �x�K�”
Y
: )

�›�Ô�d .

1.4.4 
u
ü
¯�Ô�›�;�M�h
Y�F�=


²
…�p�æ�s�l�h�q�‰�a�\�q�›���S�x�³�ß�¿�Ñ�ç
u�t�m�M�o�æ�s�O .

�Ë�J 1.4.11 Q �E
:	j�‰�� ZX : H1
X
−→ R[T ] �p , �Í�w	Ú�E�›�ˆ�h�b�‹�w�U�°�™�$�t���O

�b�” .

ZX

∣∣∣
H0

X

= Z, ZX (y) = T.

31



	Â�Ì ) �³�ß�¿�Ñ�ç
u�E
:�w�Ï���t���b�”���g ([Reu, Th. 6.1]) �‘�“ H1
X ' H0

X [y] �q�s�“ , �Ë
�J 1.4.7 �q�‰�7�t���O�q�°�™
Q�U
ü�T�” .

H1
X

�w�i�w , H0
X
[y] �w�i�q�`�o�w�é�.�$�s	{�V
¯�`�M�›�)�Q�o�S�X�\�q�x , �™�w�(�S�t�‹�s

�”�w�p , �\�\�p�‰�� H1
X
' H0

X
[y] �w	Â�Ì�q�q�‹�t�)�Q�o�S�X�\�q�t�b�” .

�4�J 1.4.12 H1 �w�Ú�™�w word ynw (n ∈ Z, n ≥ 0, w ∈ H0) �x�°�™�$�t

(25) ynw = w0 + w1Xy + w2XyX2 + · · ·+ wnXyXn (w0, w1, . . . , wn ∈ H0)

�q
¯�d�” ( 	H�l�o�Ú�™�w H1 �w�i�‹�\�w���t
¯�d�” ). �h�i�` yX i = yX · · ·Xy︸ ︷︷ ︸
i

�p�K�” . �\�w

�q�V , �¤ “��
: ” wi �x , w = xw′ (w′ ∈ H1) �q	{�X�q�V ,

wi =
(−1)n−i

i!

(
x(yn−i

Xw′)
)

�p�)�Q�’�•�” . yX i = i! yi �t�«�™�b�•�y

(26) ynw =
n∑

i=0

(−1)n−i
(
x(yn−i

Xw′)
)

Xyi.

	Â�Ì ) �Ü (26) �› n �t���b�”�<�ò�O�p	Â�Ì�b�” . n = 0 �w�q�V�x�×�Ì�s�Ü�p�K�” . n− 1 �‡�p

Y�`�M�q�b�”�q ,

yn−1xw′ =
n−1∑
i=0

(−1)n−1−i
(
x(yn−1−i

Xw′)
)

Xyi =
n∑

i=1

(−1)n−i
(
x(yn−i

Xw′)
)

Xyi−1.

�M�‡ , �³�ß�¿�Ñ�ç
u�w���[�t�S�Z�”�F�� S2 �‘�“ ,(
x(yn−i

Xw′)
)

Xyi = x
(
(yn−i

Xw′)Xyi
)

+ y
((
x(yn−i

Xw′)
)

Xyi−1
)

�p�K�”�w�p

ynxw′ = y(yn−1xw′) = y
( n∑

i=1

(−1)n−i
(
x(yn−i

Xw′)
)

Xyi−1
)

=
n∑

i=1

(−1)n−i
((
x(yn−i

Xw′)
)

Xyi − x
(
(yn−i

Xw′)Xyi
))

=
n∑

i=0

(−1)n−i
((
x(yn−i

Xw′)
)

Xyi − x
(
(yn−i

Xw′)Xyi
))
.

�q�\�–�p ,
n∑

i=0

(−1)n−ix
(
(yn−i

Xw′)Xyi
)

= x
( n∑

i=0

(−1)n−i(yn−i
Xyi)

)
Xw′

�p�K�”�U ,

n∑
i=0

(−1)n−i(yn−i
Xyi) =

n∑
i=0

(−1)n−i

(
n

i

)
yn = (−1)n

(
n∑

i=0

(−1)i

(
n

i

))
yn = 0
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�s�w�p (26) �U�‹�T�•�” . �K�q�Ô�b�‚�V�x
¯�Ô (25) �w�°�™
Q�p�K�” . w ∈ H0 �t�0�`�o

wXyn = ynw + yn−1w′
n−1 + · · ·+ yw′

1 + w′
0 (w′

n−1, . . . , w
′
0 ∈ H0)

�q
¯�d�”�\�q�U n �t���b�”�<�ò�O�p�0�›�t
ü�T�” . �M�‡

w0 + w1Xy + w2Xy2 + · · ·+ wnXyn = 0 (w0, w1, . . . , wn ∈ H0)

�q�b�” . �(�%�x ynwn + yn−1vn−1 + · · · + yv1 + v0 (v0, . . . , vn−1 ∈ H0) �w���t	{�Z�”�w�p
wn = 0 �q�s�” . �Ž�<�<�ò�$�t wn−1 = 0, . . . , w0 = 0 �U�A�æ�^�•�” .

�Í�w���[ (�³�ß�¿�Ñ�ç
u�t�‘�”�E
:�$�s
Y�F�= ) �U�K�q�p
ž�A�t�s�” .

���[ 1.4.13 H1 �w�i w �t�0�` , �\�•�›

w0 + w1Xy + w2XyX2 + · · ·+ wnXyXn (w0, w1, . . . , wn ∈ H0)

�w���t	{�M�h�q�V , �f�w “��
:�ò ” w0 �› regX (w) �p
¯�b .

(26) �t�‘�•�y , w = xw′ �› H0 �w word �q�b�”�q�V ,

(27) regX (ynw) = (−1)nx(yn
Xw′)

�p�K�” .

�Ð�è
u�w�q�V�q�‰�7�t , � �ï�Ã�¿�«�µ k = (k1, k2, . . . , kn) (k1 = 1 �p�‹�‘�M ) �t�0�`�o , �0
� �b�” H1 �w�i w (= xk1−1y · · ·xkn−1y) �w ZX �t�‘�”
þ�› ZX

k (T ) �q	{�X�\�q�t�b�” :

ZX

k (T ) = ZX (xk1−1y · · ·xkn−1y).

�« 1.4.14

ZX

1 (T ) = T,

ZX

1,1(T ) =
T 2

2
,

ZX

1,2(T ) = ζ(2)T − 2ζ(2, 1),

ZX

1,1,1(T ) =
T 3

6
,

ZX

1,3(T ) = ζ(3)T − 2ζ(3, 1)− ζ(2, 2),

ZX

1,2,1(T ) = ζ(2, 1)T − 3ζ(2, 1, 1),

ZX

1,1,2(T ) =
ζ(2)

2
T 2 − 2ζ(2, 1)T + 3ζ(2, 1, 1),

ZX

1,1,1,1(T ) =
T 4

24
,

ZX

1,1,1,1,1(T ) =
T 5

120
.
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�\�w���ò�Ü�U , ���[ 1.2.2 �p�‹�Ö�`�h��
: Lik1,k2,...,kn(t) �w t → 1 �w�q�V�w
C�„�w�S�ù�M�›
�-�l�o�M�” .

�Ë�J 1.4.15 (i) �Ú�™�w(	)���q�x�v�’�s�M ) � �ï�Ã�¿�«�µ k �t�0�`�o , �K�”
Y
: J �U�K�“

Lik(z) = ZX

k (− log(1− z)) +O((1− z) logJ(1− z)) (z → 1, 0 < z < 1).

(ii) k = (1, . . . , 1︸ ︷︷ ︸
s

,k′), k′ �x	)��� �ï�Ã�¿�«�µ , �q�b�”�q�V ,

ZX

k = ζ(k′)
T s

s!
+ �ÿ�Í�w�ò

�p , k �w	O�^�› k �q�b�”�q , ZX

k �w T i �w��
:�x Zk−i �t���b�” .

	Â�Ì ) �Ë�J 1.4.10 �w	Â�Ì�q�‰�7�w�M
��p	Z�R�” . �\�\�p�,�Š�t�s�”�w�x Li1(t) = − log(1−t)
�p�K�” . k = (1, . . . , 1︸ ︷︷ ︸

s

,k′), k′ = (k1, . . . , kr) �q	{�V k1 ≥ 2 �q�b�” . �Ë�J�w
°�A�Ü�› s �t���b

�”�<�ò�O�p�Ô�b . s = 0, �m�‡�“ k �U	)��� �ï�Ã�¿�«�µ�w�q�V�x , �4�J 1.2.3 �‘�“

ζ(k)− Lik(z) =

∫ 1

z

1

t
Lik1−1,k2,...,kn(t) dt

�p , �M�‡ z < t < 1 �w�q�V∣∣∣∣1t Lik1−1,k2,...,kn(t)

∣∣∣∣ ≤ 1

z
Li1,1,...,1(t) =

Li1(t)
n

zn!
.


u
ü�›�-�‰�b�”�q ∫ 1

z

Li1(t)
n dt = O((1− z) logn(1− z))

�U�˜�T�”�T�’ ,

ζ(k)− Lik(z) = O((1− z) logn(1− z))

�p�K�” .

s ≥ 1 �q�` , w = zk1zk2 · · · zkr �q�S�X . �³�ß�¿�Ñ�ç
u�w���[�T�’

(28) yX
(
ys−1w

)
= sysw +

∑
w′

ys−1w′,

�\�\�t w′ �x H0 �w�o�ò�Ü�w�K�”���v	B�ù�›�˜�h�” . �o�ò�Ü w′ �t�0� �b�”� �ï�Ã�¿�«�µ�›
k′′ = (k′′1 , . . . , k

′′
ν) (k′′1 ≥ 2) �q	{�X�q , 
S
î
u
ü�w�³�ß�¿�Ñ�ç
u�T�’ , �\�•�t�0� �`�o

(29) Li1(z)Li1, . . . , 1
| {z }

s−1

,k′(z) = sLi1, . . . , 1
| {z }

s

,k′(z) +
∑
w′

Li1, . . . , 1
| {z }

s−1

,k′′(z).

�<�ò�O�w�>���T�’	)��� �ï�Ã�¿�«�µ k̃ �t�0�`

(30) Li1, . . . , 1
| {z }

s−1

,ek(z) = ZX

1, . . . , 1
| {z }

s−1

,ek
(− log(1− z)) +O

(
(1− z) logJ̃(1− z)

)
(z → 1)
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�\�\�p J̃ ≥ 0 �x k̃ �t�‘���b�”�K�”
T
: . �°�M (28) �t ZX �›�ª�`�o , � �ï�Ã�¿�«�µ�w�G�O�p
�T�X�q

(31) TZX

1, . . . , 1
| {z }

s−1

,k′(T ) = sZX

1, . . . , 1
| {z }

s

,k′(T ) +
∑
w′

ZX

1, . . . , 1
| {z }

s−1

,k′′(T ).

(30) �› (29) �t�E�Ö�` , (31) �q
z�‚�”�\�q�t�‘�“�è
ª�w
°�A�Ü�›�˜�” .

(ii) �‹ (31) �T�’�<�ò�$�t	H�O .

�« 1.4.9 �q�« 1.4.14 �q�›�_
z�‚�”�q , �Ë�m�w
Y�F�=�t�‘�l�o�Ÿ�s�”���ò�Ü�U�˜�’�•�o�M�”
�\�q�U�˜�T�” . �\�w�Ë�è�“�w
Y�F�=�w�����U�\�•�T�’�w	��J�q�s�” .

1.4.5 �¨�ï�Ú��
:�“
†

�Ë�m�w�ø
þ Z∗, ZX �w���t�x
‡	×�t�V�•�M�s�����U
R�“�q�m . �\�•�›�G	\�`	Â�Ì�b�”�h�Š
�t�¨�ï�Ú��
:�w�M�X�m�T�w
Q�í�U
ž�A�t�s�” . �î�x�¨�ï�Ú��
: (�w�0
:
•
ü ) �x , �æ�”�Ú�ï�¸�”
�»��
:�w
T
:�:�p�w�‹�w�<��
:�s�w�p�K�l�o , �`�T�‹
Y�S�‘�|
Û�w
T
:�:�†�M�›�°�m�t�.�`
�o�M�” . �f�`�o�f�w (
Y�w�M�w) �<��
:�U�|��	O�¸�”�»�‹�w�����Ü�w , 
”�w�A�q�‹�t�O�‚�V�•
�”�p	O�A�s�þ�Â�›�L�h�`�o�M�” . �f�•�x�Í
…�Ž�ñ�p�Ì�’�T�t�`�o�M�X�U , �¸�”�»�‹�t�S�M�o
�f�w�‘�O�t	O�A�s�¨�ï�Ú��
:�p�K�”�T�’ , 	—�`�´
ï�›
…�`�o�r
†�`�o�S�X�\�q�t�`�‘�O . (�q
�x�t�O�‹�w�w	—�‘�Õ�X�s�“�b�W�h�w�p , �q�“�K�Q�c 45 �Ö�”�´�w�Í
…�t
��ˆ�|
ž�A�t� �a�o
�€	°�<�^�l�o�‹�‘�M . �‡�h�|�\�•�x��	O�¸�”�»�‹�T�’�x�m�•�”�w�p�K�”�U�| digamma ��
:�t
�m�M�o�Ž
²�t	{�M�h�Ê�”�Ä�›�|�\�w�;�q�t §3 �t
Ç�å�q�`�o�>�å�b�”�\�q�t�`�h�} )

�¨�ï�Ú��
:�q�M�O�w�x�Š	Ð n! �›�4���b�”�‹�w�p�K�l�h . �°
`�w�î
:�‡�h�x
ó
É
: x �t�0�`
�o x! �›�r�O���[�b�”�T . �‡�c x ∈ N �i�q�`�o , �Í�w�‘�O�s
â�^�›�æ�l�o�ˆ�” : N �›�Ú�™�w�×

µ
:�q�b�”�q�V ,

x! = 1 · 2 · · ·x = 1 · 2 · · ·x · (x+ 1)(x+ 2) · · · (x+N)

(x+ 1)(x+ 2) · · · (x+N)

=
(x+N)!

(x+ 1)(x+ 2) · · · (x+N)
=

1 · 2 · · ·N(N + 1) · · · (N + x)

(x+ 1)(x+ 2) · · · (x+N)

= N !
(N + 1) · · · (N + x)

(x+ 1)(x+ 2) · · · (x+N)
.

�M�‡ , x �x�{���^�•�o�M�o , N →∞ �w�q�V

(N + 1) · · · (N + x) = Nx(1 +
1

N
) · · · (1 +

x

N
)

�q Nx �x�‰�a�¦�”�¼�” (N →∞ �w�q�V
z�U 1 �t�Ù�n�X ) �p�K�”�T�’ , x ∈ N �w�q�V

x! = lim
N→∞

N ! ·Nx

(x+ 1)(x+ 2) · · · (x+N)

�p�K�” . �q�\�–�p , �È�%�w�¤
��x x �U
Û�w
T
:�p�s�M�v�“�™�¯�›�Ë�m ! �«�Q�y x = 0 �q�`�o�ˆ
�”�q�\�w�Ü�x N �t�‘�’�c 1 �p�K�”�w�p , 0! = 1 �q���[�b�”�w�U�%�p�p�K�–�O�q�M�O�\�q�t�s
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�” . �°
`�w x �t�m�M�o�\�w�Ã�v�w	)��
Q�›�ß�Q�o�ˆ�‘�O . 	��ï�1�<�“�i�U , Nx = e(log N)x �w
logN �›

1 +
1

2
+ · · ·+ 1

N
− γ

�p�”�V�õ�Q�” . γ �x Euler ��
:�p�K�” . �\�w�Ü�q logN �w�)�x 0 �t	)���b�”�T�’ , 	Í�w�Ã�v�w
	)��
Q�q

lim
N→∞

N ! · e(1+1/2+···+1/N−γ)x

(x+ 1)(x+ 2) · · · (x+N)

�w	)��
Q�x�s�A�p�K�” . �q�\�–�p

N ! · e(1+1/2+···+1/N)x

(x+ 1)(x+ 2) · · · (x+N)
=

(
N∏

n=1

(
1 +

x

n

)
e−x/n

)−1

�p�K�l�o , |α| < 1 �w�q�V

(1− α)eα = 1 + α+
α2

2!
+
α3

3!
+ · · · − α− α2 − α3

2!
− α4

3!
− · · ·

= 1− α2

[(
1− 1

2!

)
+

(
1

2!
− 1

3!

)
α+

(
1

3!
− 1

4!

)
α2 + · · ·

]
,

[ ] �w�¤
��w
ˆ�0�‹ ≤
(

1− 1

2!

)
+

(
1

2!
− 1

3!

)
+

(
1

3!
− 1

4!

)
+ · · · = 1

�p�K�”�w�p , |α| < 1 �w�q�V
|1− (1− α)eα| ≤ |α|2.

�‘�l�o |x| < n �w�q�V ∣∣∣1− (1 +
x

n

)
e−x/n

∣∣∣ ≤ |x|2
n2

.

|x| ≥ n �q�s�”���v�x�w n �x�Á�v
u�w	)��
Q�t�è�¹�`�s�M�\�q�q ,
∑∞

n=1 1/n2 �x
ˆ�0	)���p�K
�”�\�q�T�’ ,

∏∞
n=1 (1 + x/n) e−x/n �x�Ú�™�w x �t�0�`�o
ˆ�0	)�� (�h�i�` x ∈ −N �w�q�V�x

n = −x �w�ò�U 0 �q�s�” ), 	H�l�o�Ã�v

lim
N→∞

N ! ·Nx

(x+ 1)(x+ 2) · · · (x+N)

�‹�Ú�™�w x 6∈ −N �t�0�`�o���O�b�” . Gauss �x�\�•�t�‘�l�o , �¨�ï�Ú��
:�›���[�`�h . 
t�x
(
Y�`�X !) �G�ø Πx �›�;�M�o�M�”�U , �q���‡�p�v
Í�b�”�\�q�t�s�l�h Legendre �w�G�ø�p�x�\
�w�‹�x Γ(1 + x) �p�K�” :

(32) Γ(1 + x) = lim
N→∞

N ! ·Nx

(x+ 1)(x+ 2) · · · (x+N)
.

�,�Š�$�s��
:�s�Ü

(33) Γ(1 + x) = xΓ(x)

�‹�\�•�T�’�Ú�j�t	H�O . �‡�h ,

Nx =
2x

1x
· 3

x

2x
· · · Nx

(N − 1)x
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�‘�“

N ! ·Nx

(x+ 1)(x+ 2) · · · (x+N)
=

(1 + 1/1)x(1 + 1/2)x · · · (1 + 1/(N − 1))x

(1 + x/1)(1 + x/2) · · · (1 + x/(N − 1))(1 + x/N)

�p�K�”�w�p ,

Γ(1 + x) =
∞∏

n=1

(1 + 1/n)x

(1 + x/n)
(x 6∈ −N)

�q�‹	{�Z�” . �\�•�U Euler �w���[�p�K�” (
t�x�î�!
:�p�w�ˆ�ß�Q�h ). 
Œ�w�ß�o�T�’�‡�h
Weierstrass �w�Á�v
u
¯�Ô

(34)
1

Γ(1 + x)
= eγx

∞∏
n=1

(
1 +

x

n

)
e−x/n (∀x ∈ C)

�‹�Ô�`�h�\�q�t�s�” . x �› −x �t�!�Q�h�‹�w�›�T�Z�•�y , �M�˜�•�”
ì�4�¬�Ü

(35)
1

Γ(1 + x)Γ(1− x)
=

∞∏
n=1

(
1− x2

n2

)
=

sin πx

πx

�›�˜�” . �È���w�s�ø�x §1.1 �p�;�M�h sin �w�Á�v
u�2�‰�p�K�” .

�q�\�–�p , Γ(x) (= Γ(1 + x)/x) �w�‹�Ö�t�‘�X�–�˜�•�”
u
ü
¯�Ô

(36) Γ(x) =

∫ ∞

0

e−ttx−1 dt (Re(x) > 0)

�›

Γ(x) = lim
N→∞

N ! ·Nx

x(x+ 1)(x+ 2) · · · (x+N)

�T�’�‹�X�t�x , �s�Ü

N ! ·Nx

x(x+ 1)(x+ 2) · · · (x+N)
=

∫ N

0

(
1− t

N

)N

tx−1 dt

�t�«�™�`�o N → ∞ �w�Ã�v�›	��” (	Ä�`�X�x [WW, Ch. XII]). �\�w�Ü�x 1/x(x + 1)(x +

2) · · · (x + N) �w
æ
ü
ü
:
ü�r�›�-�‰�`�o�ˆ�•�y�˜�’�•�” . �m�‡�“�\�w���g�Ü�x x = ∞ �p 0

�p , x = −i (0 ≤ i ≤ N) �p�w�y
:

= lim
x→−i

1

x(x+ 1) · · · (x+ i− 1) · (x+ i+ 1) · · · (x+N)

=
1

(−i)(−i+ 1) · · · (−1) · 1 · 2 · · · (N − i)

= (−1)i 1

i!(N − i)!

�T�’ ,

N !

x(x+ 1)(x+ 2) · · · (x+N)
=

N∑
i=0

(−1)i

(
N

i

)
1

x+ i
.

�\�\�p
1

x+ i
=

1

Nx+i

∫ N

0

tx+i−1 dt
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�‘�“ ,

N ! ·Nx

x(x+ 1)(x+ 2) · · · (x+N)
=

N∑
i=0

(−1)i

(
N

i

)
1

N i

∫ N

0

tx+i−1 dt

=

∫ N

0

N∑
i=0

(−1)i

(
N

i

)(
t

N

)i

tx−1 dt

=

∫ N

0

(
1− t

N

)N

tx−1 dt.

�^�o , |x| < 1 �q�`�o Weierstrass �w�¬�Ü (34) �w�†�%�w�0
:�›	��”�q

− log Γ(1 + x) = γx+
∞∑

n=1

(
log
(
1 +

x

n

)
− x

n

)
= γx+

∞∑
n=1

(
∞∑

m=2

(−1)m−1 1

m
·
(x
n

)m
)

= γx−
∞∑

m=2

(−1)m ζ(m)

m
xm.

�b�s�˜�j (m �› n �t�!�Q�” )

(37) Γ(1 + x) = exp

(
−γx+

∞∑
n=2

(−1)n ζ(n)

n
xn

)
(|x| < 1).

�\�w�0
:
•
ü�›	��”�q

Γ′(1 + x)

Γ(1 + x)
= −γ +

∞∑
n=2

(−1)nζ(n)xn−1 (|x| < 1).

“ζ(1)” �›
Y�F�=�`�h�‹�U γ �i�q�¥�l�o ζ(1) �› γ �q�¡�‰�\�q�t�b�•�y

(38)
Γ′(1 + x)

Γ(1 + x)
=

∞∑
n=1

(−1)nζ(n)xn−1 = −
∞∑

n=0

(−1)nζ(1 + n)xn (|x| < 1)

�q�‹	{�Z�” .

�Í�t , x→∞ �w�q�V�w
´�Ù�2�‰ (Stirling �w�¬�Ü ) �t�m�M�o	\�‚�‘�O .

n → ∞ �w�q�V�w n! �w�G�V�X�s�“�M�›�ß�Q�”�w�i�U , log n! �›�ß�Q�h�M�U�{�M�•�b�M�i�–
�O�\�q�x�0�›�t
Ý
þ�U�m�X . �Ž�<�r
s�“�æ [�ô ] �t	H�l�o�r
†�b�” . y = log x �w�¬�å�Ñ (	Í�t
�¤ ) �› x = 1 �T�’ x = n+ 1/2 �‡�p	{�M�o , log i �›�à�� [i− 1/2, i+ 1/2] �›���%�q�`�ô�^ log i

�w�Õ�M���w�Ø
u�i�q�¥�M�¬�å�Ñ�w�Ø
u�q�w	Z�Ö�“�›�ß�Q�”�}

y

x

y = log x

0 1 2 4 53
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�b�”�q

log n! = log 1 + log 2 + · · ·+ log n =

∫ n

1

log x dx+
1

2
log n− δn(39)

= n log n− n+ 1 +
1

2
log n− δn

=

(
n+

1

2

)
log n− n+ 1− δn,

�\�\�t

δn = β1 − α2 + β2 − · · ·+ βn−1 − αn,

αi =

∫ i

i−1/2

(log i− log x) dx, βi =

∫ i+1/2

i

(log x− log i) dx

�q�s�”�}�¬�å�Ñ�w�¤
Q�T�’ αi > βi, βi > αi+1 �U
ü�T�“�¢�<
$�€	°�£ ,

i+ 1
2ii− 1

2

αi
βi

y = log x
αi > βi

i+ 1
2

βi > αi+1

βi

αi+1

i→∞ �q�`�h�q�V

αi <
1

2
· 1
2

(log i− log(i− 1/2)) =
1

4
log

(
i

i− 1/2

)
→ 0 (i→∞)

�s�w�p , �¦�E�ƒ
:�w�Ã�v
lim

n→∞
δn = δ

�U���O�b�” . ���o�s
u
ü�w�-�‰�p

βi − αi+1 =

(
i+

1

2

)
log

(
1 +

1

i

)
− 1

�p�K�”�w�p , µn = δ − δn �q�S�X�q

µn =
∞∑

m=n

(βm − αm+1) =
∞∑

m=n

((
m+

1

2

)
log

(
1 +

1

m

)
− 1

)
.

|x| < 1 �w�q�V�w�2�‰
1

2
log

(
1 + x

1− x

)
= x+

x3

3
+
x5

5
+ · · ·
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�‘�“ , (
m+

1

2

)
log

(
1 +

1

m

)
− 1 =

2m+ 1

2
log

(
1 + 1/(2m+ 1)

1− 1/(2m+ 1)

)
− 1

=
1

3(2m+ 1)2
+

1

5(2m+ 1)4
+

1

7(2m+ 1)6
+ · · ·

<
1

3(2m+ 1)2
· 1

1− 1/(2m+ 1)2
=

1

12m(m+ 1)
.

	H�l�o ,

(40) 0 < µn <
1

12

∞∑
m=n

1

m(m+ 1)
=

1

12n
.

(0 < µn �x βm > αm+1 �‘�“ .) �‘�l�o , a = e1−δ �q�S�X�q (39) �S�‘�| (40) �‘�“ ,

(41) n! = ann+1/2e−n+µn , (0 < µn <
1

12n
).

��
: a �w�‹�›�>�Š�”�h�Š�t Γ(1/2) �w�‹ (=
√
π) �U
ž�A�t�s�” . �f�•�x (35) �p x = 1/2 �q�`

(33) �›�–�Q�y�b�Y	Z�”�U , 
ì�4�¬�Ü (35) �w�‹	Z�t�–�l�h sin �w�Á�v
u�2�‰�w	Â�Ì�›�)�Q�o�M
�s�M�w�p , �\�\�p�x Jacobi �w�M�O�p�Õ�”�»
u
ü�t�<�£�^�d�o�-�‰�`�‘�O . Γ(x) �w
u
ü
¯�Ô
(36) �‘�“ ,

Γ(x)Γ(y) =

∫ ∞

0

e−ttx−1 dt

∫ ∞

0

e−tty−1 dt =

∫ ∞

0

∫ ∞

0

e−(t+u)tx−1uy−1 dtdu.

�\�\�p�!
:�!�õ t+u = v, t = vw �›�æ�s�O�q , u = v(1−w), 0 < v <∞, 0 < w < 1, Jacobi

�æ�»�Ü�U −v �q�s�l�o ,

Γ(x)Γ(y) =

∫∫
0<v<∞
0<w<1

e−v(vw)x−1(v(1− w))y−1v dvdw

=

∫ ∞

0

e−vvx+y−1 dv

∫ 1

0

wx−1(1− w)y−1 dw

= Γ(x+ y)B(x, y).

�\�\�t

B(x, y) =

∫ 1

0

wx−1(1− w)y−1 dw (x, y > 0)

�p�K�l�o (Euler �w�Õ�”�»
u
ü ), Euler �w�¬�Ü

B(x, y) =
Γ(x)Γ(y)

Γ(x+ y)

�U	Â�Ì�^�•�h . �\�\�p x = 1/2 �q�S�X . Γ(1) = 1 �x�r�w�¬�Ü�T�’�‹�b�Y	H�O�T�’ ,

Γ

(
1

2

)2

=

∫ 1

0

w−1/2(1− w)−1/2 dw.

w = sin2 ϕ �q�S�X�q dw = 2 sinϕ cosϕdϕ �p ,

Γ

(
1

2

)2

=

∫ π/2

0

(sinϕ)−1(cosϕ)−1 · 2 sinϕ cosϕdϕ = π.
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�h�q�Q�y Gauss �w�¬�Ü (32) �T�’ Γ(1/2) > 0 �U
ü�T�”�T�’ ,

Γ

(
1

2

)
=
√
π

�U�˜�’�•�h . �¬�Ü (32) �t x = −1/2 �›�E�Ö�`�o�-�‰�b�”�\�q�t�‘�“

Γ

(
1

2

)
= lim

N→∞

22N(N !)2

(2N)!
√
N

�U�˜�’�•�”�w�p ,

(42)
√
π = lim

N→∞

22N(N !)2

(2N)!
√
N

�q�s�” . �q�\�–�p , (41) �‘�“ , N ! = aNN+1/2e−N+µN , (2N)! = a(2N)2N+1/2e−2N+µ2N �q�S�Z
�”�w�p�\�•�›�E�Ö�b�”�q

22N(N !)2

(2N)!
√
N

=
a√
2
e2µN−µ2N .

µN , µ2N → 0 (N →∞) �‘�“ , �\�•�x N →∞ �w�q�V a/
√

2 �t	)���b�”�T�’ , (42) �‘�“ a =
√

2π

�q�s�“ , Stirling �w�¬�Ü

(43) n! =
√

2πnn+1/2e−n+µn (0 < µn <
1

12n
)

�U�˜�’�•�h .

��	6�ð�J 18 �¬�Ü (42) �T�’

π

2
=

∞∏
n=1

4n2

4n2 − 1
=

1∏∞
n=1 (1− 1/4n2)

( Wallis �w�¬�Ü )

�S�‘�|
π

4
=

∞∏
n=1

4n(n+ 1)

(2n+ 1)2
=

∞∏
n=1

(
1− 1

(2n+ 1)2

)
�›�‹�Z .

�×
µ
: n �t�0�b�”�¬�Ü (43) �x
Y�w�î
: x > 0 �t�0�b�”�¬�Ü

(44) Γ(1 + x) =
√

2πxx+1/2e−x+µ(x) (0 < µ(x) <
1

12x
)

�q�`�o�°
`�=�^�•�” . µ(x) �x�é�.�$�t�x

(45) µ(x) =
∞∑

n=0

((
x+ n+

1

2

)
log

(
1 +

1

x+ n

)
− 1

)
�p�)�Q�’�•�” . �\�•�›�q�“�K�Q�c�Ý�Š�”�q�`�‘�O .

�M�‡ , Bn(t) �›�Õ�ç�È�”� ���ò�Ü�q�` (B0(t) = 1, B1(t) = t−1/2, B2(t) = t2−t+1/6, . . .),

B̃n(t) := Bn(t− [t]) �› , �à�� [0, 1) �p�w Bn(t) �›	*�8�$�t���Õ�`�h�‹�w�q�b�” . B̃1(t) �x
T
:�:
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�p
Æ�È���p�K�”�U , n ≥ 2 �s�’�y B̃n(t) �x�È���p , B̃n(0) = B̃n(1) = Bn (�Õ�ç�È�”� 
: ), �‡�h

T
:�:�Ž�Ž�p

(46) B̃′
n(t) = nB̃n−1(t) (n ≥ 1)

�U
R�“�q�m ([AIK, 4 	· ] �€	° ).


u
ü

−
∫ 1

0

t− 1/2

t+ x
dt =

(
x+

1

2

)
log

(
1 +

1

x

)
− 1

�‘�“ ,

(47) µ(x) = −
∞∑

n=0

∫ 1

0

t− 1/2

t+ x+ n
dt = −

∞∑
n=0

∫ n+1

n

t− n− 1/2

t+ x
dt = −

∫ ∞

0

B̃1(t)

t+ x
dt.

�È�%�w
u
ü�T�’	Z
C�`�o , (46) �›�–�l�o
æ
ü
u
ü�›���“�&�`�o�M�X .

µ(x) =
B̃2(0)

2x
− 1

2

∫ ∞

0

B̃2(t)

(t+ x)2
dt

=
B̃2(0)

2x
+
B̃3(0)

2 · 3x2
− 1

3

∫ ∞

0

B̃3(t)

(t+ x)3
dt

=
B̃2(0)

2x
+
B̃3(0)

2 · 3x2
+
B̃4(0)

3 · 4x3
− 1

4

∫ ∞

0

B̃4(t)

(t+ x)4
dt

= · · · · · ·

=
B̃2(0)

2x
+
B̃3(0)

2 · 3x2
+
B̃4(0)

3 · 4x3
+ · · ·+ B̃n+1(0)

n(n+ 1)xn
− 1

n+ 1

∫ ∞

0

B̃n+1(t)

(t+ x)n+1
dt.

�\�\�p Euler �w�¬�Ü ζ(−n) = −Bn+1/(n+ 1) = −B̃n+1(0)/(n+ 1) ([AIK, Th. 5.4]) �‘�“

(48) µ(x) = −ζ(−1)

x
− ζ(−2)

2x2
− ζ(−3)

3x3
− · · · − ζ(−n)

nxn
− 1

n+ 1

∫ ∞

0

B̃n+1(t)

(t+ x)n+1
dt.

(ζ(−2m) = 0 �‘�“�î
:�Í�w�ò�x�î�M�t�x 0 �p�K�” .) �7�™�w�ò�x , �‹�O�°�S
æ
ü
u
ü�›�æ�s

�O�q

− ζ(−n− 1)

(n+ 1)xn+1
− 1

n+ 2

∫ ∞

0

B̃n+2(t)

(t+ x)n+2
dt

�q�s�“ , B̃n+2(t) �U���„�p�K�”�\�q�T�’ , �K�”��
: C > 0 �U�K�l�o∣∣∣∣∣
∫ ∞

0

B̃n+2(t)

(t+ x)n+2
dt

∣∣∣∣∣ ≤ C

∫ ∞

0

1

(t+ x)n+2
dt =

C

(n+ 1)xn+1
.

	H�l�o

(49) lim
x→∞

xn

(
− 1

n+ 1

∫ ∞

0

B̃n+1(t)

(t+ x)n+1
dt

)
= 0.
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���j , (48), (49) �x , �ƒ
:

−
∞∑

n=1

ζ(−n)

nxn
= −ζ(−1)

x
− ζ(−2)

2x2
− ζ(−3)

3x3
− · · · − ζ(−n)

nxn
− · · ·

�U µ(x) �w x → ∞ �p�w
´�Ù�ƒ
: (���[�f�w���x�h�q�Q�y [�É, §4.17]) �p�K�”�\�q�›�Ô�`�o�M
�” . �\�•�›

µ(x) ∼ −
∞∑

n=1

ζ(−n)

nxn
(x→∞)

�q	{�X . Stirling �w�¬�Ü (44) �w�0
:
•
ü�›�q�l�o , ζ(0) = −1/2, �‡�h n ≥ 2 �w�q�V (−1)nζ(1−
n) = ζ(1− n) (n �-
:�w�q�V ζ(1− n) = 0 �s�w�p�£�t�«�™�`�o�-�‰�b�”�q

(50)
Γ′(1 + x)

Γ(1 + x)
∼ log x+

∞∑
n=1

(−1)n ζ(1− n)

xn
=

−∞∑
n=0

(−1)nζ(1 + n)xn (x→∞)

�›�˜�” . �\�\�p , x → ∞ �w�q�V “ζ(1)” ∼ log x �q�¥�l�o�7�™�w�è�p�x ζ(1) �› log x �t�¡�ˆ�8
�Q�” . �‡�h�f�w�è�p n �x 0 �Ž�<�w
T
:�›�˜�h�l�o�M�”�\�q�t�«�™ .

Γ(1 + x) �w�0
:
•
ü�w 0 �q ∞ �w�Ù�c�p�w�Ë�m�w�2�‰ (38), (50) �w�¨�Å
Q�x�»�X�‚�V�‹�w
�p�K�”�q�¥�O . �¸�”�»��
:�t�q�l�o�w�¨�ï�Ú��
:�x , �o�t�Á�v
É�:�p�w ‘�¨�ï�Ú�¼�  ’ �q�`�o
�w�þ�Â�Ž	Í�w ‘�?�T ’ �›���`�o�M�”�w�p�x�s�M�i�–�O�T�q�¥�M�h�X�s�” . �`�T�‹�f�•�U�i�‘�x
n! �q�M�O, �×
µ
:�›	q�t�»�Z�”�i�Z�w�‹�w�T�’	Z
C�`�o�M�”�w�i�T�’�?�q�‹�p�»�p�x�K�” .

�7�™�t (44), (45) �w	Â�Ì�p�K�”�U , �°�m�w�k�µ�s	Â�Ì�U�r
s�“�æ�t�K�”�w�p�_�o�‹�’�O�q
�`�o , �\�\�p�x Gauss �w�¬�Ü (32) �q Euler-Maclaurin �w�¬�Ü ([AIK, 5 	· ]) �›�;�M�”��	Â�Ì
�w�µ�­�¿�½�›�)�Q�o�S�X�t�y�Š�” .

��	6�ð�J 19 x > 0 �t�0�`�o

Γ(1 + x) =
√

2πxx+1/2e−x+µ(x),

�h�i�`

µ(x) = −
∫ ∞

0

B̃1(t)

t+ x
dt,

�w�Ž�<�w	Â�Ì�w�I
æ�›�’�Š�‘ .

�‡�c (32) �›

Γ(1 + x) = lim
N→∞

exp

(
−

N∑
r=1

log
(
1 +

x

r

)
+ x logN

)
�q�!���b�” . Euler-Maclaurin �w�¬�Ü�w�°
j���o�s (B̃1(t) �`�T	Z�o�\�s�M , �°
j “
™�M”) ���›
�–�l�o

−
N∑

r=1

log
(
1 +

x

r

)
+ x logN

= − log
(
1 +

x

N

)N+x+1/2

+

(
x+

1

2

)
log(1 + x)−

∫ N

1

B̃1(t)

(
1

t+ x
− 1

t

)
dt
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�›�‹�V , �\�w N →∞ �w�Ã�v�q�`�o

Γ(1 + x) = exp

(
−x+

(
x+

1

2

)
log(1 + x)−

∫ ∞

1

B̃1(t)

(
1

t+ x
− 1

t

)
dt

)
�›�˜�” . �\�\�p x = n ∈ N �w�q�V�w Stirling �¬�Ü (43) �q
z�‚�”�\�q�t�‘�“

exp

(
1 +

∫ ∞

1

B̃1(t)

t
dt

)
=
√

2π

�U
ü�T�“ , �{�Š�”

Γ(1 + x) =
√

2πxx+1/2e−x+µ(x), µ(x) = −
∫ ∞

0

B̃1(t)

t+ x
dt

�U�˜�’�•�” . 
°�A 0 < µ(x) < 1/12x �x

0 <

(
x+ n+

1

2

)
log

(
1 +

1

x+ n

)
− 1 <

1

12

(
1

x+ n
− 1

x+ n+ 1

)
�‘�“	H�O .

log Γ(1 + x) �w�Â� �å�”�2�‰ (37) �w�°�m�w� �;�q�`�o�Í�w���g�w Zagier �t�‘�”	Â�Ì�›	º
�p�`�‘�O .

���g 1.4.16 (Aomoto [Ao], Drinfel’d [Dr], Zagier)

1−
∞∑

m, n=1

ζ(m+ 1, 1, . . . , 1︸ ︷︷ ︸
n−1

)XmY n = exp
( ∞∑

n=2

ζ(n)
Xn + Y n − (X + Y )n

n

)
	Â�Ì ) Drinfel’d 
u
ü
¯�Ô�›�–�O .

ζ(m+ 1, 1, . . . , 1︸ ︷︷ ︸
n−1

) = I(0, . . . , 0︸ ︷︷ ︸
m

, 1, . . . , 1︸ ︷︷ ︸
n

)

=

∫
· · ·
∫

1>t1>···>tm>u1>···>un>0

dt1
t1
· · · dtm

tm

du1

1− u1

· · · dun

1− un

=

∫ 1

0

1

(n− 1)!

(
log

1

1− u

)n−1

· 1

m!

(
log

1

u

)m du

1− u
.

�‘�l�o X, Y 	G
ü	– (−1 < Y < 0, −1 < X < 1 |X + Y | < 1) �w�q�V

∞∑
m, n=1

ζ(m+ 1, 1, . . . , 1︸ ︷︷ ︸
n−1

)XmY n−1 =

∫ 1

0

(1− u)−Y −1
(
u−X − 1

)
du

=
Γ(−Y )Γ(1−X)

Γ(1−X − Y )
+

1

Y
.
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�\�•�‘�“

1−
∞∑

m, n=1

ζ(m+ 1, 1, . . . , 1︸ ︷︷ ︸
n−1

)XmY n = 1− Y
(Γ(−Y )Γ(1−X)

Γ(1−X − Y )
+

1

Y

)

=
Γ(1− Y )Γ(1−X)

Γ(1−X − Y )

�\�\�p (37) �›�–�Q�y�{�Š�”�Ü�U�˜�’�•�” .

�Ž	Í�|�Š	Ð�w�4���q�`�o�w�¨�ï�Ú��
:�U�æ�”�Ú�ï�¸�”�»�‹�w�<��
:�t�s�”�|�q�M�O�:�t	O
	ú�›�S�M�o�¨�ï�Ú��
:�t�m�M�o�“�
�`�h�}
ó
É��
:�q�`�o�w�¨�ï�Ú��
:�w�,�Š�$
Q�í�p	\�‚
�X�q�`�o�M�”�\�q�‹�K�”�U�|�r
s�“�æ [�ô ] �• Whittaker-Watson [WW], Remmert [Rem] �f
�w���|��
°�K�”�Š�U���X�K�”�\�q�p�K�”�`�|�\�w�%�p�Š�æ�t�í�”�q�b�”�}

1.4.6 
Y�F�=�w�,�Š���g

R-
¢���ø
þ ρ : R[T ] −→ R[T ] �›�Í�w�‘�O�t���[�b�” . �‡�c���Ü�$�ˆ�ƒ
: A(u) �› Γ(1 +

x)eγx �w x = 0 �p�w�2�‰�ƒ
: (�w x �› u �q�`�h�‹�w , �Ü (37) �€	° )

A(u) = exp
( ∞∑

n=2

(−1)n

n
ζ(n)un

)
(= Γ(1 + u)eγu)

�p���[�` ,

(51) ρ(eTu) = A(u)eTu

�t�‘�l�o���Š�” . �m�‡�“ , �È�%�w�ˆ�ƒ
:�›�2�‰�`�h�q�V�w um �w��
:�U ρ(Tm/m!) �p�K�” .

ρ �x�D�o�s R-
¢���ø
þ�p�K�“ , �o�x

(52) ρ−1(eTu) = A(u)−1eTu

�p�)�Q�’�•�” .

�« 1.4.17

A(u) = 1 +

(
ζ(2)

2
u2 − ζ(3)

3
u3 +

ζ(4)

4
u4 − · · ·

)
+

1

2

(
ζ(2)

2
u2 − ζ(3)

3
u3 + · · ·

)2

+ · · ·

= 1 +
ζ(2)

2
u2 − ζ(3)

3
u3 +

(
ζ(4)

4
+
ζ(2)2

8

)
u4 + · · ·
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�‘�“

ρ(1) + ρ(T )u+ ρ(T 2)
u2

2
+ ρ(T 3)

u3

6
+ ρ(T 4)

u4

24
+ · · ·

= A(u)

(
1 + Tu+ T 2u

2

2
+ T 3u

3

6
+ T 4u

4

24
+ · · ·

)
=

(
1 +

ζ(2)

2
u2 − ζ(3)

3
u3 +

(
ζ(4)

4
+
ζ(2)2

8

)
u4 + · · ·

)
×
(

1 + Tu+ T 2u
2

2
+ T 3u

3

6
+ T 4u

4

24
+ · · ·

)
= 1 + Tu+

(
T 2 + ζ(2)

) u2

2
+
(
T 3 + 3ζ(2)T − 2ζ(3)

) u3

6

+
(
T 4 + 6ζ(2)T 2 − 8ζ(3)T + 6ζ(4) + 3ζ(2)2

) u4

24
+ · · · .

	H�l�o ,

ρ(1) = 1,

ρ(T ) = T,

ρ(T 2) = T 2 + ζ(2),

ρ(T 3) = T 3 + 3ζ(2)T − 2ζ(3),

ρ(T 4) = T 4 + 6ζ(2)T 2 − 8ζ(3)T + 6ζ(4) + 3ζ(2)2,

· · · · · ·

§1.4.3, §1.4.4 �t�S�M�o���[�`�h�Ë�m�w
Y�F�=�ø
þ Z∗, ZX : H1 → R[T ] �w���t�x�Í�w����
�U
R�“�q�m .

���g 1.4.18 (Zagier) H1 	Í�p
ZX = ρ ◦ Z∗.

�t�M�õ�Q�”�q , �Ú�™�w� �ï�Ã�¿�«�µ k �t�0�`

ZX

k (T ) = ρ
(
Z∗

k(T )
)
.

	Â�Ì ) �Ë�m�w���ò�Ü Z∗
k(T ), ZX

k (T ) �x�f�•�g�• ζM(k) �q Lik(z) �w
C�„�w�S�ù�M�›�-�”�‹�w
�p�K�l�h�T�’ , �†	��w�����›�{�Š�” . �‡�c

Lik(z) =
∑

m1>···>mn>0

zm1

mk1
1 m

k2
2 . . .mkn

n

=
∞∑

m=1

( ∑
m>m2>···>mn>0

1

mk1mk2
2 . . .mkn

n

)
zm

=
∞∑

m=1

(
ζm+1(k)− ζm(k)

)
zm

= (1− z)
∞∑

m=1

ζm(k)zm−1.
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�Ë�J 1.4.15 �t�‘�•�y

(53) Lik(z) = ZX

k (− log(1− z)) +O((1− z) logJ(1− z)) (z → 1)

�p�K�”�U , �°�M	Í�w�Ü�q�Ë�J 1.4.10 �‘�“ z → 1 �w�q�V

Lik(z) = (1− z)
∞∑

m=1

ζm(k)zm−1(54)

= (1− z)
∞∑

m=1

Z∗
k(logm+ γ)zm−1 +O

(
(1− z)

∞∑
m=1

m−1
(
logJ ′

m
)
zm−1

)
.

�\�\�p J, J ′ �x�K�”
Y
T
:�p�K�” . �f�\�p ,

∞∑
m=1

Z∗
k(logm+ γ)zm−1,

∞∑
m=1

m−1
(
logJ m

)
zm−1

�›�-�‰�¢
°�A�£�b�”�\�q�t�‘�“ (53), (54) �›
z�±�b�” .

�4�J 1.4.19 (i) P (T ) ∈ R[T ] �t�0�` Q(T ) = ρ(P (T )) �q�S�X . �\�w�q�V�K�”
Y
T
: J �t
�0�`�o�¢ J = degP �q	��•�”�£

∞∑
m=1

P (logm+ γ)zm−1 =
1

1− z
Q(− log(1− z)) +O

(
logJ(1− z)

)
(z → 1)

(ii) ` ≥ 0 �t�0�`�o

∞∑
m=1

log`m

m
zm−1 = O

(
log`+1(1− z)

)
(z → 1)

	Â�Ì ) �‡�c (ii) �›	Â�Ì�b�” . l = 0 �w�q�V , �(�%�x −z−1 log(1 − z) �t�s�`�X , �\�•�x z → 1

�w�q�V O
(
log(1− z)

)
�p�K�” . �°
`�w	Ô�ù�›�<�ò�O�p	Â�Ì�b�” . �‡�c , m �t�Á�����s��
: Cl

�U�K�l�o

logl+1m ≤ Cl

m∑
n=1

logl n

n
(m ≥ 1, l ≥ 0).

��	6�ð�J 20 �è�›
u
ü
∫ m

1
x−1 logl x dx �q
z�±�b�”�\�q�t�‘�“�\�•�›	Â�Ì�d�‘ .

�\�•�‘�“ , z < 1 �t�0�`

∞∑
m=1

logl+1m

m
zm−1 ≤ Cl

∞∑
m=1

zm−1

m

m∑
n=1

logl n

n

= Cl

∞∑
n=1

logl n

n
zn−1

∞∑
r=1

zr−1

r + n− 1

< Cl

( ∞∑
n=1

logl n

n
zn−1

)(
1

z
log

1

1− z

)
.
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ii) �w
°�A�x�\�•�‘�“�<�ò�O�p�b�‚�o�w l �t�0�`�o
R�“�q�m .

�Í�t i) �p�K�”�U , ρ �x R-
¢���ø
þ�p�K�”�T�’ P (T ) = (T − γ)` �t�m�M�o�¬�T�Š�•�y�‘�M .

�\�w�q�V Q(T ) = ρ((T − γ)`) �q�S�X�q , A(u) = Γ(1 + u)eγu �i�T�’

Q(T ) =
d`

du`

[
A(u)e(T−γ)u

]
u=0

=
d`

du`

[
Γ(1 + u)eTu

]
u=0

	H�l�o (1− z)−1−u �w 2 �ò�2�‰�›�–�O�q

1

1− z
Q
(
− log(1− z)

)
=

d`

du`

[ Γ(1 + u)

(1− z)1+u

]
u=0

=
d`

du`

[ ∞∑
m=1

Γ(m+ u)

Γ(m)
zm−1

]
u=0

=
∞∑

m=1

Γ(`)(m)

Γ(m)
zm−1

�q�\�–�p Stirling �w�¬�Ü (44), (47) �T�’

log Γ(x) =
(
x− 1

2

)
log x− x+ log

√
2π −

∫ ∞

0

B̃1(t)

x+ t
dt (x > 0).

�\�•�›�Í�‘�t
•
ü�`�h�‹�w�›�–�l�o�<�ò�$�t
°�A�Ü

(55)
Γ(`)(m)

Γ(m)
= log`m+O

( log`−1m

m

)
(m→∞)

�›�Ô�b�\�q�U�p�V�” .

��	6�ð�J 21 �\�•�›�V�j�œ�q�î�æ�d�‘ .

�‘�l�o (ii) �w
°�A�‹�–�l�o

∞∑
m=1

Γ(`)(m)

Γ(m)
zm−1 =

∞∑
m=1

(
log`m

)
zm−1 +O

(
log` 1

1− z
)

=
∞∑

m=1

P (logm+ γ)zm−1 +O
(
log` 1

1− z
)
.

�\�•�p�4�J�w (i) �U	Â�Ì�^�•�h .

���g 1.4.18 �w	Â�Ì�t�í�–�O�} Q(T ) = ρ(Z∗
k(T )) �q�S�X�}�4�J 1.4.19 �w (i) �‘�“�|

∞∑
m=1

Z∗
k(logm+ γ)zm−1 =

1

1− z
Q(− log(1− z)) +O

(
logJ(1− z)

)
.

�°�M (53), (54) �w�È�%�›�s�`�M�q�S�M�o�|�4�J 1.4.19 �w (ii) �›�;�M�”�q�|�K�”
Y
T
: J ′′ �U
�K�l�o

∞∑
m=1

Z∗
k(logm+ γ)zm−1 =

1

1− z
ZX

k (− log(1− z)) +O
(
logJ ′′

(1− z)
)

�q�s�”�}	H�l�o�\�w�Ë�m�‘�“�|�K�”
Y
T
: J ′′′ �U�K�l�o

ZX

k (− log(1− z)) = Q(− log(1− z)) +O((1− z) logJ ′′′
(1− z)) (z → 1)
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�q�M�O�\�q�t�s�”�U�| Q(T ) = ρ(Z∗
k(T )), ZX

k (T ) �x�q�‹�t���ò�Ü�p�K�”�T�’���g�w�A�æ�p�K�”

ZX

k (T ) = ρ(Z∗
k(T ))

�›�˜�” .

�«�™ 1.4.20 �Ž	Í���g 1.4.18 �›�r
s (hard analysis) �›�;�M�o	Â�Ì�`�h . �f�•�x , ��	O�¸�”
�»�‹�w�Ë�è�“�w
Y�F�=�w�r
s�$�s�™�¯
Ç�Z�›�ß�Q�o , �f�•�’�›
z�±�b�”�q�M�O , �×
µ�s�M�O
�p�K�”�U , �°�M , 
Y�F�=�f�w�‹�w�x�E
:�$�t���[�p�V�h . �f�\�p , ���g 1.4.18 �w�‹�l�q�E
:�$
�s	Â�Ì�U�K�”�w�p�x�s�M�T�q�M�O�Y�ð�U���X . �\�•�t�m�M�o�x §1.5.2 �w�«�™ 1.5.6 �›�€	° .

�« 1.4.21 w = yxy �q�`�o�4�J 1.4.12 �t�‘�“

yxy = (−1)
(
x(yXy)

)
+
(
x(1Xy)

)
Xy = −x(yXy) + (xy)Xy = −2xy2 + (xy)Xy

ZX �›�ª�`�o
ZX (yxy) = −2ζ(2, 1) + ζ(2)T

���M y ∗ (xy) = yxy + xy2 + x2y �‘�“ yxy = −xy2 − x2y + (xy) ∗ y, 	H�l�o , Z∗(yxy) =

−ζ(2, 1)− ζ(3) + ζ(2)T . ���g 1.4.18 �q ρ(1) = 1, ρ(T ) = T �p�K�”�\�q�T�’

ZX (yxy) = ρ(Z∗(yxy)) = ρ
(
−ζ(2, 1)− ζ(3) + ζ(2)T

)
= −ζ(2, 1)− ζ(3) + ζ(2)T

�\�•�‘�“ ζ(3) = ζ(2, 1) �›�˜�” . �\�w�«�p�x T �t�m�M�o 1 �Í�s�w�p ρ �U�î�í�$�s�þ�Â�›�L�h
�`�o�M�s�M�U , �Í�t k = (1, 1, 2) (w = y2xy) �q�q�–�O . �b�”�q

ZX

1,1,2(T ) =
1

2
ζ(2)T 2 − 2ζ(2, 1)T + 3ζ(2, 1, 1),

Z∗
1,1,2(T ) =

1

2
ζ(2)T 2 −

(
ζ(3) + ζ(2, 1)

)
T +

1

2
ζ(4) + ζ(3, 1) + ζ(2, 1, 1) ,

�q�-�‰�^�• (�¬�T�Š�‘ ), ZX
1,1,2(T ) = ρ(Z∗

1,1,2(T )) �S�‘�| ρ(T 2) = T 2 + ζ(2) �T�’ , 1 �Í�w��
:
�›
z�‚�o�6�| (�~�S , �›�S ?) ζ(2, 1) = ζ(3) �›�˜ , ��
:�ò�›
z�‚�o

3ζ(2, 1, 1) =
1

2
ζ(2)2 +

1

2
ζ(4) + ζ(3, 1) + ζ(2, 1, 1)

�›�˜�” .

1.4.7 
Y�F�=�^�•�h
ó�³�ß�¿�Ñ�ç�����Ü

���g 1.4.18 �T�’ �®�°
`
ó�³�ß�¿�Ñ�ç�����Ü�¯ (“regularlized double shuffle relation”, �s�S�|
Racinet [Rac] �t�‘�”���w���Ü�=�U�K�” ) �q�f�w�%�›�‹�X .

���g 1.4.22 (�°
`
ó�³�ß�¿�Ñ�ç�����Ü , regularized double shuffle relation, [IKZ])
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(i) �Ú�™�ww1 ∈ H1, �S�‘�| w0 ∈ H0 �t�0�`

ZX (w1Xw0 − w1 ∗ w0) = 0

�U
R�“�q�m . �›�t�f�w��
:�ò�p�K�”

(56) Z (regX (w1Xw0 − w1 ∗ w0)) = 0 (∀w1 ∈ H1, ∀w0 ∈ H0).

(ii) �Ú�™�ww1 ∈ H1, �S�‘�| w0 ∈ H0 �t�0�`

Z∗(w1Xw0 − w1 ∗ w0) = 0

�U
R�“�q�m . �›�t�f�w��
:�ò�p�K�”

(57) Z (reg∗(w1Xw0 − w1 ∗ w0)) = 0 (∀w1 ∈ H1, ∀w0 ∈ H0).

�Ü (56) �S�‘�| (57) �x�Ë�J 1.4.4 �›�›���s	Ô�ù�q�`�o���‰�\�q�t�«�™�b�” .

	Â�Ì ) (i) w1 ∈ H1, w0 ∈ H0 �q�b�” . ���g 1.4.18 �w�Ü

ZX (w1) = ρ(Z∗(w1))

�w�†�%�t Z(w0) (= ZX (w0) = Z∗(w0) ∈ R) �›�»�Z�”�q , ZX , Z∗ �x�f�•�g�•
u X, ∗ �t�m�M�o
	j�‰���p�K�“ , ρ �x R-
¢���p�K�”�\�q�T�’

ZX (w1Xw0) = ρ(Z∗(w1 ∗ w0))

�›�˜�” . �\�\�p�È�%�t�~�h�h�|���g 1.4.18 �›�;�M�•�y

ZX (w1Xw0) = ZX (w1 ∗ w0)

�q�s�“ , (i) �U�˜�’�•�h . �‰�7�t , ���g 1.4.18 �›

Z∗(w1) = ρ−1(ZX (w1))

�w���p�;�M�•�y (ii) �U�Ô�^�•�” .

�\�w���g�p w1 = ym (m ≥ 1) �q�S�X�q�Í�U�˜�’�•�” . (i) �p�x regX (ym) = 0 �t�«�™�b�” .

�% 1.4.23 (i) �Ú�™�w�×
µ
: m ≥ 1 �q w0 ∈ H0 �t�0�`�o

(58) Z (regX (ym ∗ w0)) = 0

�U
R�“�q�m .

(ii) �Ú�™�w�×
µ
: m ≥ 1 �q w0 ∈ H0 �t�0�`�o

(59) Z (reg∗(y
m

Xw0 − ym ∗ w0)) = 0

�U
R�“�q�m .
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�« 1.4.24 w1 = y2, w0 = xy �q�b�”�q

y2
Xxy = 3xy3 + 2yxy2 + y2xy,

y2 ∗ xy = x2y2 + xy3 + yx2y + yxy2 + y2xy.

(56) �›�;�M�•�y

ZX (y2
Xxy − y2 ∗ xy) = ZX (2xy3 + yxy2 − x2y2 − yx2y) = 0.

�\�\�p

ZX (yxy2) = ζ(2, 1)T − 3ζ(2, 1, 1)

ZX (yx2y) = ζ(3)T − ζ(2, 2)− 2ζ(3, 1)

�‘�“
(ζ(2, 1)− ζ(3))T + ζ(3, 1) + ζ(2, 2)− ζ(2, 1, 1) = 0.

�\�•�‘�“
ζ(2, 1) = ζ(3), ζ(3, 1) + ζ(2, 2) = ζ(2, 1, 1)

�U�˜�’�•�” .

(58) �›�;�M�”�s�’ ,

regX (yx2y) = −xyxy − 2x2y2, regX (yxy2) = −3xy3, regX (y2xy) = 3xy3

�‘�“ ,

Z(regX (y2 ∗ xy)) = Z(xy3 − xyxy − x2y2) = ζ(2, 1, 1)− ζ(2, 2)− ζ(3, 1) = 0.

��	O�¸�”�»�‹�w�����Ü�t�m�M�o�|�Í�U�'
Ý�^�•�o�M�” .

�'
Ý ��	O�¸�”�»�‹�w�b�‚�o�w (Q 	Í�w ) �E
:�����Ü�x (19), (20), ���g 1.4.18 �T�’�‹�T�•�” .

�\�w�'
Ý�x , 
u�›�b�‚�o�è�t�Ú�`�o�ß�Q�•�y , �f�`�o	Í�w���g�t�K�”�‰�‹
Q�T�’ , �Í�q�‰�‹�p
�K�” .

�'
Ý ��	O�¸�”�»�‹�w�b�‚�o�w (Q-) 
¢�������Ü�x , (56) �‡�h�x (57) �T�’�‹�T�•�” . �K�”�M
�x , �Ë�J 1.4.4 �S�‘�| , (58) �‡�h�x (59) �T�’�‹�T�•�” .

��	6�ð�J 22 (56) �‡�h�x (57) �w�ˆ�›�;�M�o , 	O�^ 5 �w��	O�¸�”�»�‹�w�í���w�Í�i ≤ 2 �›�Ô
�d . �‘�“�ô�M	O�^�t�m�M�o�‹ , �-�‰�p�V�”
c�“�p (56) �• (58) (�q�Ë�J 1.4.4) �s�r�T�’	H�O��
���Ü�›�{�Š�‘ .

�Ñ�å�ï�µ Lille �w Petitot, Minh �’�w�¬�ç�”�Ó�x , �Ë�J 1.4.4 �q , (58) �w m = 1 �w	Ô�ù
(Hoffman �w�����Ü ) �i�Z�p	G
ü�p�K�”�q�'
Ý�`�o�M�” . 
t�’�x�-�‰�;�p	O�^ 16 �Ž�<�w�q�V
�\�• (�'
Ý�Í�i�‡�p�X�j�”�\�q ) �›�¬�T�Š�o�M�” . �s�S�7�Ù [KNT] �t�‘�l�o�|	O�^ 20 �‡�p�x
�\�•�’�p	G
ü�p�K�”�q�M�O�\�q�U�U	Â�^�•�h�}
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1.4.8 �è�¬�Ü�w�‹	Z

�\�w
…�p�x , �°
`
ó�³�ß�¿�Ñ�ç�����Ü�›�;�M�o�è�¬�Ü (11) �›�‹�M�o�ˆ�” . �î�M , �% 1.4.23

�w�›���s	Ô�ù�q�`�o�Í�w�����U�˜�’�•�” .

�Ë�J 1.4.25 S(k,m) �p H0 �w	O�^ k, 
��^ m �w�o�ò�Ü�b�‚�o�w�è�›
¯�b . k > m + 1 ≥ 2

�p�K�”�Ú�™�w k �q m �t�0�` ,

(−1)mregX (ym ∗ xk−m−1y) = S(k,m+ 1)− S(k,m).

�†�%�t Z �›�ª�b�q , (58) �‘�“�(�%�x 0 �q�s�” . 	H�l�o�È�%�‹ 0 �p , �\�•�‘�“ , ���‡�l�h	O�^ ,


��^�›�Ë�m��	O�¸�”�»�‹�w�è�x
��^�t�‘�’�s�M�\�q�U�A�æ�^�•�” . �b�s�˜�j�f�w�è�x
��^ 1

�w Riemann �¸�”�»�‹�t�s�`�X , �è�¬�Ü�U�M�Q�h�\�q�t�s�” .

	Â�Ì ) �Ð�è
u ym ∗ xk−m−1y �›�-�‰�b�” . �\�•�x��	O�¸�”�»�‹�w
u ζ(1, 1, . . . , 1︸ ︷︷ ︸
m

)ζ(k−m) �t

�0� �b�”�w�p�0�›�t�-�‰�p�V�o

ym ∗ xk−m−1y =
m∑

i=0

yixk−m−1ym+1−i +
m−1∑
j=0

yjxk−mym−j

�q�s�” . (27) �‘�“ ,

regX (ym ∗ xk−m−1y)

=
m∑

i=0

(−1)ix(yi
Xxk−m−2ym+1−i) +

m−1∑
j=0

(−1)jx(yj
Xxk−m−1ym−j)

= xk−m−1ym+1 +
m∑

i=1

(−1)ix
{
(yi

Xxk−m−2ym−i)y + (yi−1
Xxk−m−2ym+1−i)y

}
+ xk−mym +

m−1∑
j=1

(−1)jx
{
(yj

Xxk−m−1ym−1−j)y + (yj−1
Xxk−m−1ym−j)y

}
=

m∑
i=0

(−1)ix(yi
Xxk−m−2ym−i)y +

m−1∑
i=0

(−1)i+1x(yi
Xxk−m−2ym−i)y

+
m−1∑
j=0

(−1)jx(yj
Xxk−m−1ym−1−j)y +

m−2∑
j=0

(−1)j+1x(yj
Xxk−m−1ym−1−j)y

= (−1)mx(ym
Xxk−m−2)y + (−1)m−1x(ym−1

Xxk−m−1)y

= (−1)m(S(k,m+ 1)− S(k,m)).

�«�™ 1.4.26 
Ò�0
Q�›�°
`
ó�³�ß�¿�Ñ�ç�����Ü�T�’�‹�X�\�q�U�|�°
`�t�x�‡�i	Z�R�o�M�s�M .

�¿
’ [Kaj] �t�‘�l�o
ζ(m+ 1, 1, . . . , 1︸ ︷︷ ︸

n−1

) = ζ(n+ 1, 1, . . . , 1︸ ︷︷ ︸
m−1

)
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�w���w
Ò�0
Q�|�‡�h�f�•�›�|�®�)�Q�’�•�h	O�^�|
��^�|�ô�^�›�‹�m��	O�¸�”�»�‹�w�è�q�f�w
Ò
�0�U�s�`�M�¯�q�M�O���t�°
`�=�`�h�‹�w�¢	Í�G�x�f�w�ô�^ 1 �w	Ô�ù�£�U�°
`
ó�³�ß�¿�Ñ�ç��
���Ü�T�’�‹�T�•�”�\�q�x	Â�Ì�^�•�o�M�”�}

1.4.9 ��	O�¸�”�»��
:�w�Ã


Y�F�=�w���w� �;�q�`�o , �K�”��	O�¸�”�»��
:�w�Ã�p�w	��A
æ�›�)�Q�” .

(	)���q�x�v�’�s�M ) � �ï�Ã�¿�«�µ k �t�0�` , �Í�w��	O�¸�”�»��
:�›�ß�Q�‘�O .

ζ(k; s) = ζ(k1 + s, k2, . . . , kn) :=
∑

m1>···>mn>0

1

mk1+s
1 mk2

2 · · ·mkn
n

�\�w ζ(k; s) �x s �w���g����
:�q�`�o
¶ s ���Ø�t�r
s
€���^�•�”�\�q�U�Œ�’�•�o�M�” ([AK1]�|
�‘�“�°
`�t�x [AET]). k1 > 1 �s�’ ζ(k; s) �x s = 0 �p
Y���p ζ(k; 0) = ζ(k) �p�K�” .

���g 1.4.27 (i) ���ò�Ü ZX

k (T ) �›

ZX

k (T ) =
ν∑

j=0

cj
T j

j!

�q
¯�b�q�V , ��
: Γ(s+ 1)ζ(k; s) �w s = 0 �p�w	��A
æ�U�Í�p�)�Q�’�•�” :

Γ(s+ 1)ζ(k; s) =
ν∑

j=0

cj
sj

+O(s), (s→ 0).

(ii) ���ò�Ü Z∗
k(T ) �›

Z∗
k(T ) =

ν∑
j=0

bj
(T − γ)j

j!

�q
¯�b�q�V (γ = Euler ��
: ), ��
: ζ(k; s) �w s = 0 �p�w	��A
æ�U�Í�p�)�Q�’�•�” :

ζ(k; s) =
ν∑

j=0

bj
sj

+O(s), (s→ 0).

	Â�Ì ) (i) k = (1, 1, . . . , 1︸ ︷︷ ︸
n

) �w�q�V�x ZX

k (T ) �x T n/n! �t�s�`�M�¢ yn = yXn/n!�£ . �\�w�q�V

�x (i) �w�Ü�x

(60) Γ(s+ 1)ζ(s+ 1, 1, . . . , 1︸ ︷︷ ︸
n−1

) =
1

sn
+O(s), (s→ 0).

	Ä�I�x	²�t�b�”�U , �\�•�x [AK1, Proposition 4, (ii)] �p�Ô�^�•�h . �Í�t , ��	O poly-log ��
:
Lik(z) �›�;�M�o

(61) Γ(s)ζ(k; s) =

∫ ∞

0

ts−1Lik(e
−t) dt
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�x�µ�»�ï�¼�”�Å�s�M�O�p�Ô�b�\�q�U�p�V�” . �°�M�Ë�J 1.4.15 (i) �t�‘�“ , �K�”
Y��
: C, δ �U
���O�` ∣∣ Lik(e−t)− ZX

k (− log(1− e−t))
∣∣< C

(
1− e−t

)δ
, (t→ +0)

�q�s�”�w�p , Γ(s+ 1)ζ(k; s) = sΓ(s)ζ(k; s) �w s = 0 �p�w	��A
æ�x , ��
:

s

∫ ∞

0

ts−1ZX

k (− log(1− e−t)) dt = s
ν∑

j=0

cj
j!

∫ ∞

0

ts−1(− log(1− e−t))j dt

�w s = 0 �p�w	��A
æ�q�°�•�b�” .
(
− log(1− e−t)

)j
/j! = Li1, . . . , 1

| {z }

j

(e−t) �p�K�”�w�p (61), (60)

�›�;�M�o

s

∫ ∞

0

ts−1

(
− log(1− e−t)

)j
j!

dt = Γ(s+ 1)ζ(s+ 1, 1, . . . , 1︸ ︷︷ ︸
j−1

) =
1

sj
+O(s), (s→ 0).

�‚�t

s

∫ ∞

0

ts−1ZX

k (− log(1− e−t)) dt =
ν∑

j=0

cj
sj

+O(s), (s→ 0).

�T�X�`�o (i) �x�Ô�^�•�h .

(ii) �x	²�t�b�”�U , (i) �q�ø
þ ρ �w���[�T�’�‹�T�•�” .

��	6�ð�J 23 (ii) �w	Â�Ì�›�)�Q�‘ .

1.5 �‹
ü�����Ü�q�°
`
ó�³�ß�¿�Ñ�ç�����Ü

1.5.1 �‹
ü�����Ü

H = Q〈x, y〉 �w�‹
ü (derivation) �q�x , Q-
¢���ø
þ ∂ : H −→ H �p , �Ú�™�ww, w′ ∈ H �t
�0�`

∂(ww′) = ∂(w)w′ + w∂(w′)

�›�¬�h�b�‹�w�p�K�” . H �x x �q y �p
\
R�^�•�o�M�”�w�p , ∂ �x ∂(x) �q ∂(y) �p�>�‡�l�o�`�‡
�O. �‡�h , ∂(x) �q ∂(y) �›�×���t�)�Q�h�q�V , �f�w�‘�O�s�‹
ü�U�
�°���‡�” .

���[ 1.5.1 τ �› H �w Q-
S�×�~�‰�� (τ(ww′) = τ(w′)τ(w) �›�ˆ�h�b�‹�w ) �p τ(x) = y,

τ(y) = x �s�”�‹�w�q�b�” .


Ò�0
Q (���g 1.2.8) �x , �b�‚�o�w w0 ∈ H0 �t�0�`�o

Z(w0) = Z(τ(w0))

�U
R�“�q�m�\�q , �q�t�O�\�q�U�p�V�” .

���[ 1.5.2 
Y�w
T
: n ≥ 1 �t�0�`�o , H �w�‹
ü ∂n �›

∂n(x) = x(x+ y)n−1y, ∂n(y) = −x(x+ y)n−1y

�p���[�b�” .
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x(x+ y)n−1y �x x �p�•�‡�“ y �p	4�˜�” n+ 1 �Í�w�o�ò�Ü�b�‚�o�w�è�p�K�”�T�’ , �›�t ∂n �x
H0 �›�-�m .

���g 1.5.3 (�‹
ü�����Ü , derivation relation) �Ú�™�w�×
µ
: n ≥ 1 �q�Ú�™�w ω0 ∈ H0 �t
�0�`�o ,

(62) Z(∂n(w0)) = 0.

�« 1.5.4

∂2(xy) = ∂2(x)y + x∂2(y) = (x(x+ y)y) y + x (−x(x+ y)y)

= x2y2 + xy3 − x3y − x2y2 = xy3 − x3y.

�‘�“ ,

Z(∂2(xy)) = Z(xy3 − x3y) = ζ(2, 1, 1)− ζ(4) = 0.

�‡�h

∂2(x
2y) = ∂2(x)xy + x∂2(x)y + x2∂2(y)

= (x2y + xy2)xy + x(x2y + xy2)y − x2(x2y + xy2)

= x2yxy + xy2xy + x2y3 − x4y.

�‘�“

Z(∂2(x
2y)) = Z(x2yxy + xy2xy + x2y3 − x4y) = ζ(3, 2) + ζ(2, 1, 2) + ζ(3, 1, 1)− ζ(5) = 0.

��	6�ð�J 24 �\�w���g�w n = 1 �w	Ô�ù�U Hoffman �w�����Ü (10) �t���s�’�s�M�\�q�›�Ô�d .

1.5.2 ���g 1.5.3 �w	Â�Ì

�Ž�< H �›�f�w�ì
‹�=�p�K�” 2 �!
:
‡�D�õ�‚�V�ƒ
:�� Ĥ := Q〈〈x, y〉〉 �t�’�Š���œ�p�ß�Q�” .

H �w�q�V�q�‰�7�t Ĥ1 := Q + Ĥy, Ĥ0 := Q + xĤy �q�b�” . 
u ∗, X �x�f�•�g�•�×
µ�t Ĥ1, Ĥ

�t���Õ�^�• , ∗ �t���`�o Ĥ0 �x
æ
ü�E
: , X �t���`�o Ĥ1, Ĥ0 �x
æ
ü�E
:�q�s�l�o�M�” . �‡�h ,

H �w�‹
ü ∂n �x�×
µ�t Ĥ �t���Õ�^�• , �f�•�‹�‰�a���È�p
¯�b .

�x�a�Š�t , �†���g�w	Â�Ì�t�q�l�o�,�Š�$�s�s�Ü�›�)�Q�o�S�X . zn := xn−1y (n ≥ 1) �q�S�M
�h�\�q�›�¥�M	Z�b .

�Ë�J 1.5.5 �D�õ�� Ĥ1
∗ 	Í�w�ˆ�ƒ
:�� Ĥ1

∗[[u]] �t�S�M�o�s�Ü

(63) exp∗

(
∞∑

n=1

(−1)n−1

n
znu

n

)
= 1 + yu+ y2u2 + y3u3 + · · ·

�U
R�“�q�m . exp∗ �x Ĥ1
∗[[u]] �t�S�Z�” exp �p , �è	×�è�“ f ∈ uĤ1

∗[[u]] �t�0�`

exp∗(f) =
∞∑

n=0

fn

n!
,

�h�i�`��
:�w
u�U ∗ �p�K�”�\�q�›�Ì�G�b�”�•�t�G�ø ∗ �›�m�Z�o�M�” .

55



	Â�Ì ) �†�%�w log∗ �›�q�l�o

∞∑
n=1

(−1)n−1

n
znu

n = log∗(1 + yu+ y2u2 + · · · ),

�Ë�t�\�•�w u · ∂/∂u �›�q�l�h

(64)

(
∞∑

n=1

(−1)n−1znu
n

)
∗
(
1 + yu+ y2u2 + · · ·

)
= yu+ 2y2u2 + 3y3u3 + · · ·

�›�Ô�d�y�‘�M . �q�\�–�p�\�w�Ü�›�0� �b�” (���Ü�$ ) ��	O�¸�”�»�‹�p	{�X�q (Z∗ �›�q�l�h�˜
�Z�p�x�s�M�}�o�t�_�•�b�X�b�”�h�Š�w���Ü�$�G�ø�q�`�o ζ(1) �s�›�g�r�b�” )(

ζ(1)u− ζ(2)u2 + ζ(3)u3 − · · ·
)
∗ (1 + ζ(1)u+ ζ(1, 1)u2 + ζ(1, 1, 1)u3 + · · · )

= ζ(1)u+ 2ζ(1, 1)u2 + 3ζ(1, 1, 1)u3 + · · ·

�q�s�“ , �<�ò�$�t�Ð�è
u�›�-�‰�`�o�¬�T�Š�”�\�q�U�p�V�” .

��	6�ð�J 25 �\�•�›�î�æ�d�‘ .

�«�™ 1.5.6 (i) (63) �t�S�M�o u = ±1 �q�S�X�q ( �ƒ�x , �2�‰�`�o un �w��
:�›
z�‚�h�‹�w�›
�6�| Ĥ �p�w�s�Ü�t�‡�q�Š�” , �q�¥�Q�y�‘�M ), Ĥ1

∗ �t�S�Z�”�s�Ü

(65) exp∗

(
∞∑

n=1

(−1)n−1

n
zn

)
=

1

1− y
, exp∗

(
−

∞∑
n=1

zn

n

)
=

1

1 + y

�›�˜�” . �h�i�`�È�%�x�f�•�g�• 1 + y + y2 + y3 + · · · , 1− y + y2 − y3 + · · · �›
¯�`�o�M�” .

(ii) �î�x , �Ü (63), (64), (65) �s�r�x , �,�Š�0	¶�Ü , �ì
¶�0	¶�Ü , �Ê�è�0	¶�Ü�w�����›�)�Q
�”�µ�»�ï�¼�”�Å�s�����Ü�q�`�o�r	
�b�”�\�q�U�p�V�” ( �h�q�Q�y (64) �x Newton �w�¬�Ü ).

Hoffman [H2] �€	°�w�\�q . �f�\�p�x�Ë�t , H1
∗ �x “quasi-symmetric functions” �w�s�b�E
:�q

�‰�°�¹�p�V�”�\�q�U	\�‚�’�•�o�M�” .

(iii) �‡�h�\�w (63) �T�’���g 1.4.18 �w�›���s	Ô�ù�›�‹�X�\�q�U	Z�R�” . �‡�c�†�%�t Z∗ �›
�ª�b :

(66) 1 +
∞∑

n=1

Z∗(yn)un = eTu · A(u)−1.

�\�w�†�%�t ρ �›�ª�b�q

1 +
∞∑

n=1

ρ (Z∗(yn))un = eTu

�›�˜�”�U , �È�%�w un �w��
: T n/n! �x ZX (yn) �t���s�’�s�M�T�’ ,

(67) ZX (yn) = ρ (Z∗(yn))

�p�K�” . �m�‡�“ , ���g 1.4.18 �w k = (1, 1, . . . , 1) �w	Ô�ù�x�\�w�‘�O�t�E
:�$�t	Â�Ì�^�•�” .
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(iv) (66) �q , �¨�ï�Ú��
:�w Weierstrass �w�Á�v
u (34) �q�T�’ , Z∗(yn) ( �\�•�x�‡�h (67) �‘
�“ ρ−1(T n/n!) �p�‹�K�”�\�q�t�«�™ ) �w�é�.�$�s�¬�Ü�U�˜�’�•�” . �b�s�˜�j , A(u) �w���[�q
(34) �‘�“

A(u)−1 =
∞∏

n=1

(
1 +

u

n

)
e−u/n

�p�K�”�U , �¤�¼� �›

(
1 +

u

n

)
e−u/n =

(
1 +

u

n

)( ∞∑
k=0

(−1)k uk

k!nk

)
=

∞∑
k=0

(−1)k

(
uk

k!nk
+

uk+1

k!nk+1

)
= 1 +

∞∑
k=2

(−1)k−1 (k − 1)uk

k!nk

�q�2�‰�` , �^�’�t
u�›�2�‰�b�”�q ,

A(u)−1 =
∞∏

n=1

(
1 +

∞∑
k=2

(−1)k−1 (k − 1)uk

k!nk

)

= 1 +
∞∑

k=2

(−1)k

 ∑
k1+k2+···+km=k

m≥1,ki≥2

(−1)m (k1 − 1)(k2 − 1) · · · (km − 1)

k1!k2! · · · km!
ζ(k1, k2, . . . , km)

uk.

	H�l�o , (66) �‘�“ ,

Z∗(yn) = ρ−1

(
T n

n!

)
=

T n

n!
+

n∑
k=2

(−1)k
∑

k1+···+km=k
m≥1,ki≥2

(−1)m (k1 − 1) · · · (km − 1)

k1! · · · km!
ζ(k1, . . . , km) · T n−k

(n− k)!
.

�q�\�–�p , �\�w
¯�Ô�x , �E
:�$�t ( �b�s�˜�j H1 ' H0[y] �w�è�Õ�ç�p ) �-�‰�`�o�˜�’�•�” Z∗(yn)

�w
¯�Ô�Ü�q�°�•�b�”�p�K�–�O�T ( �-�‰�;�p n = 10 �‡�p�-�‰�`�h�q�\�–�°�•�`�h ). Weierstass

�w�Á�v
u�x�r
s�$�s�Ü�p�K�”�U , (ii) �p	\�‚�h�‘�O�s�r	
�›�è�`�o�E
:�$�s�™�¯
Ç�Z�U	Z�R
�”�w�p�K�–�O�T .

�^�o , �‡�c���g 1.5.3 �› , (62) �q (58) �U�‰�‹�p�K�”�\�q�›�Ô�b�\�q�p	Â�Ì�b�” .

	ý�`�X�Ë�m�w�‹
ü�›���[�` , ∂n �q�w�����›�ˆ�” . �‡�c , �¤ zn = xn−1y (n = 1, 2, 3, . . .) �t
�0�` , δn : H1 → H1 �› ,

δn(w) := znw − zn ∗ w (w ∈ H1)

�p���[�b�” .

�Ë�J 1.5.7 δn �x H1 �w�‹
ü�p�K�” . �Ë�t , δn �x H �w�‹
ü�t���Õ�^�• , 
\
R�i�•�w�^�;�x

(68) δn(x) = 0, δn(y) = −(x+ y)zn

�p�)�Q�’�•�” .
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	Â�Ì ) �Ú�™�ww, w′ ∈ H1 �t�0�` ,

zn ∗ (ww′) = (zn ∗ w)w′ + w(zn ∗ w′)− wznw
′

�U
R�“�q�m�\�q�x , �Ð�è
u�w���[�T�’�b�Y�t�˜�T�” . �\�•�‘�“ ,

znww
′ − zn ∗ (ww′) = (znw − zn ∗ w)w′ + w(znw

′ − zn ∗ w′).

�‘�l�o δn �x H1 �w�‹
ü�p�K�” .

�‡�h , H �w�‹
ü δ′ �› (68) �q�‰�a�^�;�p���[�b�”�q ,

δ′(zk) = δ′(xk−1y) = −xk−1(x+ y)zn = −zk+n − zkzn

= znzk − zn ∗ zk = δn(zk).

�b�s�˜�j δ′ �q δn �x H1 �w
\
R�i�p�w�‹�U�‰�a�i�T�’ , H1 	Í�°�•�b�” .

�� , Ĥ �w�‹
ü δ �›

δ :=
∞∑

n=1

δn
n

�p���[�b�”�q , (68) �‘�“

δ(x) = 0, δ(y) = −(x+ y)t, �h�i�` t :=
∞∑

n=1

zn

n

�p�K�” . δ �x Ĥ1, Ĥ0 �›�-�m�\�q�t�«�™ .

Ĥ �w�×�~�‰�� Φ �›

Φ := exp(δ) = exp

(
∞∑

n=1

δn
n

)
�p���[�b�” . �°
`�t ∂ �U Ĥ �w�Í
:�›	Í�[�”�‹
ü�p�K�•�y exp(∂) �x Ĥ �w (�Í
: 2 �Ž	Í�›�O�q
�`�o�Ã�s�$�s ) �×�~�‰���q�s�” . �f�•�x , �‹
ü�w Leibniz ��

∂n(uv) =
n∑

i=0

(
n

i

)
∂i(u)∂n−i(v)

�T�’
u�t�m�M�o�w	j�‰��
Q

exp(∂)(uv) =
∞∑

n=0

∂n(uv)

n!
=

∞∑
n=0

1

n!

∑
i+j=n
i,j≥0

n!

i!j!
∂i(u)∂j(v)

=
∞∑
i=0

∂i(u)

i!

∞∑
j=0

∂j(v)

j!
= (exp(∂)(u)) (exp(∂)(v))

�U	H�O�\�q�t�,�n�X .
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�Ë�J 1.5.8 �×�~�‰�� Φ �x

(69) Φ(x) = x, Φ(x+ y) = (x+ y)(1 + y)−1

�›�ˆ�h�` , H1 	Í�p�x

(70) Φ(w) = (1 + y)

(
1

1 + y
∗ w
)

(w ∈ H1)

�p�)�Q�’�•�” .

	Â�Ì ) w ∈ H1 �t�0�` δ(w) = tw − t ∗ w �p�K�” . �‡�h ,

δ((x+ y)w) = −(x+ y)tw + (x+ y)δ(w) = −(x+ y)(t ∗ w)

�‘�“ , �<�ò�$�t , �Ú�™�wn ≥ 1 �t�0�`

δn(x) = 0, δn(x+ y) = (−1)n(x+ y)t∗n

�U
ü�T�” . n! �p�Â�l�o�è�›�q�”�\�q�t�‘�“

Φ(x) = x, Φ(x+ y) = (x+ y) exp∗(−t)

�›�˜�”�U , (65) �‘�“ exp∗(−t) = (1 + y)−1 �p�K�”�w�p , (69) �›�˜�” .

�‡�h (70) �p�K�”�U , �‡�c ,

Φ(y) = (x+ y)(1 + y)−1 − x
= y − (xy + y2) + (xy2 + y3)− (xy3 + y4) + · · ·

�‘�“ ,

Φ(zk) = xk−1Φ(y) = xk−1y − (xky + xk−1y2) + (xky2 + xk−1y3)− · · ·
= zk − (zk+1 + zky) + (zk+1y + zky

2)− (zk+1y
2 + zky

3) + · · ·

= zk +
∞∑
i=1

(−1)i(zk+1y
i−1 + zky

i).

�°�M , �Ð�è
u�w���[�‘�“ i ≥ 1 �t�0�`

yi ∗ zk = y(yi−1 ∗ zk) + zky
i + zk+1y

i−1.

�\�•�t (−1)i �›�T�Z�o�è�›�q�•�y

1

1 + y
∗ zk − zk = −y

(
1

1 + y
∗ zk

)
+

∞∑
i=1

(−1)i(zky
i + zk+1y

i−1).

� �ò�`�o

(1 + y)

(
1

1 + y
∗ zk

)
= Φ(zk)
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�›�˜�” . �b�s�˜�j (70) �x w = zk �t�m�M�o�x
Y�`�M�}�Í�t , H1 �w word w �t�0�`

(1 + y)

(
1

1 + y
∗ zpw

)
= (1 + y)

(
1

1 + y
∗ zp

)
(1 + y)

(
1

1 + y
∗ w
)

(71)

�›�Ô�b . �‡�c

1

1 + y
∗ zp =

(
1− y

1 + y

)
∗ zp

= zp −
(
z1 ·

1

1 + y

)
∗ zp

= zp − z1

(
1

1 + y
∗ zp

)
− zp

(
z1 ·

1

1 + y

)
− zp+1 ·

1

1 + y

= zp ·
1

1 + y
− z1

(
1

1 + y
∗ zp

)
− zp+1 ·

1

1 + y

�q�s�”�w�p , �H 2 �ò�›�(�%�t� �æ�`�†�%�t�È�T�’ (1 + y)
(

1
1+y
∗ w
)

�›�»�Z�”�q

(1 + y)

(
1

1 + y
∗ zp

)
(1 + y)

(
1

1 + y
∗ w
)

= (zp − zp+1)

(
1

1 + y
∗ w
)

(72)

�›�˜�” . �°�M ,

1

1 + y
∗ zpw = zpw −

(
z1 ·

1

1 + y

)
∗ zpw

= zpw − z1
(

1

1 + y
∗ zpw

)
− zp

(
z1 ·

1

1 + y
∗ w
)
− zp+1

(
1

1 + y
∗ w
)

= zp

(
1

1 + y
∗ w
)
− z1

(
1

1 + y
∗ zpw

)
− zp+1

(
1

1 + y
∗ w
)

�‘�“�H 2 �ò�›�(�%�t� �æ�b�”�q

(1 + y)

(
1

1 + y
∗ zpw

)
= (zp − zp+1)

(
1

1 + y
∗ w
)

(73)

�›�˜�” . �`�h�U�l�o (72), (73) �‘�“�s�Ü (71) �x
R�“�q�m . �‘�l�o , �<�ò�$�t

(1 + y)
1

1 + y
∗ zk1zk2 · · · zkn

= (1 + y)

(
1

1 + y
∗ zk1

)
(1 + y)

(
1

1 + y
∗ zk2

)
· · · (1 + y)

(
1

1 + y
∗ zkn

)
�›�˜�” . �b�s�˜�j�|�ø
þ

w 7→ (1 + y)

(
1

1 + y
∗ w
)

�x H1 	Í�w	j�‰���p�K�”�} H1 �x zk �p�E
:�$�t
\
R�^�•�”�T�’ , �\�•�p (70) �U�Ô�^�•�h .

�\�œ�r�x�³�ß�¿�Ñ�ç
u�t�m�M�o�¨�Å�w�Ë�J�›�;�™�b�” . �-�‰�x�\�j�’�w�M�U�›�`�M�w�p��
	6�ð�J�q�b�” .
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�Ë�J 1.5.9 �ø
þ d : H→ H �› d(w) = yw−yXw �p���[�b�”�q d �x H �w�‹
ü�p , Ψ := exp(d)

�q�b�”�q (Ψ �x Ĥ �w�×�~�‰�� ), w ∈ H �t�0�`

(74) Ψ(w) = (1 + y)

(
1

1 + y
Xw

)
�U
R�“�q�m . �›�t ,

(75) Ψ(x) = x(1 + y)−1, Ψ(y) = y(1 + y)−1.

	Â�Ì ) �‹
ü�t�s�”�\�q�x X �w���[�T�’�0�›�t
ü�T�” . �‡�h (74) �x

1

n!
dn(w) = (−1)n

(
yn

Xw − y(yn−1
Xw)

)
(n ≥ 1, w ∈ H)

�›�<�ò�O�p�Ô�b .

��	6�ð�J 26 �\�w	Â�Ì�›�ì
R�^�d�‘ .

�^�o , Ĥ �w�×�~�‰�� ∆ �›

∆ = exp

(
∞∑

n=1

∂n

n

)
�p���[�b�” . �\�w�q�V�Í�U
R�“�q�m .

�Ë�J 1.5.10 Ĥ 	Í

(76) Φ = Ψ ◦∆.

	Â�Ì ) 
\
R�i�w�æ�V
Œ�U�°�•�b�”�\�q�›�_�”�w�i�U , Ĥ �w (skew) 	Ž�.�t�‡�p���Õ�`�o�ß�Q
�”�M�U�-�‰�U���o�t�s�” †.

z := x+ y �q�S�X . �\�w�G�ø�p ∂n(x) = xzn−1y, ∂n(y) = −xzn−1y �p�K�” . �‡�c ∂n(z) = 0

�‘�“ , ∆(z) = z �p�K�” . �‡�h ,

∂n(x−1) = −x−1∂n(x)x−1 = −zn−1yx−1 = −zn(x−1 − z−1)

�‘�“ , (
u�w
‡�D�õ
Q�‘�“�®	Ž�w
•
ü ] �x , �°
`�t�‹
ü ∂ �t�0�` , 0 = ∂(ww−1) = ∂(w)w−1 +

w∂(w−1) �‘�“ ∂(w−1) = −w−1∂(w)w−1 �q�s�” )(
∞∑

n=1

∂n

n

)
(x−1 − z−1) = log(1− z)(x−1 − z−1).

�\�•�‘�“ (
∞∑

n=1

∂n

n

)m

(x−1 − z−1) = (log(1− z))m (x−1 − z−1)

�p , �‘�l�o
∆(x−1 − z−1) = (1− z)(x−1 − z−1).

†�\�w�\�q�x�X�ù���í�^�œ�U�x�a�Š�t�¦� �`�h .
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�\�•�’�q , (75) �q�‘�“ (Ψ ◦∆)(z) = z(1 + y)−1 �S�‘�|

(Ψ ◦∆)(x−1 − z−1) = Ψ
(
(1− z)(x−1 − z−1)

)
=

(
1− z(1 + y)−1

) (
(1 + y)x−1 − (1 + y)z−1

)
= (1 + y)x−1 − zx−1 − (1 + y)z−1 + 1

= x−1 − (1 + y)z−1.

�°�M (69) �‘�“ Φ(z) = z(1 + y)−1, Φ(x−1 − z−1) = x−1 − (1 + y)z−1 �q�s�”�w�p , Ĥ �w
\
R
�i x, z �p�w Ψ ◦∆ �q Φ �w�‹�x�°�•�b�” .

�% 1.5.11 w ∈ H1 �t�0�`

(77)
1

1 + y
∗ w =

1

1 + y
X∆(w).

	Â�Ì ) �\�•�x (70), (74), (76) �T�’�˜�’�•�”�s�Ü�w�(�T�’ (1 + y)−1 �›�T�Z�h�‹�w�t���s�’�s
�M.

�\�w�Ü�›�–�l�o (62) �q (58) �w�‰�‹
Q�U	Â�Ì�^�•�” . �b�s�˜�j , (77) �t�S�M�o w = w0 ∈ H0

�q�` , �†�%�w regX �›�q�” . regX (yn) = 0 (n ≥ 1) �p�K�”�w�p regX (1/(1 + y)) = 1 �q�s�“ ,

∞∑
m=0

(−1)mregX (ym ∗ w0) = ∆(w0),

�(�% m = 0 �w�ò�›� �ò�`�o

∞∑
m=1

(−1)mregX (ym ∗ w0) = (∆− 1)(w0)

�›�˜�” . �� , w0 �x
j�Í�i�q�`�o�¢�f�O�>���`�o�‘�M�£�|�È�%�w exp �›�2�‰�`�†�%�w
j�Í
æ
ü
�›
z�±�b�”�}�Í
:�w�ÿ�M�q�\�–�T	q�t�_�o�M�Z�y�|�‡�c

∂1(w0) = −regX (y ∗ w0)

�T�’�|�% 1.4.23(58) �‘�“ Z(∂1(w0)) = 0 �U�˜�’�•�|�K�q�x�<�ò�$�t�| ∂n(w0) �U regX (ym ∗w0)

�h�j�q�| n′ < n �s�” ∂n′(w0) �h�j�t�‘�l�o	{�T�•�”�\�q�T�’�| (62) Z(∂n(w0)) = 0 �U�˜�’�•
�”�}�‡�h�o�t (62) �T�’ (58) �U	Z�”�\�q�‹�‰�a�X�\�w�Ü�T�’
ü�T�” .

1.5.3 �‹
ü�����Ü�q�G�ú�w�����Ü

���g 1.5.3 �x
Ò�0
Q�w�‹�q�p�G�ú�w�����Ü�q�‰�‹�p�K�” . �‘�“	Ä�`�X�t�O�q , (16) �w�È�%
�w
Ò�0�›�q�l�h���w�����Ü�U (62) �q�‰�‹�p�K�” . �\�•�›
†�Ì�b�” .

	ý�`�X H 	Í�w�‹
ü Dn (n ≥ 1) �›

Dn(x) = 0, Dn(y) = xny
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�p���[�` , Dn := τDnτ �q�b�” . Dn �x

Dn(x) = xyn, Dn(y) = 0

�q�s�” H 	Í�w�‹
ü�p�K�” . �¤ l ≥ 0 �t�0�` , Q-
¢���ø
þ σl, σl : H −→ H �› , �‰��

σ := exp

(
∞∑

n=1

Dn

n

)
, σ := exp

(
∞∑

n=1

Dn

n

)

�w l �Í
j�Í
R
ü�q�b�” :

exp

(
∞∑

n=1

Dn

n

)
=

∞∑
l=0

σl, exp

(
∞∑

n=1

Dn

n

)
=

∞∑
l=0

σl .

�M�‡ D =
∑∞

n=1Dn/n �q�S�X . D(x) = 0 �S�‘�|

D(y) = (x+ x2/2 + x3/3 + · · · )y = (− log(1− x))y

�‘�“ , Dn(x) = 0, Dn(y) = (− log(1− x))ny �q�s�”�T�’ ,

σ(x) = x �S�‘�| σ(y) =
∞∑

n=0

(− log(1− x))ny/n! = (1− x)−1y

�q�s�” . �‘�l�o , (σ �x	j�‰���s�w�p )

σ(xk1−1yxk2−1y · · ·xkn−1y) = xk1−1(1− x)−1yxk2−1(1− x)−1y · · ·xkn−1(1− x)−1y

=
∞∑
l=0

∑
ε1+ε2+···+εn=l

εi≥0

xk1+ε1−1yxk2+ε2−1y · · ·xkn+εn−1y,

�m�‡�“

σl(x
k1−1yxk2−1y · · ·xkn−1y) =

∑
ε1+ε2+···+εn=l

εi≥0

xk1+ε1−1yxk2+ε2−1y · · ·xkn+εn−1y.

	H�l�o�|�G�ú�w�����Ü�x , �b�‚�o�w l ≥ 0 �q w0 ∈ H0 �t�0�`�o

Z((σl − σlτ)(w0)) = 0

�U
R�“�q�m�\�q , �q�t�Q�” .

�\�\�p�Í�U
R�“�q�m .

���g 1.5.12

∆ = σσ−1.

	Â�Ì ) 
²
…�p
∆(z) = z, ∆(x−1 − z−1) = (1− z)(x−1 − z−1)

�›�Ô�`�h (z = x+ y). σ(x) = x, σ(y) = (1− x)−1y �‘�“ σ(z) = x+ (1− x)−1y, �\�•�’�T�’

σ−1(x) = x, σ−1(z) = x+ (1− x)y, σ−1(x−1 − z−1) = x−1 − (x+ (1− x)y)−1
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�q�-�‰�^�•�” . �‡�h σ �w�-�‰�q�‰�7�t�`�o

σ(x) = x(1− y)−1, σ(y) = y, σ(z) = x(1− y)−1 + y

�p�K�”�w�p ,

(σσ−1)(z) = σ(x+ (1− x)y)
= x(1− y)−1 + (1− x(1− y)−1)y

= x(1− y)−1(1− y) + y

= z,

�S�‘�|

(σσ−1)(x−1 − z−1) = σ(x−1 − (x+ (1− x)y)−1)

= (1− y)x−1 −
(
x(1− y)−1 + (1− x(1− y)−1)y

)−1

= (1− z + x)x−1 − z−1

= (1− z)(x−1 − z−1).

�\�•�p���g�U	Â�Ì�^�•�h .

�% 1.5.13 �‹
ü�����Ü (62) �x ,

Z((σl − σl)(w0)) = 0, (∀l ≥ 1,∀w0 ∈ H0)

�q�‰�‹ .

	Â�Ì ) �\�•�x , ���g�T�’�b�Y�‹�T�•�”�s�Ü

∞∑
n=1

∂n

n
= log(∆) = log(1− (σ − σ)σ−1)

�S�‘�|
σ − σ = (1−∆)σ

�‘�“�˜�T�” .

σl = τσlτ �p�K�”�T�’ , �\�w�%�x�G�ú�w�����Ü�w�È�%�w
Ò�0�›�q�l�h�‹�w�p�K�” .

2 ��	O L �‹

��	O�¸�”�»�‹�w�¦�Á�q�`�o 2 	��¨�w��	O L �‹�› , �°�M�x
S
î
u
ü
¯�Ô�›�Ë�j , ���M�x�ƒ
:
�w
u�U�O�‡�X	ü�”
ã�O�¢�Ð�è
u�£�‘�O�t�‹�Ö�b�” . �\�w 2 	��¨�w��	O L �‹�›�;�M�o , 
ó�³�ß�¿
�Ñ�ç�����Ü�q�f�w
Y�F�= , �‹
ü�����Ü�s�r�U��	O�¸�”�»�‹�w�q�V�q�‰�7�t�˜�’�•�” . �\�•�’
�›���o�t	\�‚�” . 	Ä�I�x [AK2] �›�€	° .
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2.1 ��	O L �‹�w���[


Y
T
: m �›�{���` , R = Rm := Z/mZ �q�S�X . F(R;C) �› R 	Í�w C �‹��
:�w
R�b C-�Õ
�«�Ä�ç�í���q�b�” . 1 �w�j�• m 	Ð�� ζ = ζm := exp(2πi/m) �›�{���` , �¤ a ∈ R �t�0�`��
:
ϕa ∈ F(R;C) �›

ϕa(x) = ζax (x ∈ R).

�p���[�b�” . {ϕa} (a ∈ R) �x F(R;C) �w�°
Ê�w�,���›
R�b .

���[ 2.1.1 (��	O L �‹ , multiple L-values) f1, . . . , fr ∈ F(R;C) �q
Y
T
: k1, . . . , kr �t
�0�` ,

LX (k1, . . . , kr; f1, . . . , fr) =
∑

n1>n2>···>nr>0

f1(n1 − n2) · · · fr−1(nr−1 − nr)fr(nr)

nk1
1 n

k2
2 · · ·nkr

r

=
∞∑

ν1=1

· · ·
∞∑

νr=1

f1(ν1)f2(ν2) · · · fr(νr)

(ν1 + · · ·+ νr)k1(ν2 + · · ·+ νr)k2 · · · (νr)kr
.

���w���w L �‹�‹���[�b�” .

L∗(k1, . . . , kr; f1, . . . , fr) =
∑

n1>n2>···>nr>0

f1(n1)f2(n2) · · · fr(nr)

nk1
1 n

k2
2 · · ·nkr

r

.

k1 ≥ 2 �s�’ , �\�•�’�w��	O L �‹�¢�È�%�w�Á�v�ƒ
:�£�x	)���b�” .

k1 = 1 �w�q�V�x , �Í�p���[�b�” :

LX (1, k2, . . . , kr; f1, . . . , fr) = lim
R→∞

∑
R>n1>···>nr>0

f1(n1 − n2) · · · fr−1(nr−1 − nr)fr(nr)

n1n
k2
2 · · ·nkr

r

,

L∗(1, k2, . . . , kr; f1, . . . , fr) = lim
R→∞

∑
R>n1>···>nr>0

f1(n1)f2(n2) · · · fr(nr)

n1n
k2
2 · · ·nkr

r

.

r = 1 �w	Ô�ù�x , LX (k, f) = L∗(k, f) �p , �\�•�x
Ó�è�w Dirichlet �ƒ
:�p�K�” . k1 = 1 �w	Ô
�ù�w	)��	Ú�E�x�Í�w�Ë�J�p�)�Q�’�•�” . �¤ f ∈ F(R;C) �x Fourier �2�‰

f(x) =
∑
a∈R

f̂(a)ζax, f̂(a) =
1

m

∑
y∈R

f(y)ζ−ay

�›�Ë�m .

�Ë�J 2.1.2 k1 = 1 �q�b�” . �\�w�q�V LX (1, k2, . . . , kr; f1, . . . , fr) �q L∗(1, k2, . . . , kr; f1, . . . , fr)

�U	)���b�”�h�Š�w
ž�A	G
ü	Ú�E�x f̂1(0) = 0 (�b�s�˜�j
∑

y∈R f1(y) = 0 ) �p�K�” .

	Â�Ì�x Abel �w�ƒ
:
ï�è�O�t�,�n�X .

�Ë�m�w LX �‹�q L∗ �‹�x�S�“�M�t���w
¢���A�ù�q�`�o	{�Z�” .
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�Ë�J 2.1.3 (i) k1 = 1 �w�q�V�x f̂1(0) = 0 �q�b�” .

L∗(k1, . . . , kr; f1, . . . , fr)

=
∑

a1,...,ar∈R

f̂1(a1) · · · f̂r(ar)LX (k1, . . . , kr;ϕa1 , ϕa1+a2 , . . . , ϕa1+···+ar),

LX (k1, . . . , kr; f1, . . . , fr)

=
∑

a1,...,ar∈R

f̂1(a1) · · · f̂r(ar)L∗(k1, . . . , kr;ϕa1 , ϕa2−a1 , . . . , ϕar−ar−1).

(ii) �q�X�t a1, . . . , ar ∈ R, a1 6= 0 �t�0�` ,

L∗(k1, . . . , kr;ϕa1 , . . . , ϕar) = LX (k1, . . . , kr;ϕa1 , ϕa1+a2 , . . . , ϕa1+···+ar),

LX (k1, . . . , kr;ϕa1 , . . . , ϕar) = L∗(k1, . . . , kr;ϕa1 , ϕa2−a1 , . . . , ϕar−ar−1).

���?�t
LX (k; a) = LX (k1, . . . , kr; a1, . . . , ar) := LX (k1, . . . , kr;ϕa1 , . . . , ϕar)

�s�r�q	{�X . (k; a) = (k1, . . . , kr; a1, . . . , ar) �› MLV(=Multiple L-value) �w� �ï�Ã�¿�«�µ �q
�M�O. a1 = · · · = ar = 0 �w�q�V�U , ��	O�¸�”�»�‹�p�K�” .

LX (k1, . . . , kr; 0, . . . , 0) = L∗(k1, . . . , kr; 0, . . . , 0) = ζ(k1, . . . , kr).

LX �‹�x
S
î
u
ü
¯�Ô�›�Ë�m . §1.2 �t�S�Z�” Drinfel’d 
u
ü�›�°
`�=�`�o , |εj| ≤ 1 (1 ≤ j ≤ n),

ε1 6= 1, εn 6= 0 �s�” εj ∈ C �t�0�`

I(ε1, · · · , εn) =

∫
· · ·
∫

1>t1>···>tn>0

Aε1(t1)Aε2(t2) · · ·Aεn(tn) dt1 · · · dtn,

�h�i�`

A0(t) =
1

t
, Aε(t) =

ε

1− εt
(ε 6= 0, |ε| ≤ 1).

�q�b�” . �\�w�G�ø�w�<�p

L(k1, . . . , kr; a1, . . . , ar) = I(0, . . . , 0, ζa1︸ ︷︷ ︸
k1

, 0, . . . , 0, ζa2︸ ︷︷ ︸
k2

, . . . , 0, . . . , 0, ζar︸ ︷︷ ︸
kr

).

�\�\�p , 2 �m�w Drinfel’d 
u
ü�w
u�x�‡�h Drinfel’d 
u
ü�w Q-
¢���A�ù�p	{�Z�” (�³�ß�¿�Ñ�ç

u ) �w�p�y

? LX �‹�w
u�x LX �‹�w Q-
¢���A�ù�p	{�Z�” . 
u�w�ç�”�ç�x�³�ß�¿�Ñ�ç
u�p�G	\�^�•�” .

�« 2.1.4 L(1; a)n = n!L(1, . . . , 1︸ ︷︷ ︸
n

; a, . . . , a), a ∈ R, a 6= 0.

66



2.2 �E
:�$���Ü�=�q
ó�³�ß�¿�Ñ�ç�����Ü

�¤ a ∈ R �]�q�t�!
: ya �›	j
‹�` m + 1 �!
:�w
‡�D�õ���ò�Ü�� A := Q〈x, ya (a ∈ Rm)〉
�q�f�w
æ
ü�E
: A1, A0 �›�ß�Q�” :

A ⊃ A1 = Q +
∑

a∈Rm

Aya ⊃ A0 = Q +
∑

a∈Rm

xAya +
∑

a, b∈Rm, b6=0

ybAya.

m �›�›�G�b�”
ž�A�w�K�”�q�V�x A(m), A(m)
1 , A(m)

0 �q�G�b . m′ �› m �w�ÿ
:�q�` ` = m/m′

�q�S�X . A(m′) �x�×
µ�t , �o�ò�Ü�w�0� 

xk1−1yb1x
k2−1yb2 · · · xkn−1ybn 7−→ xk1−1y`b1x

k2−1y`b2 · · ·xkn−1y`bn ,

�t�‘�l�o A(m) �t�’�Š���‡�•�” . �h�i�` (b1, . . . , bn) ∈ Rn
m′ �p�K�“ , (`b1, . . . , `bn) �x Rn

m �w�i
�q�ˆ�s�^�•�” . �\�w�’�Š���ˆ�t�‘�“ A(m′) �x A(m) �w
æ
ü�E
:�t�s�” . m = 1 �w�q�V�U��	O
�¸�”�»�‹�w	Ô�ù�p A(1) = H, A(1)

1 = H1, A(1)
0 = H0 �p�K�” .

�O m �w	Ô�ù�t�í�” . � �ï�Ã�¿�«�µ (k; a) = (k1, . . . , kr; a1, . . . , ar) �x k1 ≥ 2 �‡�h�x k1 = 1

�T�m a1 6= 0 �w�q�V , 	)��� �ï�Ã�¿�«�µ (admissible) �q�z�y�•�” . ��	��¨�w��	O L �‹�›�b�;
�`�o�ø
þ LX , L∗ : A0 −→ C �›�Í�p���[�b�” :

�o�ò�Ü�t�0�`

LX (xk1−1ya1 · · ·xkr−1yar) = LX (k1, . . . , kr; a1, . . . , ar),

L∗(x
k1−1ya1 · · ·xkr−1yar) = L∗(k1, . . . , kr; a1, . . . , ar),

�q�` , �\�•�› Q-
¢���t A0 �‡�p���Õ�b�” .

�Í�w 3 �:�U�
�A .

(?1) LX (k; a) �t�x�³�ß�¿�Ñ�ç
u�U�K�“ , �f�•�t�0� �`�o A0 	Í�t , �^�’�t�‹�l�q�¿�X A 	Í
�t�³�ß�¿�Ñ�ç
u X �›���[�p�V�” . �\�w�q�V
u�w���[�T�’

LX (w1Xw2) = LX (w1)LX (w2) (∀w1, w2 ∈ A0).

(?2) L∗(k; a) �x�Ð�è
u (�ƒ
:�t�‘�”
u ) �t	H�O . �«�Q�y	)��� �ï�Ã�¿�«�µ (k1; a1), (k2; a2)

�t�0�`

L∗(k1; a1)L∗(k2; a2) = L∗(k1, k2; a1, a2) + L∗(k1 + k2; a1 + a2) + L∗(k2, k1; a2, a1).

�\�•�t�0� �b�”�‘�O�t A0 	Í�t , �Ð�è
u ∗ �›���[�p�V A1 �‡�p�×
µ�t���y�d�” (Hoffman

�w H1 �w	Ô�ù�q�‰�7�t�b�” ). 	Í�w�����x

xk1−1ya1 ∗ xk2−1ya2 = xk1−1ya1x
k2−1ya2 + xk1+k2−1ya1+a2 + xk2−1ya2x

k1−1ya1

�q�G	\�^�•�” . �\�w�q�V

L∗(w1 ∗ w2) = L∗(w1)L∗(w2) (∀w1, w2 ∈ A0).

67



(?3) LX �‹�q L∗ �‹�w���w�����›�è�`�o , �ø
þ LX �q L∗ �w���t�x���Ì�s����

L∗(w0) = LX (I(w0)) ∀w0 ∈ A0 (�b�s�˜�j A0 	Í�p L∗ = LX ◦ I)

�U�K�” . �h�i�` I : A1 −→ A1 �x

I(xk1−1ya1x
k2−1ya2 · · · xkn−1yan) = xk1−1ya1x

k2−1ya1+a2 · · ·xkn−1ya1+···+an

�› Q-
¢���t���y�`�o�˜�’�•�” Q-
¢���s�D�o�ø
þ�p�K�” .

	Í�G (?1) ∼ (?3) �t�‘�“

�Ë�J 2.2.1 (���v
ó�³�ß�¿�Ñ�ç�����Ü , finite double shuffle relation) �Ú�™�ww1, w2 ∈
A0 �t�0�`

LX (I(w1)XI(w2)− I(w1 ∗ w2)) = 0.

�\�w�Ë�J�U�r�œ�s�\�q�›�`�o�M�”�w�T�ˆ�o�S�\�O .

�« 2.2.2 	)��� �ï�Ã�¿�«�µ (k1; a1), (k2; a2) �t�0�`

LX (k1; a1)LX (k2; a2) =
k2−1∑
j=0

(
k1 − 1 + j

j

)
LX (k1 + j, k2 − j; a1, a2) +

k1−1∑
j=0

(
k2 − 1 + j

j

)
LX (k2 + j, k1 − j; a2, a1).

�°�M�(�%�x

L∗(k1; a1)L∗(k2; a2) = L∗(k1, k2; a1, a2) + L∗(k1 + k2; a1 + a2) + L∗(k2, k1; a2, a1)

= LX (k1, k2; a1, a1 + a2) + LX (k1 + k2; a1 + a2) + LX (k2, k1; a2, a1 + a2)

�\�•�‘�“�È�%�U�s�`�X

k2−1∑
j=0

(
k1 − 1 + j

j

)
LX (k1 + j, k2 − j; a1, a2) +

k1−1∑
j=0

(
k2 − 1 + j

j

)
LX (k2 + j, k1 − j; a2, a1)

= LX (k1, k2; a1, a1 + a2) + LX (k1 + k2; a1 + a2) + LX (k2, k1; a2, a1 + a2).

�\�w�«�p k1 = 1, a1 = 0 �w	Ô�ù�x , �(�%�U	)���d�c�{�Q�s�M�U , �î�M�t�x , �7�™�w�s�Ü�x
C�„
�b�”
æ
ü�U�'�j	«�`�K�l�o , �Í�U
R�q�b�” .

(78)

k2−1∑
j=1

LX (j + 1, k2 − j; 0, a2) + LX (k2, 1; a2, 0) = LX (1 + k2; a2) + LX (k2, 1; a2, a2).

�\�w�K�h�“�w�Ä	Ø�‹��	O�¸�”�»�‹�w	Ô�ù�q�‰�7�p�K�l�o , �\�O�M�O�\�q�›�°
`�$�t���Ü�=�b
�”�w�U�Í�w
Y�F�=�p�K�” .
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2.3 
Y�F�=�q�°
`
ó�³�ß�¿�Ñ�ç�����Ü


æ
ü�E
: A0, A1 �x�³�ß�¿�Ñ�ç
u X �p���a�o�S�“ , �f�•�g�•�›
u X �t�‘�”�D�õ�E
:�q�_�h
�‹�w�› AX

0 , AX
1 �q�G�b . �\�w�q�V AX

1 ' AX
0 [y0] �q�s�”�w�p , �\�•�t�‘�“ , �Í�w	Ú�E�›�ˆ�h

�b�‘�O�t LX : AX
0 −→ C �› L̂X : AX

1 −→ C[T ] �t�×
µ�t�¦�Á�b�”�\�q�U�p�V�” :

(i) L̂X

∣∣∣
AX

0

= LX , (ii) L̂X (y0) = T ,

(iii) L̂X �x�E
:	j�‰�� .

�Ð�è
u ∗ �t���`�o�‹ , �‰�7�w�™�¯�p�G�ø A∗
0, A∗

1 �›�;�M�” . �\�w�q�V�•�x�“ A∗
1 ' A∗

0[y0] �p ,

�Í�w	Ú�E�›�ˆ�h�b�‘�O�t L∗ : A∗
0 −→ C �› L̂∗ : A∗

1 −→ C[T ] �t�×
µ�t�¦�Á�b�”�\�q�U�p
�V�” :

(i) L̂∗

∣∣∣
A∗

0

= L∗, (ii) L̂∗(y0) = T ,

(iii) L̂∗ �x�E
:	j�‰�� .

C-
¢���ø
þ ρ : C[T ] −→ C[T ] �› §1.4.6 �›�f�w�‡�‡ C �t��
:�¦�G�`�h�‹�w�q�b�” . ���j�ˆ
�ƒ
: A(u) �›

A(u) = exp
( ∞∑

n=2

(−1)n

n
ζ(n)un

)
�p���[�` ,

ρ(eTu) = A(u)eTu

�q�`�o���Š�” .

���g 2.3.1 A1 	Í�p
L̂X ◦ I = ρ ◦ L̂∗.

	Â�Ì�x���g 1.4.18 �q�‰�7�t�æ�Q�” .

�« 2.3.2 w = y0ya (a ∈ Rm, a 6= 0) �q�b�” . y0 ∗ ya = y0ya + yay0 + xya �‘�“�y

y0ya = y0 ∗ ya − (yay0 + xya), yay0 + xya ∈ A0.

�\�•�T�’

L̂∗(y0ya) = L∗(1; a)T − (L∗(1, 1; a, 0) + L∗(2; a))

= LX (1; a)T − (LX (1, 1; a, a) + LX (2; a))

�°�M y0ya = y0Xya − yay0 �i�T�’

L̂X

(
I(y0ya)

)
= L̂X (y0ya) = TLX (1; a)− LX (1, 1; a, 0).

ρ(1) = 1, ρ(T ) = T �i�T�’�y
z�±�`�o

LX (1, 1, a, a) + LX (2, a) = LX (1, 1, a, 0).

�\�•�x (78) �Ü�p , ���Ü�$�t k2 = 1 �q�`�h�‹�w�p�K�” .
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��	O�¸�”�»�‹�w�°
`
ó�³�ß�¿�Ñ�ç�����Ü (���g 1.4.22, �%1.4.23) �t�K�h�”�‹�w�U�Í�w���g
�p�K�” . 	Â�Ì�x , �ø
þ I �U���˜�”�U	t�t�«�™�b�•�y��	O�¸�”�»�w	Ô�ù�q�‰�7�p�K�” ([AK2]).

regX �x AX
1 ' AX

0 [y0] �w y0 �t���b�” “��
:�ò ” �›�q�”�ø
þ�q�b�” . (X �t���b�”�Ë�J�w�ˆ	\�‚
�” .)

���g 2.3.3 �Í�U
R�“�q�m . �‡�h�\�•�’�w�°�m�T�’���g 2.3.1 �›�‹�X�\�q�U�p�V�” .

(i) �Ú�™�ww1 ∈ A1, w0 ∈ A0 �t�0�`

L̂X

(
I(w1)XI(w0)− I(w1 ∗ w0)

)
= 0.

�›�t�f�w��
:�ò

LX

(
regX

(
I(w1)XI(w0)− I(w1 ∗ w0)

))
= 0, (w1 ∈ A1, w0 ∈ A0).

(ii) �Ú�™�wm ≥ 1, w0 ∈ A0 �t�0�`

LX

(
regX

(
I(ym

0 ∗ w0)
))

= 0.

2.4 �‹
ü�����Ü

��	O�¸�”�»�‹�w�‹
ü�����Ü (62) �x , �Í�w�‘�O�t��	O L �‹�t�‹�°
`�=�^�•�” .

���[ 2.4.1 A 	Í�w�‹
ü ∂n (n = 1, 2, . . .) �›{
∂n(x) = x(x+ y0)

n−1y0,

∂n(ya) = −x(x+ y0)
n−1ya + ya(x+ y0)

n−1y0 − ya(x+ y0)
n−1ya (a ∈ Rm).

�p���[�b�” .

���g 2.4.2 �Ú�™�ww0 ∈ A0 �q n ≥ 1 �t�0�`

LX

(
∂n(w0)

)
= 0.

	Â�Ì�x [AK2] �t	á�” . �,�Š�$�t�x��	O�¸�”�»�‹�w	Ô�ù�w	Â�Ì�›�•	;�b�” . n = 1 �w	Ô�ù�w	Â
�Ì�x�Ý�G�w	–�Ü���•���w	.�œ�æ�� (2001.2) �p�s�^�•�h .

�« 2.4.3 a 6= 0 (R �t�S�M�o ) �q�b�” . �s�Ü

∂1(y
2
a) = −xy2

a − yaxya + yay0ya + y2
ay0 − 2y3

a

�S�‘�|
∂2(ya) = −x2ya − xy0ya + yaxy0 − yaxya + yay0y0 − yay0ya,

�‘�“ , �f�•�g�•

LX (2, 1; a, a) + LX (1, 2; a, a)

= LX (1, 1, 1; a, 0, a) + LX (1, 1, 1; a, a, 0)− 2LX (1, 1, 1; a, a, a),

LX (3; a) + LX (2, 1; 0, a) + LX (1, 2; a, a) + LX (1, 1, 1; a, 0, a)

= LX (1, 2; a, 0) + LX (1, 1, 1; a, 0, 0)

�›�˜�” .
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2.5 ��	O L ��
:�w�Ã�p�w	��A
æ

��	O�¸�”�»��
:�w�Ã�w	��A
æ�t���b�”���g 1.4.27 �‹�°
`�=	Z�R�” .

admissible �q�x�v�’�s�M� �ï�Ã�¿�«�µ (k; a) = (k1, . . . , kn; a1, . . . an) �t�0�`�Ë�m�w��	O L

��
: L∗
k,a(s), L

X

k,a(s) �› Dirichlet �ƒ
:

L∗
k,a(s) =

∑
m1>m2>···>mn>0

ϕa1(m1)ϕa2(m2) · · ·ϕan(mn)

mk1+s
1 mk2

2 · · ·mkn
n

�S�‘�|

LX

k,a(s) =
∑

m1>m2>···>mn>0

ϕa1(m1 −m2) · · ·ϕan−1(mn−1 −mn)ϕan(mn)

mk1+s
1 mk2

2 · · ·mkn
n

�p���[�b�” . �\�•�’�x Re(s) > 0 �p
ˆ�0	)���` , [AK1] �w�M�O�p
¶���Ø�t���g���t�r
s
€��
�p�V�” . (k; a) �U admissible �s�’�y , s = 0 �p
Y���p

L∗
k,a(0) = L∗(k; a), LX

k,a(0) = LX (k; a).

admissible �p�s�M�q�V�x s = 0 �x�Ã�q�s�”�U , �f�w	��A
æ�U�Í�p�)�Q�’�•�” .

���g 2.5.1 (i) ���ò�Ü L∗
k,a(T ) �›

L∗
k,a(T ) =

ν∑
j=0

bj
(T − γ)j

j!

�q	{�X�q�V (γ = Euler ��
: ), L∗
k,a(s) �w s = 0 �p�w	��A
æ�x

L∗
k,a(s) =

ν∑
j=0

bj
sj

+O(s) (s→ 0)

�p�)�Q�’�•�” .

(ii) ���ò�Ü LX

k,a(T ) �›

LX

k,a(T ) =
ν∑

j=0

cj
T j

j!

�q	{�X�q�V , Γ(s+ 1)LX

k,a(s) �w s = 0 �p�w	��A
æ�x

Γ(s+ 1)LX

k,a(s) =
ν∑

j=0

cj
sj

+O(s) (s→ 0)

�p�)�Q�’�•�” .
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2.6 �¨�¢�µ�”�à�¯�Ï�è

p �›�-
É
:�q�` χ1, χ2 �› , �O p �w�j�•�$ Dirichlet �¦
ª�q�b�” . L∗(k1, k2;χ1, χ2) �› LX

�‹ LX (k1, k2;χ1, χ2) �p
¯�f�O�q�b�”�q , �Í�w�‘�O�s�è�U�q�•�”�¢�h�i�`�|�M�¤�w�-�‰�t�q�•
�”�i�Z�p�|�7	4�$�s
¯�Ô�w��
:�t�q�•�”�q�M�O�˜�Z�p�x�s�M�T�’�|�ˆ�;�q�`�o�x�•�•	��M�T
�‹�Œ�•�s�M�£ :

H(χ1, χ2;x) :=
∑

u mod p
u 6≡0, 1 mod p

χ1(u)χ2(1− u)ζux, (ζ = e2πi/p).

�\�•�x , χ2 �U�o�•�¦
ª�s�’�y Gauss �è�p�K�”�` , x = 0 �w�q�V�x Jacobi �è�p�K�”�T�’ ,

“Gauss-Jacobi �è ” �q�p�‹�z�•�‚�V�‹�w�p�K�” . �\�w�‘�O�s�‹�w�U
:�æ�$�t�r�•�i�Z�Ø
(�M
�‹�w�T�‘�X
ü�T�’�s�M�U , �«�Q�y χ =

(∗
p

)
(Legendre �G�ø) �w	Ô�ù�t F (χ, χ;x) �w�Ê�ç�Ü�›


:�‹�-�‰�`�o�ˆ�”�q�Í�w�‘�O�t�s�” . �y

GJ(p) :=

p−1∏
x=1

H(χ, χ; x)

�q�S�X . �M�X�m�T�w GJ(p) �t�m�M�o�f�w
É�¼
:
ü�r�q , 
É�¼� �w�O p �p�w�‹�›
¯�t�`�o�S�X .

GJ(11) = 232, 23 ≡ 1 (mod 11),

GJ(13) = 532, 53 ≡ 1 (mod 13),

GJ(17) = 67332, 6733 ≡ 1 (mod 17),

GJ(19) = 330232, 33023 ≡ 1 (mod 19),

GJ(23) = 474, 47 ≡ 1 (mod 23),

GJ(29) = 7927257892, 792725789 ≡ 1 (mod 29),

GJ(31) = 200653072, 20065307 ≡ −1 (mod 31),

GJ(37) = 14812 · 2479012, 1481 ≡ 1, 247901 ≡ 1 (mod 37),

GJ(41) = 1632 · 225294184932, 163 ≡ −1, 22529418493 ≡ 1 (mod 41),

GJ(43) = 33812515985592, 3381251598559 ≡ 1 (mod 43),

GJ(47) = 9412 · 28192 · 34700092, 941 ≡ 1, 2819 ≡ −1, 3470009 ≡ −1 (mod 47),

GJ(53) = 41332 · 367812 · 118092492, 4133 ≡ −1, 36781 ≡ −1, 11809249 ≡ 1 (mod 53),

GJ(59) = 2451081022897082726892, 245108102289708272689 ≡ 1 (mod 59).

�\�\�T�’�¡�ˆ	��•�”�\�q (�«�Q�y , �s�e GJ(43) �• GJ(59) �x�T�X�‹�G�V�s
É
:�w���M�s�w
�T?) �x�?�T�Ø
(�M�q	Å�w���O�›�Ô�&�`�o�M�”�w�p�K�–�O�T . 	—�X�q�‹	í�‘�q
:�‹�î�g�›�b�”
�w�x�Ø
(�M�T�‹�`�•�s�M .

�Ý	-�G�¶�w	¦
Œ�Â�O���U 2008 �å�S	.�œ�æ���w�Z�€�t�\�w Gauss-Jacobi �è�›	��“	Í�[�|
Kloosterman �è�q�w�����s�r�|�M�X�m�T�µ�¯
��M�\�q�›�_�m�Z�h�}�Ž�<�t�f�w�º�0�›�>�å�b
�”�}

�-
É
: p �›�Ž�™�{���b�”�}�O p �w�Ã�Ÿ�æ�«�è�¦
ª χ �q�x�| Z �T�’ C �•�w�ø
þ�p�|	Ð�O��
(Z/pZ)∗ �w�¦
ª χ̃ �w�Ë�j	Í�[�t�s�l�o�M�”�‹�w�|�b�s�˜�j χ �x χ(a) = χ̃(a mod p), ∀a ∈ Z

�›�ˆ�h�b�} χ̃ �U�o�•�¦
ª�p�s�Z�•�y p | a �w�q�V χ(a) = 0 �q�S�V�| χ̃ �U�o�•�¦
ª�s�’�y�Ú�™
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�w a ∈ Z �t�h�M�` χ(a) = 1 �q�S�X�}�\�w�q�V�w�¢
Y�¬�t�x�O 1 �w�£�o�•�Ã�Ÿ�æ�«�è�¦
ª�› ε

�q�T�X�}
�Ã�Ÿ�æ�«�è�¦
ª χ �q t ∈ Z �t�0�`�|�¨�¢�µ�è G(χ; t) �›

G(χ; t) :=

p−1∑
u=0

χ(u)ep(tu)

�p���[�b�”�}�\�\�t ep(a) = e2πia/p �p�|�‹�x a mod p �t�`�T�‘�’�s�M�T�’�|�`�y�`�y a �›
Z/pZ �w�i�q�`�o�‰�a�G�ø�›�–�O�} G(χ; 1) �›�q�X�t G(χ) �q	{�X�\�q�t�b�”�} χ �U�×�Ì�p�s
�M�Ã�Ÿ�æ�«�è�¦
ª�w�q�V�|

G(χ; t) =

p−1∑
u=0

χ(u)ep(tu) =

p−1∑
u=0

χ(t)χ(tu)ep(tu) = χ(t)G(χ)

�¢ χ �x χ �w
ó
É�ž�þ�£�p�K�“�|�\�•�‘�“�¢ χ �› χ �t�!�Q�o�£

(79) χ(t) = G(χ)−1

p−1∑
u=0

χ(u)ep(tu)

�›�˜�”�}�\�•�x�Ž�™�‘�X�–�O�s�Ü�p�K�”�}�‡�h�|�Ë�m�w�Ã�Ÿ�æ�«�è�¦
ª χ1, χ2 �t�0�`�o���[
�^�•�”�à�¯�Ï�è

J(χ1, χ2) :=

p−1∑
u=0

χ1(u)χ2(1− u)

�‹�¥�M	Z�`�o�S�X�}

���[ 2.6.1 (Gauss-Jacobi sum) �Ú�™�w�Ã�Ÿ�æ�«�è�¦
ª χ1, χ2 �q t ∈ Z (�¢�x Z/pZ) �t
�0�`�®�¨�¢�µ�”�à�¯�Ï�è�¯ H(χ1, χ2; t) �›

H(χ1, χ2; t) :=

p−1∑
u=0

χ1(u)χ2(1− u)ep(tu)

�q���[�b�”�}

�x�a�Š�t	\�‚�h�‘�O�t�\�•�x�¨�¢�µ�è�|�à�¯�Ï�è�›�‰�Ì�t�°
`�=�`�h�¦
ª�è�p�K�”�}�‡�c�,
�Š�$�s�\�q�q�`�o�Í�U
R�“�q�m�}

�Ë�J 2.6.2 �Ž�<�U
R�“�q�m�}

(1) H(χ, ε; t) = G(χ; t). �›�t�| t 6= 0 �s�’�y H(ε, ε; t) = 0 �p�| H(ε, ε; 0) = p.

(2) H(ε, χ; t) = ep(t)G(χ;−t).

(3) H(χ1, χ2; 0) = J(χ1, χ2).

(4) H(χ2, χ1; t) = ep(t)H(χ1, χ2;−t).

(5) χ1 �S�‘�| χ2 �U�q�‹�t
‡�×�Ì�p�K�”�q�b�”�q

H(χ1, χ2; t) =
G(χ1)

G(χ2)

p−1∑
u=0

χ1(t− u)χ2(u)ep(u).
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	Â�Ì ) (1) �\�•�x���[�T�’�Ì�’�T�} ε �t�m�M�o�x ε(0) = 1 �p�K�”�\�q�t�«�™�}
(2) ���[�t�S�M�o u �› 1− u �t�S�V�T�Q�”�q�|

H(ε, χ; t) =

p−1∑
u=0

χ(u)ep(t(1− u)) = ep(t)

p−1∑
u=0

χ(u)ep(−tu) = ep(t)G(χ;−t).

(3) �\�•�‹���[�T�’�b�Y�}
(4) ���[�t�S�M�o u �› 1− u �t�S�V�T�Q�”�}

H(χ2, χ1; t) =

p−1∑
u=0

χ2(u)χ1(1− u)ep(tu) =

p−1∑
u=0

χ1(u)χ2(1− u)ep(t(1− u))

= ep(t)H(χ1, χ2;−t).

(5) �Ü (79) �‘�“

χ2(1− u) = G(χ2)
−1

p−1∑
v=0

χ2(v)ep((1− u)v).

�\�•�›���[�t�E�Ö�`�o

H(χ1, χ2; t) =

p−1∑
u=0

χ1(u)G(χ2)
−1

p−1∑
v=0

χ2(v)ep((1− u)v))ep(tu)

= G(χ2)
−1

p−1∑
v=0

χ2(v)ep(v)

p−1∑
u=0

χ1(u)ep((t− v)u)

= G(χ2)
−1

p−1∑
v=0

χ2(v)ep(v)χ1(t− v)G(χ1)

=
G(χ1)

G(χ2)

p−1∑
v=0

χ1(t− v)χ2(v)ep(v).

�¨�¢�µ�”�à�¯�Ï�è�x�î�x�¢�®
R
ü�w��̄£�«�ç�”�µ�»�”�Ú�ï�¢ Kloosterman�£�è�‹�°
`�=�`�o
�M�”�\�q�›�Ô�b�}�«�ç�”�µ�»�”�Ú�ï�è�x�Í�p���[�^�•�”�}

���[ 2.6.3 �Op �w�Ã�Ÿ�æ�«�è�¦
ª χ �q a, b ∈ Z �t�0�`�|�¢�°
`�£�«�ç�”�µ�»�”�Ú�ï�è K(χ; a, b)

�x

K(χ; a, b) :=

p−1∑
u=1

χ(u)ep(au+ bu−1)

�p���[�^�•�”�}�\�\�t�| u−1 �x uu−1 ≡ 1 (mod p) �›�¬�h�b�‘�O�s
T
:�›�™�¯�b�”�‹�w�q�b
�”�¢	��“�M�t�x�‘���`�s�M�£�}

�o�•�¦
ª�t�0�b�” K(ε; a, b) �›�›�t K(a, b) �q	{�X�}�\�•�U�°
j�y�/�$�s�«�ç�”�µ�»�”�Ú
�ï�è�p�K�”�}

���g 2.6.4 �O p �t���b�”�Ú�™�w
‡�×�Ì�s�Ã�Ÿ�æ�«�è�¦
ª χ �q�Ú�™�w t ∈ Z/pZ �t�0�`

(80) H(χ, χ; t) = χ(−1)ep(2
−1t)

G(χ)

G(ψ)
K(χψ; 4−1, 4−1t2)

74



�U
R�“�q�m�}�\�\�t ψ �x�ç� �́ß�ï�Å�ç�¦
ª�¢�•
: 2 �w�
�°�w
‡�×�Ì�¦
ª�£�›
¯�b�q�b�”�} 2−1

�• 4−1 �x Z/pZ �w�i�q�_�”�}
�›�t�| χ = ψ �w�q�V�x

H(ψ, ψ; t) = ψ(−1)ep(2
−1t)K(4−1, 4−1t2)

�U
R�“�q�m�}

�«�™ 2.6.5 ���g�‘�“�| χ 6= ψ �p ab ∈ (Z/pZ)×
2

�w�q�V�w�«�ç�”�µ�»�”�Ú�ï�è K(χ; a, b) �x
�¨�¢�µ�”�à�¯�Ï�è�p	{�V
¯�^�•�”�\�q�U
ü�T�”�}�î�M�|�b�Y�t
ü�T�”�Ü

K(χ; a, b) = χ(b)K(χ; ab, 1)

�‘�“�| t �› 4−2t2 ≡ ab (mod p) �s�”�‘�O�t	��•�y�| K(χ; a, b) �x�Ü (80) �w�È�%�t�q�•�”�}�q
�X�t�|�y�/�$�s�«�ç�”�µ�»�”�Ú�ï�è K(a, b) �p ab �U�O p �w���M ab ≡ m2 (mod p) �p�K�”�‹
�w�x

K(a, b) = ψ(−1)ep(−2m)H(ψ, ψ; 4m)

�q	{�T�•�”�}�b�s�˜�j�|�¨�¢�µ�”�à�¯�Ï�è�x�\�w�‘�O�s�«�ç�”�µ�»�”�Ú�ï�è�‹�›���s	Ô�ù�q
�`�o���‰�}

	Â�Ì ) �‡�c�| Salié [Sa, (51,52)] �p χ = ε �w	Ô�ù�U�| Davenport [Da, Theorem 5] �p�°
`�w
	Ô�ù�U	Â�Ì�^�•�h�|�Í�w�4�J�›�;�™�b�”�}�(�S�w�h�Š	Â�Ì�›�m�Z�”�}

�4�J 2.6.6 χ �›�ç� �́ß�ï�Å�ç�¦
ª ψ �q�x�Ÿ�s�”�Ã�Ÿ�æ�«�è�¦
ª�q�b�”�}�\�w�q�V�°
`�«�ç�”
�µ�»�”�Ú�ï�è K(χ; a, b) (ab 6= 0) �x

K(χ; a, b) = χ(b)
G(ψ)

G(χψ)

p−1∑
u=0

χψ(u2 − ab)ep(2u)

�q	{�T�•�”�}

	Â�Ì ) �‡�c χ = ε �q�b�”�}�)�Q�’�•�h u ∈ Z/pZ �t�0�`�| av + bv−1 ≡ 2u (mod p) �w�r v

�w�x
:�x�|�\�•�U (av−u)2 ≡ u2−ab (mod p) �q�‰�‹�p�K�”�\�q�t�«�™�b�”�q ψ(u2−ab)+1

�p�K�”�}�`�h�U�l�o

K(a, b) =

p−1∑
v=1

ep(av + bv−1) =

p−1∑
u=0

ep(2u)(ψ(u2 − ab) + 1)

=

p−1∑
u=0

ψ(u2 − ab)ep(2u)(81)

�q�s�“�|�\�•�U χ = ε �w	Ô�ù�w�{�Š�”�Ü�p�K�”�}�Í�t χ 6= ε �q�b�”�}�Ü (79) �p�K�”

χ(u) = G(χ)−1

p−1∑
t=1

χ(t)ep(ut)
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�› K(χ; a, b) �w���[�t�E�Ö�`�|��	Â�Ì�`�h�s�Ü (81) �›�m�T�O�q�|

K(χ; a, b) = G(χ)−1

p−1∑
t=1

χ(t)

p−1∑
u=1

ep((t+ a)u+ bu−1)

= G(χ)−1

p−1∑
t=1

χ(t)K(t+ a, b)

= G(χ)−1

p−1∑
t=1

χ(t)

p−1∑
u=0

ψ(u2 − (t+ a)b)ep(2u)

= G(χ)−1

p−1∑
u=0

ep(2u)

p−1∑
t=1

χ(t)ψ(u2 − ab− tb)

= G(χ)−1χ(b)

p−1∑
u=0

ep(2u)

p−1∑
t=1

χ(t)ψ(u2 − ab− t)

�q�s�”�} u2 − ab = 0 �w�q�V�| χ 6= ψ �q�M�O�>���T�’ χψ �U
‡�×�Ì�s�w�p�|�º���w t �t���b
�”�è�x	«�Q�”�} u2 − ab 6= 0 �w�q�V�x t �› (u2 − ab)t �t�S�V�T�Q�o

p−1∑
t=1

χ(t)ψ(u2 − ab− t) = χψ(u2 − ab)
p−1∑
t=1

χ(t)ψ(1− t) = χψ(u2 − ab)J(χ, ψ)

= χψ(u2 − ab)G(χ)G(ψ)

G(χψ)
.

�¢�\�\�p�à�¯�Ï�è�q�¨�¢�µ�è�w���w�µ�»�ï�¼�”�Å�s�����›�–�l�h (cf. [BEW], [IR]).) �\�w�Ü
�x u2 − ab = 0 �p�‹
R�“�q�j�¢ χψ �U
‡�×�Ì�s�w�p�£	H�l�o

K(χ; a, b) = χ(b)
G(ψ)

G(χψ)

p−1∑
u=0

ep(2u)χψ(u2 − ab)

�›�˜�”�}

���g�w	Â�Ì�p�K�”�U�|�‡�c

H(χ, χ; t) =

p−1∑
u=0

χ(u)χ(1− u)ep(tu) =

p−1∑
u=0

χ(u− u2)ep(tu)

= χ(−1)

p−1∑
u=0

χ((u− 2−1)2 − 4−1)ep(tu)

= χ(−1)

p−1∑
u=0

χ(u2 − 4−1)ep(t(u+ 2−1)) (u→ u+ 2−1)

= χ(−1)

p−1∑
u=0

χ(4u2 − 4−1)ep(t(2u+ 2−1)) (u→ 2u)

= χ(−4)ep(2
−1t)

p−1∑
u=0

χ(u2 − 16−1)ep(2tu)

= χ(−4t−2)ep(2
−1t)

p−1∑
u=0

χ(u2 − 16−1t2)ep(2u) (u→ t−1u).(82)
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�>�� χ 6= ε �‘�“�|�4�J 2.6.6 �› χ �› χψ �t�!�Q�o�&�;�b�”�q

p−1∑
u=0

χ(u2 − ab)ep(2u) = χψ(b)
G(χ)

G(ψ)
K(χψ; a, b)

�›�˜�”�}�\�•�w a = 4−1, b = 4−1t2 �q�`�h�‹�w�› (82) �t�E�Ö�`�o

H(χ, χ; t) = χ(−1)ep(2
−1t)

G(χ)

G(ψ)
K(χψ; 4−1, 4−1t2)

�›�˜�”�}

�¨�¢�µ�”�à�¯�Ï�è�w�°
`�=�q�`�o�|�à�¯�Ï�è�p�æ�O�‘�O�t�¦
ª�›
ÿ�•�b�\�q�U�ß�Q�’�•�”�}
�`�T�`�î�x�\�O�•�l�o�‹�Š�í�$�t�x�°
`�=�t�s�’�s�M�\�q�›�Ô�b�}

���[ 2.6.7 (�°
`�¨�¢�µ�”�à�¯�Ï�è ) �Ã�Ÿ�æ�«�è�¦
ª χ1, χ2, · · · , χn �q t ∈ Z/pZ, �t�| 1 ≤
k < n �s�”
T
: k �t�0�`�|�°
`�¨�¢�µ�”�à�¯�Ï�è�›

H(χ1, χ2, · · · , χn; k; t) =
∑

u1+u2+···+un≡1 mod p
0≤u1,u2,...,un≤p−1

χ1(u1)χ2(u2) · · ·χn(un)ep((u1 + u2 + · · ·+ uk)t)

�p���[�b�”�}

�Ë�J 2.6.8 �f�•�g�•�w�¦
ª χ1, χ2, · · · , χn�|�S�‘�|
u θ1 := χ1χ2 · · ·χk �q θ2 := χk+1χk+2 · · ·χn

�U�b�‚�o
‡�×�Ì�p�K�”�q�>���b�”�}�\�w�q�V

H(χ1, χ2, · · · , χn; k; t) =
G(χ1)G(χ2) · · ·G(χn)

G(θ1)G(θ2)
H(θ1, θ2; t)

�U
R�“�q�m�}

�«�™ 2.6.9 �È�%�x�°
`�à�¯�Ï�è�›�;�M�o

J(χ1, χ2, . . . , χk)J(χk+1, χk+2, . . . , χn)H(θ1, θ2; t)

�q�‹	{�Z�”�}

	Â�Ì ) �‡�c�|

H(χ1, . . . , χn; k; t) =
∑

u1+...+un=1

χ1(u1) . . . χn(un)ep((u1 + . . .+ uk)t)

=
∑

0≤u1,...,un−1≤p−1

χ1(u1) . . . χn−1(un−1)χn(1− u1 − . . .− un−1)ep((u1 + . . .+ uk)t)

�p�K�”�}�\�\�p�Ü (79) �›�;�M�o χn(1− u1 − . . .− un−1) �› G(χn)−1
∑p−1

u=1 χn(u)ep((1− u1 −
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. . .− un−1)u) �p�”�V�õ�Q�”�q

H(χ1, . . . , χn; k; t)

= G(χn)−1

p−1∑
u=1

χn(u)

p−1∑
u1=0

. . .

p−1∑
un−1=0

χ1(u1) . . . χn−1(un−1)

× ep(u+ (t− u)(u1 + . . .+ uk)− u(uk+1 + . . . un−1))

= G(χn)−1

p−1∑
u=1

χn(u)ep(u)
k∏

l=1

p−1∑
ul=0

χl(ul)ep((t− u)ul)
n−1∏

m=k+1

p−1∑
um=0

χm(um)ep(−uum)

=
G(χ1) . . . G(χn−1)

G(χn)

p−1∑
u=1

χn(u)χ1 . . . χk(t− u)χk+1 . . . χn−1(−u)ep(u)

= χn(−1)
G(χ1) . . . G(χn−1)

G(χn)

p−1∑
u=1

θ1(t− u)θ2(−u)ep(u)

�q�s�”�}�Ë�J 2.6.2 (5) �‘�“�|�7�™�w�è�x θ2(−1)G(θ1)
−1G(θ2)H(θ1, θ2; t) �t�s�`�M�}�\�w�\

�q�q G(χn)G(χn) = χn(−1)p�|�S�‘�| G(θ2)G(θ2) = θ2(−1)p �t�‘�“�Ë�J�U	Â�Ì�^�•�h�}

���™�w�ð�J�q�`�o�Ë�m�w�\�q�›�K�[�o�S�X�}

1) �$�{ -Tate ��
ü
Í

�*���Â
¢�w�Ñ�é�Õ�Ç�¢�µ�{���‹�w
ü
Í�t���b�”�$�{ -Tate �'
Ý�U R. Taylor �’�t�‘�l�o�r
�>�^�•�o�é�J�›�z�œ�i�U�|�«�ç�”�µ�»�”�Ú�ï�è�w
ˆ�0�‹�t�m�M�o�w�®
+�����¯
ü
Í�t�m�M�o
�x Katz [Kat] �w�“�Ä�Ž�R�Œ�’�•�o�M�”�} (�°
`�«�ç�”�µ�»�”�Ú�ï�è�t�m�M�o�x [Fi] �€	°�}�£�\
�•�x�b�s�˜�j p �›�{���`�h�q�V�w cos θ = K(a, b)/2

√
p �›�¬�h�b� �¯ θ �w�| a, b �›�ˆ�T�b�q

�V�w
ü
Í�p�K�”�}�\�•�t�0�`�o�®
(�Ú��� �̄|�m�‡�“ a, b ∈ Z �›�{���`�o
É
: p �›�ˆ�T�b�q�V
�w
ü
Í�¢�$�{ -Tate �'
Ý�w�¨�Å�£�w�M�x�É�`�X�|���‹�°�r�>�p�K�”�}

�\�•�’�w
ü
Í�w�ð�J�x�p
µ�¨�¢�µ�”�à�¯�Ï�è�t�m�M�o�‹�ß�Q�”�\�q�U	Z�R�”�}�¢
ˆ�0�‹�U
2
√
p �p�!�^�Q�’�•�”�q�M�O Weil ���w
°�A�x�y�/�$�s Weil �t�‘�”�M�O�p	Â�Ì�U�^�•�”�}�£�‡

�i	G
ü�s�î�g�›�æ�l�o�x�M�s�M�U�|�$�{ -Tate ���w
ü
Í�t	H�O�7�U�
�o�^�•�”�‘�O�p�K�”�}

�¨�¢�µ�”�à�¯�Ï�è�x�°
`�t�x�î
:�p�x�s�M�U�|�f�w� �¯�x	—�s�X�q�‹
Ö�ø�›	†�M�o�|�Ž�<
�w�‘�O�t�¨�¢�µ�è�w� �¯�t�‘�“�>���^�•�”�}

�Ë�J 2.6.10 χ1 �S�‘�| χ2 �›�O p �w
‡�×�Ì�s�Ã�Ÿ�æ�«�è�¦
ª�q�`�| t ∈ Z �q�b�”�}�\�w�q�V
H(χ1, χ2; t)

2 �w� �¯�x ep(t)G(χ1; t)G(χ2;−t) �w� �¯�t�s�`�M�}
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	Â�Ì ) �Ë�J 2.6.2 (5) �‘�“

H(χ1, χ2; t) =
G(χ1)

χ2(−1)G(χ2)

p−1∑
u=0

χ1(t− u)χ2(u)ep(−u) (G(χ2) = χ2(−1)G(χ2))

=
G(χ1)

χ2(−1)G(χ2)
χ1(t)χ2(t)

p−1∑
u=0

χ1(1− u)χ2(u)ep(−tu) (u→ tu)

=
G(χ1; t)

χ2(−1)G(χ2; t)
H(χ2, χ1;−t)

=
G(χ1; t)

G(χ2;−t)
ep(−t)H(χ1, χ2; t) (�Ë�J 2.6.2(4)).

�\�•�T�’

H(χ1, χ2; t)H(χ1, χ2; t)
−1

=
ep(t)G(χ1; t)G(χ2;−t)

p

�q�s�“�|�Ë�J�U	H�O�}

�«�™ 2.6.11 �à�¯�Ï�è�w�ù�‰�›�–�O�q H(χ1, χ2; t) 6= 0 �p�K�”�\�q�U	Â�Ì	Z�R�”�}�\�\�p�x
�Â�j�b�”�}

2) �Ê�ç�Ü

�¨�¢�µ�”�à�¯�Ï�è H(χ1, χ2; t) �x��
ü�. F = Q(e2πi/p(p−1)) �w
T
:�p�|�f�w�¢
ˆ�0�£�Ê�ç
�Ü�x���g
T
:�p�K�”�}�\�•�› N(χ1, χ2; t) �q	{�X�}

�� p �w	Í�t�K�” F �w
É� �Ã�ž�ç�› ℘ �q�b�”�q�|

H(χ1, χ2; t) ≡ J(χ1, χ2) (mod ℘)

�U
R�“�q�m�}�\�•�q J(χ, χ) = −χ(−1) �‘�“�|
‡�×�Ì�s χ �q�Ú�™�w t ∈ (Z/pZ)× �t�h�M�`

N(χ, χ; t) ≡ 1 (mod p)

�U
R�“�q�m�}

u χ1χ2 �U
‡�×�Ì�w�q�V�|�à� �̄Ï�è�w�K�”�ù�‰�Ü�›�–�l�o	Í�q�‰�7�w� �̂æ�›�æ�O�q N(χ1, χ2; t)

�x p �p�Â�•�”�\�q�U
ü�T�”�}

:�‹�î�g�›�æ�O�q�| N(χ1, χ2; t) �›�Â�“
~�” p �w�ˆ�t�x�K�”�F���U�_�’�•�”�}�h�q�Q�y χ1

�q χ2 �w�•
:�U�f�•�g�• 2 �S�‘�|�-
É
: q (�\�•�x p− 1 �w�ÿ
: ) �q�b�”�q�|

N(χ1, χ2; t) �t���‡�•�” p �w�ˆ�x

(
q − 1

2

)2

· p− 1

2q
�t�s�`�M�}

���t�
�o�^�•�”�\�q�q�`�o�| N(χ1, χ2; t) �x���M
:�p�|�f�w
É�¼� �x�`�y�`�y
‡	×�t�G�V
�s
É
:�w�ˆ�p�K�”�}�f�O�`�o�|
‡	×�t�`�y�`�y�| p �Ž�Ž�w�¤
É�¼� �x p �S�‘�| χi �w�•
:�›�O
�q�`�o ±1 �p�K�”�}�\�•�’�x�‡�i�
�o�¢�d�M�e�M p < 100 ���S�£�t�y�‡�“	Â�Ì�x�s�M�}
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3 
Ç�å�•�¼� �¨�ï�Ú��
:

ψ(x) �›�M�˜�•�” digamma ��
:�|�m�‡�“�¨�ï�Ú��
:�w�0
:
•
ü�q�b�”�}

ψ(x) =
Γ′(x)

Γ(x)
.

§1.4.5 �p�_�h�‘�O�t�| ψ(x) �w 1 �w	*�“�p�w�Â� �å�”�2�‰�q�|�Á�v���p�w
´�Ù�2�‰�x�Ã�Š
�o�Å�h���p�G	\�^�•�”�}�‡�c 1 �t�S�Z�”�Â� �å�”�2�‰�p�K�”�U�|�\�•�x γ �›�¦� �å�”��
:�q
�`�o�|

ψ(1 + x) = −γ +
∞∑

n=2

(−1)nζ(n)xn−1 (|x| < 1)

�p�K�”�}�\�\�p γ �x “ζ(1)” �›
Y�F�=�`�h�‹�i�q�¥�l�o�\�•�›

(83) ψ(1 + x) =
∞∑

n=1

(−1)nζ(n)xn−1 = −
∞∑

n=0

(−1)nζ(1 + n)xn (|x| < 1)

�q	{�X�} �°�M�| x→∞ �t�S�Z�”
´�Ù�2�‰�› ζ(s) �w
Û�w
T
:�:�p�w�‹�›�–�l�o	{�X�q�|

ψ(1 + x) ∼ log x+
∞∑

n=1

(−1)n ζ(1− n)

xn
(x→∞)

�q�s�“�|�Ð�è�ƒ
:
∑x

n=1
1
n

�U log x �w�G�V�^�p
C�„�b�”�\�q�T�’�(�S	Í ζ(1) �p log x �›
¯�b�\
�q�t�b�•�y�|�\�w�Ü�x

(84) ψ(1 + x) ∼
−∞∑
n=0

(−1)nζ(1 + n)xn (x→∞)

�q�‹	{�X�\�q�U	Z�R�”�¢ n �x 0 �T�’
Û�w
T
:�›�˜�h�”�£�}
Γ(1 + x) �w Weierstrass �Á�v
u�T�’

ψ(1 + x) = −γ +
∞∑

n=1

(
1

n+ x
− 1

n

)
�p�K�”�T�’�| 1/(n+ x) �› x �U	–�|�G�w�q�V�t�f�•�g�•�2�‰�b�•�y�|���Ü�$�t�x (83) �q (84)

�U�¨�Å�w���›�q�”�\�q�x�_�o	��•�”�U�|�\�w�†�Ü�x�•�x�“�Ø
(�M�} ψ(x) �x�æ�”�Ú�ï�¸�”�»
��
:�w
T
:�:�¢
Y�|
Û�q�‹�£�›�°
��t�.�`�h�<��
:�s�w�p�K�” .

�Í�t�| ψ(x) �w���g
:�:�p�w�‹�T�’�Ë�Í�.�¢�î�|�•�q�‹ ) �w�¨
:�¢�î�Ë�Í�.�w�q�V�x�¨
:�·
�o
:�,	j�£�U�p�W	Z�^�•�”�7�›�_�‘�O ‡ �‡�c�G�ø�›�;�™�b�” .

D �›�Ë�Í�.�w�,�Š
Q���Ü�¢
Y�p�‹
Û�p�‹�‘�M�|�,�Š
Q���Ü�p�s�X�q�‹�¢�‹	��m�V�p�‹�£�`
�T�”�‚�X���Ü�=	Z�R�”�x�c�i�U�Ø�W�U�l�o�•�l�o�s�M�£�| h+

D �›�±�[�w�¨
:�¢ D < 0 �s�’
Ó
�è�w�¨
: hD�£�| ε+

D �›�Ê�ç�Ü�U 1 �w�,�Š�o
:�|�m�‡�“�| D > 0 �p�Ê�ç�Ü�U −1 �w�o
:�U�s�Z
�•�y�,�Š�o
:�|�K�•�y�,�Š�o
:�w�Ë	Ð�|�‡�h D < 0 �w�q�V�x�o
:�w�Ê�ç�Ü�x�… 1 �p�K�”�w
�p�|�o
:���w
ª	j�$�s
\
R�i�b�s�˜�j D = −3 �s�’ eπi/3, D = −4 �s�’ i =

√
−1, �f�•�Ž�Ž

‡�‹�q�‹�q�\�w
…�w�º�0�x�| 2006 �å	_�t
™�ª�)�õ�¯�t
ù�l�h�Ê�”�Ä�›�i�t�`�o�M�”�}�f�w�™�Ž�<�q�„�…�‰�a
�^�æ�U [HKT] �t	Z�h .
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�w D < −4 �w�q�V�x −1 �›�™�¯�b�”�‹�w�q�ÿ���b�”�}�\�•�x�‡�h�| wD �p�o
:���w�•
:�›
¯
�b�\�q�t�b�•�y�|

ε+
D = e

2πi
wD (D < 0)

�p�K�”�}�\�•�w�0
:�x�®	��‹�¯�›�q�”�‹�w�q�`�|

log ε+
D =

2πi

wD

�q�ÿ���b�”�}�‡�h D < 0 �w�q�V
√
D = i

√
|D| �q�b�”�} χD �p�p�˜�w�Ë�Í�.�t�0� �b�”

Kronecker �¦
ª�| L(s, χD) �›�Ã�Ÿ�æ�«�è�w L-��
:�q�b�”�}�\�w�q�V�r
s�$�¨
:�¬�Ü�x

(85) L(1, χD) =
1√
D
h+

D log ε+
D

�q	{�X�\�q�U	Z�R�”�}�\�•�x�|�(�“�«�™�^�•�s�M�U�|	Í�t	{�M�h�×�X�t�G�ø�›�g�r�b�•�y�|
�î�|�•�|�r�j�’�w�Ë�Í�.�p�‹�è�;�b�”�w�°�$�s�¬�Ü�p�K�”�}

�^�o�|�Ë�Í�.�w�¨
:�¬�Ü�t�x�a�b�”�t�x L(1, χD) �›���v�w���t	{�X
ž�A�U�K�”�}�f�w�M�t
ψ(x) �›�&���`�| ψ(x) �w���g
:�:�p�w�‹�t���b�”�¨�¢�µ�w�¬�Ü�›�;�M�”�|�q�M�O�w�U�\�\�p
�G�`�h�M�M�O�p�K�” . �‡�c�|

(86) L(1, χD) = − 1

|D|

|D|−1∑
m=1

χD(m)ψ
( m
|D|
)
.

�\�•�x�0�›�p�| ζ(s; x) =
∑∞

n=0
1

(x+n)s �›�Ñ�ç�ð�Ÿ�¿�À�w�¸�”�»��
:�q�b�”�q�‘�X�•�”�!���p

L(s, χD) =
1

|D|s

|D|−1∑
m=1

χD(m)ζ(s;
m

|D|
).

�\�•�t

lim
s→1

(
ζ(s;x)− 1

s− 1

)
= −ψ(x)

�¢ Whittaker-Watson �€	°�£�|�S�‘�|

|D|−1∑
m=1

χD(m) = 0

�›�;�M�•�y�‘�M�}
(85)�| (86) �T�’�|�¨
:�¬�Ü�› ψ(x) �›�–�l�o	{�M�h��

|D|−1∑
m=1

χD(m)ψ
( m
|D|
)

= −
√
Dh+

D log ε+
D

�›�˜�”�}

�^�o�\�\�p�¨�¢�µ�w�¬�Ü�›	\�‚�”�¢
t�w���Ê�s�Ò�2�?�ƒ
:�w�æ�� [Gau] �¤�t�K�”�£�}

Theorem (Gauss). m,n, (0 < m < n) �›�×
µ
:�q�b�”�q�V�|

ψ
(m
n

)
= −γ − log n− π

2
cot

mπ

n
+

n−1∑
l=1

cos
2mlπ

n
log
(
2 sin

lπ

n

)
.
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�Ø
(�M�\�q�t�|�\�w�(�%�x
z m/n �t�`�T�‘�’�s�M�w�t�È�%�x m→ mr, n→ nr �q�b�”�q
�_�T�Z�U�!�˜�”�}�ê�æ�‹�x�!�˜�’�s�M�U�|�f�w�\�q�›�¬�T�Š�”�w�x�j�•�l�q�`�h��	6�ð�J�p
�K�” .

�\�w�¬�Ü�p n �› |D| �q�`�o
∑|D|−1

m=1 χD(m)ψ
(

m
|D|

)
�t�E�Ö�`�o�-�‰�b�”�} �‡�c D < 0 �q�`

�‘�O�}�b�”�q χD �x�-�¦
ª�p�K�“�|�°�M cos �x�î��
:�p�K�”�T�’�|

|D|−1∑
m=1

χD(m) cos
2mlπ

|D|
= 0

�q�s�”�}�‡�h
∑|D|−1

m=1 χD(m) = 0 �p�K�”�T�’�|�A�Á cot �w�ò�i�Z�U
\�V�’�l�o�|

|D|−1∑
m=1

χD(m)ψ
( m
|D|
)

= −π
2

|D|−1∑
m=1

χD(m) cot
mπ

|D|
.

�\�•�q (85)�| (86) �›
Ê�ˆ�ù�˜�d�•�y

hD =
wD

4
√
|D|

|D|−1∑
m=1

χD(m) cot
mπ

|D|
.

�Í�t D > 0 �w�q�V�|���S�x χD �U�î�¦
ª�p cot �U�-��
:�s�w�p�| cos �w�M�U
\�V�’�”�} �¨
�¢�µ�è

D−1∑
m=1

χD(m) cos
2mlπ

D
= χD(l)

√
D

�t�«�™�b�”�q�|
|D|−1∑
m=1

χD(m)ψ
( m
|D|
)

=
√
D

D−1∑
l=1

χD(l) log(2 sin
lπ

D
)

�q�s�“�| (85)�| (86) �q���d�o

h+
D log ε+

D = −
D−1∑
l=1

χD(l) log(2 sin
lπ

D
)

�›�˜�”�}

ψ(x) �x���t�‹
T
:�æ�$�t�Ø
(�M
Q�í�›�º�A�`�o�M�s�M�p�K�–�O�T�•
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4 �S�‡�Z�•�s�ø
Ç�V��	O�¸�”�»�‹�¢ by 	��›�™� �£

4.1 �ƒ
:�t�‘�”���[�q�M�X�m�T�w�é�.�$�s�‹

���[ 4.1.1 (�s�ø
Ç�V��	O�¸�”�»�‹ , multiple zeta-star value) 
Y�w
T
: k1, k2, . . . , kn ≥
1, �h�i�` k1 ≥ 2�|�t�0�`�o , �s�ø
Ç�V��	O�¸�”�»�‹ ζ?(k1, k2, . . . , kn) �›�Í�w�ƒ
:�p���Š�” :

�y

ζ?(k1, k2, . . . , kn) :=
∑

m1≥m2≥···≥mn≥1

1

mk1
1 m

k2
2 · · ·mkn

n

.

�®�è	×�w� �̄�	O�¸�”�»�‹�q�x�|�è�›�q�”�M�t�s�ø�›�•�b�:�U�Ÿ�s�l�o�M�”�} Euler �U�ß�Q�h�w
�x ζ?(k1, k2) �p�K�”�}

�\�\�p , ��	O�¸�”�»�‹�w	Ô�ù�q�‰�7�t , k := k1 + k2 + · · · + kn �›�s�ø
Ç�V��	O�¸�”�»�‹
ζ?(k1, k2, . . . , kn) �w	O�^ (weight), n �›
��^ (depth), s := ]{i|ki ≥ 2} �›�ô�^ (height) �q�M�O.

���[�T�’�‹
ü�T�”�‘�O�t , §1.1 �p���[�`�h��	O�¸�”�»�‹�|	Í�G�w�s�ø
Ç��	O�¸�”�»�‹�x�“�M
�t���w
¢���è�p	{�X�\�q�U�p�V�” . �«�Q�y ,

ζ?(k1, k2) = ζ(k1, k2) + ζ(k1 + k2),

ζ(k1, k2) = ζ?(k1, k2)− ζ?(k1 + k2),

ζ?(k1, k2, k3) = ζ(k1, k2, k3) + ζ(k1 + k2, k3) + ζ(k1, k2 + k3) + ζ(k1 + k2 + k3),

ζ(k1, k2, k3) = ζ?(k1, k2, k3)− ζ?(k1 + k2, k3)− ζ?(k1, k2 + k3) + ζ?(k1 + k2 + k3),

· · ·

�s�r�p�K�” . n = 1 �w�q�V�x Riemann �¸�”�»�‹�q�s�” . �r�j�’�w��	O�¸�”�»�‹�‹ , �†�r�w	Ô
�ù , �Á�g
Q�s�r�w
:�q�`�o�w
Q�í�x
ü�T�l�o�M�s�M . §1.1 �p	\�‚�h�‘�O�t , ��	O�¸�”�»�‹�t�x
�M�X�m�T�é�.�$�s�‹�U�Œ�’�•�o�M�”�‹�w�U�K�” . �\�•�’�w�s�ø
Ç�V��	O�¸�”�»�‹
[�t�0� �b
�”�‹�w�‹�é�.�$�s�‹�U�Œ�’�•�o�M�” . �«�Q�y ,

? (Hoffman[H1], Zlobin[Zl], 	+�> [Mu2])

ζ?(2k, 2k, . . . , 2k︸ ︷︷ ︸
n �x

) = (���g
: )× π2kn,

? (	+�> [Mu2])

ζ?(3, 1, 3, 1, . . . , 3, 1︸ ︷︷ ︸
2n �x

) = (���g
: )× π4n,

? (	+�> [Mu2])∑
j0+j1+···+j2n=1

j0,j2,...,j2n≥0

ζ?({2}j0 , 3, {2}j1 , 1, {2}j2 , . . . , 3, {2}j2n−1 , 1, {2}j2n) = (���g
: )× π4n+2,

? (��
Ë -�>�¤ -�>�T -	��› [ITTW]),∑
j0+j1+···+j2n=2

j0,j2,...,j2n≥0

ζ?({2}j0 , 3, {2}j1 , 1, {2}j2 , . . . , 3, {2}j2n−1 , 1, {2}j2n) = (���g
: )× π4n+4,

�s�r�U�K�” . �‡�h , �7�™�w�Ü�w�°
`�=�U�7�Ù , �Ù�{�º	% , �H�{	ý�› , �>�¤�q�¤�w�ž�‰�Z�€�t�‘�l
�o�˜�’�•�o�M�” .
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4.2 �M�–�M�–�s�����Ü

�\�w
…�p�x , §1.3 �p	º�p�`�h�è�¬�Ü�w�s�ø
Ç�V��	O�¸�”�»�‹
[�›	º�p�` , �è�¬�Ü�›�I
ü�=
�b�”�����Ü�q�`�o�Œ�’�•�o�M�”	n�s�è�¬�Ü�›	º�p�b�” . �‡�h , §1.2 �p	º�p�`�h
Ò�0
Q�w�s�ø

Ç�V��	O�¸�”�»�‹
[�t
ì�p�b�”�¨�Å
ú�›	º�p�b�” .

�è�¬�Ü (sum formula). 	O�^ k, 
��^ n (1 ≤ n < k) �›�{���`�o , �f�w	O�^ , 
��^�›�Ë�m�s�ø

Ç�V��	O�¸�”�»�‹�b�‚�o�w�è�›�q�”�q Riemann �¸�”�»�‹�w
T
:
��q�s�” :∑

k1+k2+···+kn=k

∀ki≥1,k1≥2

ζ?(k1, k2, . . . , kn) =

(
k − 1

n− 1

)
ζ(k).

��	O�¸�”�»�‹�w�è�¬�Ü�x , Moen �q Hoffman �t�‘�l�o�'
Ý�^�• , Granville �q Zagier �t�‘�l�o
� �q�t	Â�Ì�^�•�h�U , �f�•�‘�“�‹�Ž
²�t Hoffman �t�‘�l�o��	O�¸�”�»�‹�w�è�¬�Ü�q�s�ø
Ç�V
��	O�¸�”�»�‹�w�è�¬�Ü�U�“�M�t�‰�‹�p�K�”�\�q�U	Â�Ì�^�•�o�M�h . �f�w�\�q�T�’ , Granville

�q Zagier �w	Â�Ì�t�‘�l�o�\�w�s�ø
Ç�V��	O�¸�”�»�‹�w�è�¬�Ü�‹	Â�Ì�^�•�h�\�q�t�s�” . �\
�•�’�w�è�¬�Ü�›�É�s�t�I
ü�=�`�h�����Ü�U	n�s�è�¬�Ü�p�K�” .

��	O�¸�”�»�‹�w	n�s�è�¬�Ü (cyclic sum formula for multiple zeta value) (Hoffman-

Ohno [HO]). �K�”
j�ø q �t�0�`�o kq > 1 �p�K�” k1, k2, . . . , kn ≥ 1 �t�0�`�o ,

n∑
j=1

kj−1∑
i=1

ζ(kj − i+ 1, kj+1, . . . , kn, k1, . . . , kj−1, i) =
n∑

j=1

ζ(kj + 1, kj+1, . . . , kn, k1, . . . , kj−1).

�s�ø
Ç�V��	O�¸�”�»�‹�w	n�s�è�¬�Ü (cyclic sum formula for multiple zeta-star value)

(Ohno-Wakabayashi [OW]). �K�”
j�ø q �t�0�`�o kq > 1 �p�K�” k1, k2, . . . , kn ≥ 1 �t�0�`�o ,

n∑
j=1

kj−1∑
i=1

ζ?(kj − i+ 1, kj+1, . . . , kn, k1, . . . , kj−1, i) = kζ(k + 1),

�\�\�p�| k = k1 + k2 + · · ·+ kn �p�K�”�}�‡�h�(�%�º���w�è�x�q�‹�t�| kj = 1 �w�q�V�x 0 �q�b
�”�}
(�«�™: [HO] �• [OW] �q�x
¯�G�U�Ÿ�s�”�U�‰�a�\�q�›�™�¯�`�o�M�” .)

�r�j�’�w	n�s�è�¬�Ü�‹ , ��	O�¸�”�»�‹�K�”�M�x�s�ø
Ç�V��	O�¸�”�»�‹�w�ƒ
:
¯�Ô�q
æ
ü
ü
:

ü�r�›�;�M�o�Ú
€�-�‰�b�”�q�M�O	Â�Ì�M�O�p�K�” . �\�w���m�w	n�s�è�¬�Ü�U�‰�‹�p�K�”�\�q
�x�×�Ì�p�x�s�M�U , �ª�j -�¿
’ -�G�ú -���> [IKOO] �t�‘�“�Ú
€�-�‰�t�‘�“ , �>�¤ -	��› [TW] �p�x

’�a�w�����Ü [Kaw] �q�z�y�•�”��	O�¸�”�»�‹���w�����Ü���t�<�£�^�d�”�\�q�t�‘�“�E
:�$�t
	Â�Ì�^�•�o�M�” .


Ò�0
Q�q�z�y�•�”�����Ü�t�m�M�o�x §1.2 �p	º�p�`�h . �s�ø
Ç�V��	O�¸�”�»�‹�t�x��	O�¸�”
�»�‹�w
Ò�0
Q�t�0� �b�”�����Ü�U���O�`�s�M�q�¥�˜�•�o�M�h . �`�T�` , �æ�”�Ú�ï�¸�”�»�‹�p

\
R�^�•�”�E
:�›�O�q�b�•�y�|�s�ø
Ç�V��	O�¸�”�»�‹�t�‹�K�”	��w
Ò�0
Q�q�¥�Q�”�����Ü�U
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���O�b�”�\�q�U�Ú�  [K] �t�‘�l�o�'
Ý�^�• , �Ú�  -�G�ú [KO] �t�‘�l�o	Â�Ì�^�•�h .

�s�ø
Ç�V��	O�¸�”�»�‹�w�®
Ò�0
Q�¯ (“duality” for multiple zeta-star value) (�Ú�  [K],

�Ú�  -�G�ú [KO]). �×
µ
: m, n ≥ 2 �t�0�` ,

ζ?(n, 1, . . . , 1︸ ︷︷ ︸
m−1

)− (−1)n+mζ?(m, 1, . . . , 1︸ ︷︷ ︸
n−1

) ∈ Q[ζ(2), ζ(3), ζ(5), . . . ](87)

�U
R�“�q�m .

�\�•�x , �&�p�s� �ï�Ã�¿�«�µ�w
Ê�p�s�ø
Ç�V��	O�¸�”�»�‹�w�è�›�q�”�\�q�t�‘�“ , Riemann

�¸�”�»�‹�w���ò�Ü�p	{�Z�”�q�M�O�‹�w�p�K�” . �è	×�w��	O�¸�”�»�‹�w�ô�^ 1 �t�S�Z�”
Ò�0

Q�x

ζ(n+ 1, 1, . . . , 1︸ ︷︷ ︸
m−1

) = ζ(m+ 1, 1, . . . , 1︸ ︷︷ ︸
n−1

)

�q
¯�^�•�”�h�Š , (87) �x�ô�^ 1 �t�S�Z�”�s�ø
Ç�V��	O�¸�”�»�‹�w
Ò�0
Q�q�ˆ�s�d�”�����Ü�p
�K�” . �Ú�  -�G�ú [KO] �p�x , �Ž�<�p	\�‚�” 4 �m�w�7���w�����Ü�›
Ê�ˆ�ù�˜�d�”�\�q�p	Â�Ì�^
�•�o�M�” . �å
’ -�Ú� �w�¸�”�»��
: [AK1]

ξk(s) :=
1

Γ(s)

∫ ∞

0

ts−1

et − 1
Lik(1− e−t) (Re(s) > 0)

�t�m�M�o�Œ�’�•�o�M�”�Ž�<�w�����Ü�›�;�M�” . �å
’ -�Ú� �w�¸�”�»��
:�x�Í�w�‘�O�s��	O�¸�”
�»��
:�¢�w�{�q�m�w� �ï�Ã�¿�«�µ�w�ˆ�!
:�t�`�h�‹�w�£�w�è�p
¯�˜�^�•�”�q�M�O�\�q�U�Œ�’
�•�o�M�” .

Arakawa-Kaneko([AK1]). �Ú�™�w
Y�w
T
: k �t�0�`�o ,

ξk(s) =(−1)k−1


k−2∑
i=0

ζ(s, 1, . . . , 1︸ ︷︷ ︸
i

, 2, 1, . . . , 1︸ ︷︷ ︸
k−2−i

) + sζ(s+ 1, 1, . . . , 1︸ ︷︷ ︸
k−1

)


+

k−2∑
j=1

(−1)jζ(k − j)ζ(s, 1, . . . , 1︸ ︷︷ ︸
j

)

�U
R�“�q�m .

�‡�h , �å
’ -�Ú� �w�¸�”�»��
:�w
Y
T
:�:�p�w�‹�U�ô�^ 1 �w�s�ø
Ç�V��	O�¸�”�»�‹�p
¯�˜�^
�•�”�q�M�O�����Ü�‹�Œ�’�•�o�M�” .

�G�ú ([O]). �Ú�™�w
T
: k ≥ 2, n ≥ 1 �t�0�`

ξk−1(n) = ζ?(k, 1, . . . , 1︸ ︷︷ ︸
n−1

)

�q�s�” .
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�\�•�’ 2 �m�w�����Ü�›
Ê�ˆ�ù�˜�d�”�q , (87) �w�(�%�›��	O�¸�”�»�‹�›�;�M�o
¯�b�Ü�›�˜�”�U�|
�f�\�t §1.3 �p	º�p�`�h�G�ú�����Ü [O] �›�;�M�”�q�f�•�U�ô�^ 1 �w��	O�¸�”�»�‹�p�q�^�•�”�\
�q�U
ü�T�”�}�f�\�p , §1.4.5 �w���g 1.4.16 �T�’	H�O�|�ô�^ 1 �w��	O�¸�”�»�‹�t���b�”�A�L

ζ(k, 1, . . . , 1︸ ︷︷ ︸
n−1

) ∈ Q[ζ(2), ζ(3), ζ(5), . . . ]

�›�;�M�•�y (87) �U	Â�Ì�^�•�” . �‡�h , �Í�w
…�p	\�‚�”�K�” (�s�ø
Ç�V ) ��	O�¸�”�»�‹�›��
:�q
�b�”�<��
:�›�;�M�h��	Â�Ì�‹�•�Z [Y] �t�‘�l�o�Œ�’�•�o�M�” .

4.3 ��	O�¸�”�»�‹�S�‘�|�s�ø
Ç�V��	O�¸�”�»�‹�w�K�”�è�w�<��
:

�\�w
…�p�x , �G�ú -Zagier[OZ] �S�‘�|
h�æ -��
Í -�G�ú [AKO] �t�‘�“�˜�’�•�h�|��	O�¸�”�»�‹
�t�|�s�ø
Ç�V��	O�¸�”�»�‹�w�K�”�è�w�<��
:�t�m�M�o	º�p�b�” .

�Ú�™�w
T
: k, n, s, (k, n, s ≥ 0) �t�0�` , � �ï�Ã�¿�«�µ�w	B�ù I, I0 �›

I(k, n, s) = { 	O�^ k, 
��^ n, �ô�^ s �w� �ï�Ã�¿�«�µ k �w	B�ù },

I0(k, n, s) = {k = (k1, k2, . . . , kn) | k ∈ I(k, n, s), k1 ≥ 2},

�q���[�b�” .

�G�ú -Zagier[OZ] �p�x , 	O�^ , 
��^ , �ô�^�›�{���`�h��	O�¸�”�»�‹�w�è�w�<��
:�U�Ž�<�w�‘�O
�t Gauss �w�Ò�2�?��
:�w 1 �p�w�›	��‹�›�;�M�o
¯�^�• , �^�’�t�f�•�U�| Riemann �¸�”�»�‹�w
���g
:��
:���ò�Ü�›��
:�q�b�”
¯�Ô�›�‹�m�\�q�U�Ô�^�•�o�M�” .

�G�ú -Zagier([OZ])

∑
k,n,s≥0

 ∑
k∈I0(k,n,s)

ζ(k)

 xk−n−syn−szs−1 =
1

xy − z

(
1− 2F1

(
α− x, β − x

1− x
; 1

))

=
1

xy − z

{
1− exp

(
∞∑

n=2

ζ(n)

n
(xn + yn − αn − βn)

)}
,(88)

�h�i�` , α, β �x α+ β = x+ y, αβ = z �q�b�” .

§1.3 �p�‹	\�‚�h�‘�O�t , (88) �›�›	��=�b�”�\�q�t�‘�“ Le-Murakami �w�����Ü [LM1] �›�‹�X
�\�q�U�p�V�” . �î�M , �G�ú -Zagier[OZ] �p�x , y = −x �p (88) �›�›	��=�` , Euler �w�¬�Ü (1) �›�;
�M�”�\�q�p�˜�’�•�o�M�” . �G�ú -Zagier[OZ] �‡�p�x , Le-Murakami �w�����Ü [LM1] �x�A�|�è�w

Æ�!�”�w�M�Ø�T�’�`�T�˜�’�•�o�M�s�T�l�h . (88) �›�›	��=�b�”�\�q�p�7�‘�s�����Ü�U�˜�’�•
�o�M�” . z = xy �q�b�”�q�è�¬�Ü�U�˜�’�• , z = 0 �p�›	��=�b�”�q ,

∑
a,b>0

ζ(a+ 1, 1, . . . , 1︸ ︷︷ ︸
b−1

)xb−1ya−1 =
1

xy

(
1− exp

(
∞∑

n=2

ζ(n)
xn + yn − (x+ y)n

n

))
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�q�s�“ , �\�•�x���g 1.4.16 �p	º�p�`�h Aomoto[Ao], Drinfel’d[Dr], Zagier �w�A�L�p�K�” . �‡�h ,

x = y = 0 �q�b�”�q ζ(2, . . . , 2︸ ︷︷ ︸
n

) = π2n

(2n+1)!
�›�˜�”�\�q�‹�p�V�” .

�G�ú -Zagier[OZ] �w�s�ø
Ç�V��	O� �̧”�»�‹
[�t�0� �b�”�<��
:�w�Z�€�‹
h�æ -��
Í -�G�ú [AKO]

�t�‘�l�o�s�^�•�o�M�” .


h�æ-��
Í -�G�ú ([AKO]).

∑
k,n,s≥0

 ∑
k∈I0(k,n,s)

ζ?(k)

xk−n−syn−sz2s−2 =
1

(1− x)(1− y)− z2 3F2

(
1− x, 1, 1

2− α, 2− β
; 1

)
,

(89)

�\�\�p , α, β �x α+ β = x+ y, αβ = xy − z2 �p�K�“ , 3F2

(
a1,a2,a3

b1,b2
; t
)

�x

3F2

(
a1, a2, a3

b1, b2
; t

)
=

∞∑
n=0

(a1)n(a2)n(a3)n

(b1)n(b2)n

tn

n!

�p���[�^�•�”�°
`�Ò�2�?��
:�p�K�” .

�m�‡�“ , 	O�^ , 
��^ , �ô�^�›�{���`�h�s�ø
Ç�V��	O�¸�”�»�‹�w�è�›��
:�q�b�”�<��
:�U , �°

`�Ò�2�?��
:�w 1 �p�w�›	��‹�›�;�M�o
¯�^�•�”�q�M�O�‹�w�p�K�” . (89) �›�^�’�t�›	��=�b�”
�\�q�t�‘�“ , �7�‘�s�����Ü�›�‹�X�\�q�‹�p�V�” . �«�Q�y , y = x �q�b�”�q
h�æ -�G�ú [AO] �p�˜
�’�•�o�M�”�����Ü ∑

k∈
S

n I0(k,n,s)

ζ?(k) = 2

(
k − 1

2s− 1

)
(1− 21−k)ζ(k)

�U�˜�’�• , �^�’�t x = 0 �q�b�”�q ζ?(2, 2, . . . , 2︸ ︷︷ ︸
n �x

) = (���g
: ) × π2n �›�˜�”�\�q�U�D�ó�p�K�” .

(89) �x�Í�w�‘�O�t	{�V
¯�˜�b�\�q�‹�p�V�” .

∑
k,n,s≥0

 ∑
k∈I0(k,n,s)

ζ?(k)

xk−n−syn−sz2s−2

=

∫ 1

0

{
s−β(1− s)y−1 Γ(β − α)Γ(x− α− β + 1)

Γ(1− α)Γ(x− α+ 1)
2F1

(
α, α− x
α− β + 1

; s

)
+s−α(1− s)y−1 Γ(α− β)Γ(x− α− β + 1)

Γ(1− β)Γ(x− β + 1)
2F1

(
β, β − x
β − α+ 1

; s

)}
ds.


²
…�p	º�p�`�h�s�ø
Ç�V��	O�¸�”�»�‹�w
Ò�0
Q�x , �•�Z [Y] �t�‘�l�o
h�æ -��
Í -�G�ú [AKO]

�w�<��
:�w�\�w
¯�Ô�›�;�M�”��	Â�Ì�U�)�Q�’�•�o�M�” .
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5 ��	6�ð�J�t�r

1. 	O�^ k, 
��^ n �w��	O�¸�”�»�‹�w�x
:�x k1 + k2 + · · · + kn = k, k1 ≥ 2, k2, k3, . . . , kn ≥ 1

�w
T
:�r�w�x
:�p�K�” . �b�s�˜�j k′1 + k′2 + · · ·+ k′n = k − n− 1, k′1, k
′
2, . . . , k

′
n ≥ 0 �w
T
:�r

�w�x
:�q�s�” . �`�h�U�l�o , nHk−n−1 = k−2Ck−n−1 = k−2Cn−1�x . 	O�^ k �w��	O�¸�”�»�‹�w�x

:�x

∑
1≤n≤k−1

(
k−2
n−1

)
= 2k−2�x .

2. π2 = 9.86 . . . ; 10 �T�m k �U	G
ü�G�s�’�y ζ(2k) ; 1 �p�K�”�h�Š .

3.

ζ(k − 1, 1) + ζ(k)

=
∑

m≥n>0

1

mk−1n
=

∞∑
m=1

(
m∑

n=1

1

n

)
1

mk−1
=

∞∑
m,n=1

(
1

n
− 1

m+ n

)
1

mk−1

=
∞∑

m,n=1

1

mk−2n(m+ n)
=

∞∑
m,n=1

n+m

mk−2n(m+ n)2

=
∞∑

m,n=1

(
1

mk−3n(m+ n)2
+

1

mk−2(m+ n)2

)
= · · ·

=
∞∑

m,n=1

(
1

mk−4n(m+ n)3
+

1

mk−3(m+ n)3
+

1

mk−2(m+ n)2

)
= · · ·

=
∞∑

m,n=1

(
1

mn(m+ n)k−2
+

1

m2(m+ n)k−2
+ · · ·+ 1

mk−2(m+ n)2

)
= · · ·

=
∞∑

m,n=1

(
1

n(m+ n)k−1
+

1

m(m+ n)k−1
+

1

m2(m+ n)k−2
+ · · ·+ 1

mk−2(m+ n)2

)
= 2ζ(k − 1, 1) + ζ(k − 2, 2) + · · ·+ ζ(2, k − 2).

4. x3 − x− 1 = 0 �w 3 �m�w�r�› α, β, γ �q�b�”�q , dk �w�¬�h�b 3 �ò
´�=�Ü�T�’

dk = −α
k+2(β − γ) + βk+2(γ − α) + γk+2(α− β)

(α− β)(β − γ)(γ − α)

�›�˜�”�}�\�•�›�_�”�t�x�<��
:�›�–�l�o�¢ (1− x2 − x3)
∑∞

k=0 dkx
k = 1 �U
´�=�Ü�q�s�A�£

∞∑
k=0

dkx
k =

1

1− x2 − x3
=

1

(1− αx)(1− βx)(1− γx)

= − 1

(α− β)(β − γ)(γ − α)

{
α2(β − γ)
1− αx

+
β2(γ − α)

1− βx
+
γ2(α− β)

1− γx

}
�q
æ
ü
ü
:
ü�r�›�`�|�È�%�w�¤�ò�›�s
z�ƒ
:�t�2�‰�`�o��
:�›�±�‚�•�y�‘�M�}
α �›�¢�
�°�w�£�î
:�� α = 1.3247179572 . . . �q�b�”�q�|�’�“�w β, γ �x = −0.6623589786±

0.5622795120 . . .
√
−1 �p�|�f�w
ˆ�0�‹�x |β| = |γ| = 0.8688369618 . . . < 1 �p�K�”�}�`�h�U�l�o�|

dk = −α
k+2(β − γ) + βk+2(γ − α) + γk+2(α− β)

(α− β)(β − γ)(γ − α)
≈

k:	G
ü�G

αk+2

(α− β)(α− γ)
= 0.41149× (1.3247 . . .)k(� 2k).
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5. ��	O�¸�”�»�‹�w�ƒ
:
¯�Ô�t�S�Z�”
u�w�F���‘�“ , n ≥ 2 �t�0�` ,

ζ(2k)ζ(2k, . . . , 2k︸ ︷︷ ︸
n−1

) = nζ(2k, . . . , 2k︸ ︷︷ ︸
n

) +
n−1∑
i=1

ζ(2k, . . . , 2k︸ ︷︷ ︸
i−1

, 4k, 2k, . . . , 2k︸ ︷︷ ︸
n−i−1

)

ζ(4k)ζ(2k, . . . , 2k︸ ︷︷ ︸
n−2

) =
n−1∑
i=1

ζ(2k, . . . , 2k︸ ︷︷ ︸
i−1

, 4k, 2k, . . . , 2k︸ ︷︷ ︸
n−i−1

) +
n−2∑
i=1

ζ(2k, . . . , 2k︸ ︷︷ ︸
i−1

, 6k, 2k, . . . , 2k︸ ︷︷ ︸
n−i−2

)

· · · · · · · · ·
· · · · · · · · ·

ζ(2nk − 2k)ζ(2k) = ζ(2nk − 2k, 2k) + ζ(2k, 2nk − 2k) + ζ(2nk).

�\�•�’�w�%�‘�›�¦�E�$�t�C�Q�”�q ,

n−1∑
m=1

(−1)mζ(2mk)ζ(2k, . . . , 2k︸ ︷︷ ︸
n−m

) = −nζ(2k, . . . , 2k︸ ︷︷ ︸
n

) + (−1)n−1ζ(2nk).(90)

�\�•�›�;�M�o
ζ(2k, 2k, . . . , 2k︸ ︷︷ ︸

n

) = C(k)
n (2πi)2nk/(2nk)!

(�h�i�` , C
(k)
0 = 1, C

(k)
n = 1

2n

∑n
m=1(−1)m

(
2nk
2mk

)
B2mkC

(k)
n−m (n ≥ 1)) �› n �t���b�”�<�ò�O�p

�Ô�b . n = 0 �w�q�V�x�Ì�’�T . n = 1 �w�q�V , Euler �w�¬�Ü (1) �›�;�M�”�q

�È�% = C
(k)
1

(2πi)2k

(2k)!
= −B2k(2πi)

2k

2(2k)!
= ζ(2k) = �(�% .

n− 1 �w�‡�p
R�“�q�m�q�>���b�” . (90), Euler �w�¬�Ü (1) �S�‘�|�<�ò�O�w�>���‘�“ ,

ζ(2k, . . . , 2k︸ ︷︷ ︸
n

) =− 1

n

n−1∑
m=1

(−1)mζ(2mk)ζ(2k, . . . , 2k︸ ︷︷ ︸
n−m

)− 1

n
(−1)nζ(2nk)

=− 1

n

n−1∑
m=1

(−1)m

(
−1

2

B2mk

(2mk)!
(2πi)2mk

)
C

(k)
n−m(2πi)2(n−m)k

(2(n−m)k)!

− 1

n
(−1)n

(
−1

2

B2nk

(2nk)!
(2πi)2nk

)
=

(
1

2n

n∑
m=1

(−1)m

(
2nk

2mk

)
B2mkC

(k)
n−m

)
(2πi)2nk

(2nk)!

=C(k)
n

(2πi)2nk

(2nk)!
.

6. �¢��
Ì�Þ� �à���t�‘�”�£

∞∑
n=0

Li3, 1, . . . , 3, 1
| {z }

2n �x

(x) t4n = F
( t

1 + i
,
−t

1 + i
; 1;x

)
F
( t

1− i
,
−t

1− i
; 1;x

)
�U, 
•
ü�^�;
É (

(1− x) d

dx

)2(
x
d

dx

)2 − t4
89



�p	«�Q�”�\�q�›�‹�X . A := x d
dx

, B := (1− x) d
dx

�q�S�X�q ,

(B2A2 − t4)

 ∞∑
n=0

Li3, 1, . . . , 3, 1
| {z }

2n �x

(x) t4n

 = 0

�x�Ì�’�T . �`�h�U�l�o ,

(B2A2 − t− 4)

(
F
( t

1 + i
,
−t

1 + i
; 1;x

)
F
( t

1− i
,
−t

1− i
; 1;x

))
= 0

�›�Ô�b . �\�\�p , Φ = Φ(t; x) = y1y2, �h�i�` y1 = F
(

t
1+i
, −t

1+i
; 1;x

)
, y2 = F

(
t

1−i
, −t

1−i
; 1; x

)
�q

�b�”�q ,

(A2y1)y2 + y1(A
2y2) = 0(91)

(�™�p	Â�Ì ) �‘�“ ,

A2Φ = (A2y1)y2 + 2(Ay1)(Ay2) + y1(A
2y2) = 2(Ay1)(Ay2)

�q�s�“ ,

B2A2Φ = 2(B2Ay1)(Ay2) + 4(BAy1)(BAy2) + 2(Ay1)(B
2Ay2)(92)

�›�˜�” .

�«�™ 5.0.1 F = F (α, β, γ;x) �x
•
ü�M���Ü

x(1− x)d
2F

dx2
+ {γ − (α+ β + 1)x}dF

dx
− αβF = 0

�›�¬�h�b .

�\�w�\�q�›�;�M�”�q , y1, y2 �x�f�•�g�•
•
ü�M���Ü

x(1− x)y′′1 + (1− x)y′1 = − t
2

2i
y1(93)

x(1− x)y′′2 + (1− x)y′2 =
t2

2i
y2(94)

�›�¬�h�b . �\�\�p , BAϕ = x(1− x)ϕ′′ + (1− x)ϕ′ �‘�“ BAy1 = − t2

2i
y1, BAy2 = t2

2i
y2 �›�˜�” .

�\�•�› (92) �t�E�Ö�b�”�q ,

B2A2 = t4Φ + it2{(By1)(Ay2)− (Ay1)(By2)}

�q�s�“ ,

(By1)(Ay2)− (Ay1)(By2) = 0(95)

(�™�p	Â�Ì ) �‘�“ ,

(B2A2 − t4)Φ = 0
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�›�˜�” .

(91) �w	Â�Ì�• A2ϕ = x2ϕ′′ + xϕ′ �S�‘�| (93) �‘�“

x2y′′1 + xy′1 = − t
2

2i

x

1− x
y1, x

2y′′2 + xy′2 =
t2

2i

x

1− x
y2

�s�w�p ,

A2y1 = − t
2

2i

x

1− x
y1, A

2y2 = − t
2

2i

x

1− x
y2

�›�˜�” . �`�h�U�l�o ,

(A2y1)y2 + y1(A
2y2) =

(
− t

2

2i

x

1− x
y1

)
y2 + y1

(
t2

2i

x

1− x
y2

)
�q�s�” .

(95) �w	Â�Ì�•

(By1)(Ay2) = (1− x)dy1

dx
x
dy2

dx
= x

dy1

dx
(1− x)dy2

dx
= (Ay1)(By2)

�‘�“	H�O .

�s�Ü
∞∑

n=0

Li3, 1, . . . , 3, 1
| {z }

2n �x

(x) t4n = F
( t

1 + i
,
−t

1 + i
; 1;x

)
F
( t

1− i
,
−t

1− i
; 1;x

)
�w�†�%�› 1, 2, 3 �s
•
ü�`�f�•�g�• x = 0 �›�E�Ö�b�”�q ,

(�(�% )|x=0 = 1, (�È�%)|x=0 = 1,
d
dx

(�(�% )|x=0 = 0, d
dx

(�È�%)|x=0 = 0,
d2

dx2 (�(�% )|x=0 = t4

4
, d2

dx2 (�È�%)|x=0 = t4

4
,

d3

dx3 (�(�% )|x=0 = −t4, d3

dx3 (�È�%)|x=0 = −t4

�q�s�“ , �b�‚�o�U�°�•�b�”�w�p�A�æ�›�˜�” .

7. k �w	O�^ =
∑s

i=1(ai + bi) = k′�w	O�^ , k �w
��^ =
∑s

i=1 bi, k′�w
��^ =
∑s

i=1 ai �‘�“ .

8. 	²�t
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9.

Li1(z)Li4(z) = Li1,4(z) + Li2,3(z) + Li3,2(z) + 2Li4,1(z)

Li1(z)Li1,3(z) = 2Li1,3,1(z) + 2Li1,1,3(z) + Li1,2,2(z)

Li1(z)Li2,2(z) = 2Li2,2,1(z) + 2Li2,1,2(z) + Li1,2,2(z)

Li1(z)Li3,1(z) = 3Li3,1,1(z) + Li1,3,1(z) + Li2,2,1(z)

Li1(z)Li1,1,2(z) = 2Li1,1,2,1(z) + 3Li1,1,1,2(z)

Li1(z)Li1,2,1(z) = 3Li1,2,1,1(z) + 2Li1,1,2,1(z)

Li1(z)Li2,1,1(z) = 4Li2,1,1,1(z) + Li1,2,1,1(z)

Li1(z)Li1,1,1,1(z) = 5Li1,1,1,1,1(z)

Li2(z)Li3(z) = Li2,3(z) + 3Li3,2(z) + 6Li4,1(z)

Li2(z)Li1,2(z) = 2Li1,2,2(z) + 2Li2,1,2(z) + 2Li2,2,1(z) + 4Li1,3,1(z)

Li2(z)Li2,1(z) = Li2,1,2(z) + 3Li2,2,1(z) + 6Li3,1,1(z)

Li2(z)Li1,1,1(z) = Li1,1,1,2(z) + 2Li1,1,2,1(z) + 3Li1,2,1,1(z) + 4Li2,1,1,1(z)

Li1,1(z)Li1,2(z) = 3Li1,2,1,1(z) + 4Li1,1,2,1(z) + 3Li1,1,1,2(z)

Li1,1(z)Li2,1(z) = Li1,1,2,1(z) + 3Li1,2,1,1(z) + 6Li2,1,1,1(z)

Li1,1(z)Li1,1,1(z) = 10Li1,1,1,1,1(z)

Li3(z)Li1,1(z) = Li1,1,3(z) + 2Li1,3,1(z) + 3Li3,1,1(z) + Li1,2,2(z) + Li2,1,2(z) + 2Li2,2,1(z)

	O�^ 2, 3, 4 �‡�p�w
u�S�‘�|�\�•�’�T�’ ,

Li1(z)Li1, . . . , 1
| {z }

k−1

(z) = kLi1, . . . , 1
| {z }

k

(z)

�•

Li2(z)Li1, . . . , 1
| {z }

k−1

(z) =
k∑

i=1

iLi1, . . . , 1
| {z }

k−i

,2,1, . . . , 1
| {z }

i−1

(z)

�U
*���p�V�” .

10. n �t���b�”�<�ò�O�p	Â�Ì�b�” . n = 1 �w�q�V , Li1(z) = Li1(z). n = k − 1 �w�q�V
R�“�q
�m�q�>���b�” . n = k �w�q�V , �4�J 1.2.3 �‘�“

d

dz
(Li(z)k) = k

(
d

dz
Li1(z)

)
Li1(z)

k−1 =
k

1− z
Li1(z)

k−1.

�<�ò�O�w�>���S�‘�|�4�J 1.2.3 �‘�“ ,

d

dz
(Li(z)k) =

k!

1− z
Li1, 1, . . . , 1

| {z }

k−1 �x

(z) = k!
d

dz
Li1, 1, . . . , 1

| {z }

k �x

(z).

�`�h�U�l�o , Li(z)k = k!Li1, 1, . . . , 1
| {z }

k �x

(z).

11. 	O�^�x
dt

1− t
�q
dt

t
�w�x
: , 
��^�x

dt

1− t
�w�x
:�p�K�”�h�Š .
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12.

Lim(z)Lin(z) =

∫ z

0

dt

t
◦ . . . ◦ dt

t︸ ︷︷ ︸
m−1

◦ dt

1− t


∫ z

0

dt

t
◦ . . . ◦ dt

t︸ ︷︷ ︸
n−1

◦ dt

1− t


=

n−1∑
i=0

(m− 1 + i)!

(m− 1)!i!

∫ z

0

dt

t
◦ . . . ◦ dt

t︸ ︷︷ ︸
m−1+i

◦ dt

1− t
◦ dt
t
◦ . . . ◦ dt

t︸ ︷︷ ︸
n−1−i

◦ dt

1− t

+
m−1∑
j=0

(n− 1 + j)!

(n− 1)!j!

∫ z

0

dt

t
◦ . . . ◦ dt

t︸ ︷︷ ︸
n−1+j

◦ dt

1− t
◦ dt
t
◦ . . . ◦ dt

t︸ ︷︷ ︸
m−1−j

◦ dt

1− t

=
n−1∑
i=0

(
m− 1 + i

i

)
Lim+i,n−i(z) +

m−1∑
j=0

(
n− 1 + j

j

)
Lin+j,m−j(z).

13. �!
:�!�õ u =
t

s
, v =

1− s
1− t

�t�m�M�o�o�!�õ�›�ß�Q�” . �H 2 �Ü�›�!���`�h�Ü v(1−t) = 1−s

�t , �H 1 �Ü�› s =
t

u
�q�!���`�E�Ö�`�b�”�q t =

u(v − 1)

uv − 1
�› , t = us �q�!���`�E�Ö�b�”�q

s =
v − 1

uv − 1
�›�˜�” . �Í�t , s, t �›�f�•�g�• u, v �p
•
ü�b�”�q ,

∂s

∂u
= −v v − 1

(uv − 1)2
,
∂s

∂v
=

u− 1

(uv − 1)2
,
∂t

∂u
= − (v − 1)

(uv − 1)2
,
∂t

∂v
=

u(u− 1)

(uv − 1)2

�q�s�”�w�p , ��
:�æ�»�Ü�x ,

J =

∣∣∣∣∣ ∂s
∂u

∂s
∂v

∂t
∂u

∂t
∂v

∣∣∣∣∣ =

∣∣∣∣∣ −v v−1
(uv−1)2

u−1
(uv−1)2

− (v−1)
(uv−1)2

u(u−1)
(uv−1)2

∣∣∣∣∣ =
(u− 1)(v − 1)

(uv − 1)4

∣∣∣∣∣ −v 1

−1 u

∣∣∣∣∣ = −(u− 1)(v − 1)

(uv − 1)3

�q�s�” .

14. �G�ú�w�����Ü�t�S�M�o , l = 0 �q�b�”�q
Ò�0
Q�U�˜�’�• , l = 1 �q�`
Ò�0
Q�q
Ê�ˆ�ù�˜�d�”
�q Hoffman �w�����Ü�›�˜�” . �‡�h , 	O�^ k, 
��^ n �p , l = k − n− 1 �q�b�”�q�è�¬�Ü�U�˜�’�•
�” .

15. k1 ≥ 2 �t�0�`�o , �ƒ
:
¯�Ô�›�;�M�o ζ(1) �q ζ(k1, k2, . . . , kn) �w
u�›�ß�Q�”�q ,

ζ(1)ζ(k1, k2, . . . , kn)

=

(
∞∑

m=1

1

m

)( ∑
m1>m2>···>mn>0

1

mk1
1 m

k2
2 · · ·mkn

n

)

=

( ∑
m>m1>m2>···>mn>0

+
∑

m=m1>m2>···>mn>0

+
∑

m1>m>m2>···>mn>0

+
∑

m1>m=m2>···>mn>0

+ · · ·

+
∑

m1>m2>···>mn−1>m>mn>0

+
∑

m1>m2>···>mn−1>m=mn>0

+
∑

m1>m2>···>mn>m>0

)
1

mmk1
1 m

k2
2 · · ·mkn

n

= ζ(1, k1, k2, . . . kn) +
n∑

i=1

ζ(k1, . . . , ki−1, ki + 1, ki+1, . . . , kn) +
n∑

j=1

ζ(k1, . . . , kj, 1, kj+1, . . . , kn)
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�q�s�” . �°�M , 
u
ü
¯�Ô�›�;�M�o
u�›�-�‰�b�”�q ,

ζ(1)ζ(k1, k2, . . . , kn)

=

(∫ 1

0

dt

1− t

)∫ 1

0

dt

t
◦ · · · ◦ dt

t︸ ︷︷ ︸
k1−1

◦ dt

1− t
◦ dt
t
◦ · · · ◦ dt

t︸ ︷︷ ︸
k2−1

◦ dt

1− t
◦ · · · ◦ dt

t
◦ · · · ◦ dt

t︸ ︷︷ ︸
kn−1

◦ dt

1− t


=

∫ 1

0

dt

1− t
◦ dt
t
◦ · · · ◦ dt

t︸ ︷︷ ︸
k1−1

◦ dt

1− t
◦ dt
t
◦ · · · ◦ dt

t︸ ︷︷ ︸
k2−1

◦ dt

1− t
◦ · · · ◦ dt

t
◦ · · · ◦ dt

t︸ ︷︷ ︸
kn−1

◦ dt

1− t

+

k1−2∑
i=0

∫ 1

0

dt

t
◦ · · · ◦ dt

t︸ ︷︷ ︸
k1−1−i

◦ dt

1− t
◦ dt
t
◦ · · · ◦ dt

t︸ ︷︷ ︸
i

◦ dt

1− t
◦ dt
t
◦ · · · ◦ dt

t︸ ︷︷ ︸
k2−1

◦ dt

1− t
◦ · · ·

◦ dt
t
◦ · · · ◦ dt

t︸ ︷︷ ︸
kn−1

◦ dt

1− t

+

∫ 1

0

dt

t
◦ · · · ◦ dt

t︸ ︷︷ ︸
k1−1

◦ dt

1− t
◦ dt

1− t
◦ dt
t
◦ · · · ◦ dt

t︸ ︷︷ ︸
k2−1

◦ dt

1− t
◦ · · · ◦ dt

t
◦ · · · ◦ dt

t︸ ︷︷ ︸
kn−1

◦ dt

1− t

+

k2−2∑
i=0

∫ 1

0

dt

t
◦ · · · ◦ dt

t︸ ︷︷ ︸
k1−1

◦ dt

1− t
◦ dt
t
◦ · · · ◦ dt

t︸ ︷︷ ︸
k2−1−i

◦ dt

1− t
◦ dt
t
◦ · · · ◦ dt

t︸ ︷︷ ︸
i

◦ dt

1− t
◦ · · ·

◦ dt
t
◦ · · · ◦ dt

t︸ ︷︷ ︸
kn−1

◦ dt

1− t

+

∫ 1

0

dt

t
◦ · · · ◦ dt

t︸ ︷︷ ︸
k1−1

◦ dt

1− t
◦ dt
t
◦ · · · ◦ dt

t︸ ︷︷ ︸
k2−1

◦ dt

1− t
◦ dt

1− t
◦ · · · ◦ dt

t
◦ · · · ◦ dt

t︸ ︷︷ ︸
kn−1

◦ dt

1− t

+ · · ·

+
kn−2∑
i=0

∫ 1

0

dt

t
◦ · · · ◦ dt

t︸ ︷︷ ︸
k1−1

◦ dt

1− t
◦ dt
t
◦ · · · ◦ dt

t︸ ︷︷ ︸
k2−1

◦ dt

1− t
◦ · · ·

◦ dt
t
◦ · · · ◦ dt

t︸ ︷︷ ︸
kn−1−i

◦ dt

1− t
◦ dt
t
◦ · · · ◦ dt

t︸ ︷︷ ︸
i

◦ dt

1− t

+

∫ 1

0

dt

t
◦ · · · ◦ dt

t︸ ︷︷ ︸
k1−1

◦ dt

1− t
◦ dt
t
◦ · · · ◦ dt

t︸ ︷︷ ︸
k2−1

◦ dt

1− t
◦ · · · ◦ dt

t
◦ · · · ◦ dt

t︸ ︷︷ ︸
kn−1

◦ dt

1− t
◦ dt
t

= ζ(1, k1, k2, . . . , kn) +
n∑

l=1

kl−2∑
j=0
kl≥2

ζ(k1, . . . , kl−1, kl − j, j + 1, kl+1, . . . , kn)

+
n∑

i=1

ζ(k1, . . . , ki, 1, ki+1, . . . , kn)

�›�˜�” . �†	��U�s�`�M�q�_�”�q , �H 1 �ò�S�‘�|�H 2 �ò�‰�œ�U�'�j	«�`�K�M , Hoffman �w�����Ü
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�›�˜�” .

16. �« 1.4.3 �w�H 2 �Ü�x , n �t���b�”�<�ò�O�p	Â�Ì�b�” . n = 1 �w�q�V�x�Ì�’�T . n = 2 �w�q
�V, y X y = y(1 X y) + y(y X 1) = 2y2 �p
R�“�q�m . n− 1 �‡�p
R�“�q�m�q�>���b�” . �\�\�p ,

y X yk−1 = kyk �p�K�” . �s�e�s�’�y , k = 1 �w�q�V�x�Ì�’�T . k − 1 �‡�p
R�“�q�m�q�>���b�”
�q , k �w�q�V ,

y X yk−1 = y(1 X yk−1) + y(y X yk−2) = yk + y((k − 1)yk−1) = kyk

�q�s�” . �\�•�›�;�M�”�q , n �w�q�V�<�ò�O�w�>���‘�“ ,

yXn = y X yX(n−1) = y X (n− 1)!yn−1 = (n− 1)!(y X yn−1) = n!yn

�q�s�” . �‰�7�t�H 3 �Ü�‹�˜�’�•�” .

�H 5 �Ü�› q �t���b�”�<�ò�O�p	Â�Ì�b�” . q = 1 �w�q�V�x�H 2 �Ü�‘�“�Ì�’�T . q − 1 �‡�p
R�“
�q�m�q�>���b�”�q ,

z1 X zq = z1zq + x(z1 X zq−1)

= z1zq + x

(
zq−1z1 +

q−2∑
i=0

z1+izq−1−i

)

= z1zq + zqz1 +

q−2∑
i=0

z2+izq−1−i = zqz1 +

q−1∑
i=0

z1+izq−i

�q�s�” .

�H 4 �Ü�x , n = p+q �t���b�”�<�ò�O�p�Ô�b . n = 2 �w�q�V�x�H 2 �Ü�‘�“�Ì�’�T . n = p+q−1

�w�q�V
R�“�q�m�q�>���b�” . p, q ≥ 2 �s�’�y , �<�ò�O�w�>���‘�“ ,

zp X zq =x(zp−1 X zq) + x(zp X zq−1)

=

q−1∑
i=0

(
p− 2 + i

i

)
zp+izq−i +

p−2∑
j=0

(
q − 1 + j

j

)
zq+j−1zp−j−1

+

q−2∑
i=0

(
p− 1 + i

i

)
zp+i+1zq−i−1 +

p−1∑
j=0

(
q − 2 + j

j

)
zq+jzp−j

= zpzq +

q−1∑
i=1

((
p− 2 + i

i

)
+

(
p− 2 + i

i− 1

))
zp+izq−i

+ zqzp +

p−1∑
j=1

((
q − 2 + j

j

)
+

(
q − 2 + j

j − 1

))
zq+jzp−j

=

q−1∑
i=0

(
p− 1 + i

i

)
zp+izq−i +

p−1∑
j=0

(
q − 1 + j

j

)
zq+jzp−j

�›�˜�” . p = 1, q ≥ 1 �w	Ô�ù�x�H 5 �Ü�p�˜�’�•�o�M�”�w�p�|�\�•�’�›�ù�˜�d�”�q p, q ≥ 1 �t
�0�`�o

zp X zq =

q−1∑
i=0

(
p− 1 + i

i

)
zp+izq−i +

p−1∑
j=0

(
q − 1 + j

j

)
zq+jzp−j
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�U
R�“�q�m . �‡�h , �³�ß�¿�Ñ�ç
u�w�™�¯�›�ß�Q�”�q , x · · ·x︸ ︷︷ ︸
p−1

y �q x · · ·x︸ ︷︷ ︸
q−1

y �w�r�j�’�T�w y �U
Œ

�t�X�”�T�p�è�U 2 �m�t
ü�T�• , “x · · ·xyx · · · y” �w���w�^�“�M�q�¥�O�q�Ú
€�˜�’�•�” .

17. 	)��� �ï�Ã�¿�«�µ k �t�0�` ,

|ζM(k)− ζ(k)| = O(M−1 logJ M) (M →∞, J �x�K�”
Y
: )

�›�Ô�d�y�‘�M . �‡�c , k = (k1, k2, . . . kn), k1 ≥ 2, k2, . . . , kn ≥ 1 �t�0�` ,

ζ(k)− ζM(k) =

( ∑
m1>···>mn>0

−
∑

M>m1>···>mn>0

)
1

mk1
1 · · ·mkn

n

=
∞∑

m1=M

∑
m1>···mn>0

1

mk1
1 · · ·mkn

n

=
∞∑

m1=M

1

mk1
1

∑
m2>···mn>0

1

mk2
2 · · ·mkn

n

.

�\�\�p ,

A(m1) =
∑

m2>···mn>0

1

mk2
2 · · ·mkn

n

�q�S�X�q ,

A(m1) ≤
m1−1∑

m2,...,mn=1

1

m2 · · ·mn

=

(
m1−1∑
r=1

1

r

)n−1

�S�‘�|

m1−1∑
r=1

1

r
= ζm1(1) = logm1 + γ +O

(
1

m1

)
= logm1 +O(1) = O(logm1)

�‘�“ , �K�”��
: C �U���O�`
A(m1) < C(logm1)

n−1

�q�s�”�w�p ,

|ζ(k)− ζM(k)| ≤
∞∑

m1=M

C(logm1)
n−1

mk1
1

< C

(∫ ∞

M

(log x)n−1

xk1
dx+

(logM)n−1

Mk1

)
.


æ
ü
u
ü�›���“�&�b�\�q�t�‘�“∫ ∞

M

(log x)n−1

xk1
dx = O(M−(k1−1)(logM)n−1) (M →∞)

�q�s�”�w�p ,

M |ζ(k)− ζM(k)| = O(M−k1+2(logM)n−1) (M →∞).

�`�h�U�l�o , −k1 + 2 ≤ 0 �‘�“

|ζ(k)− ζM(k)| = M−1O(logJ M) = O(M−1 logJ M) (M →∞, J : �K�”
Y
: )
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�›�˜�” .

18. (42) �w�†�%�› 2 	Ð�`�h

π = lim
N→∞

24N(N !)4

(2N)!(2N)!N

�›�;�M�” .

lim
N→∞

N∏
n=1

4n2

4n2 − 1
= lim

N→∞

N∏
n=1

(2n)2(2n)2

(2n+ 1)(2n)(2n− 1)(2n)

= lim
N→∞

24N(N !)4

(2N)!(2N)!(2N + 1)

= lim
N→∞

{(
24N(N !)4

(2N)!(2N)!(2N + 1)

2N + 1

N

)
N

2N + 1

}
=
π

2
.

lim
N→∞

N∏
n=1

4n(n+ 1)

(2n+ 1)2
= lim

N→∞

N∏
n=1

4n(2n)2(n+ 1)

(2n+ 1)(2n)(2n+ 1)(2n)

= lim
N→∞

22N(2N)2(N !)3(N + 1)!

(2N)!(2N)!(2N + 1)2

= lim
N→∞

{(
24N(N !)4

(2N)!(2N)!N

)
N(N + 1)

(2N + 1)2

}
=
π

4
.

19. (32) �›

Γ(1 + x) = lim
N→∞

Nx

(1 + x)(1 + x
2
)(1 + x

3
) · · · (1 + x

N
)

= lim
N→∞

exp

(
log

Nx

(1 + x)(1 + x
2
)(1 + x

3
) · · · (1 + x

N
)

)
= lim

N→∞
exp

(
− log

(
(1 + x)

(
1 +

x

2

)(
1 +

x

3

)
· · ·
(
1 +

x

N

))
+ logNx

)
= lim

N→∞
exp

(
−

N∑
r=1

log
(
1 +

x

r

)
+ x logN

)
�q�!���b�” . Euler-Maclaurin �w�¬�Ü�w�°
j���o�s��

N∑
r=1

f(r) =

∫ N

1

f(t)dt+
1

2
(f(N) + f(1)) +

∫ N

1

B̃1(t)f
′(t)dt

�›�;�M�”�q ,

−
N∑

r=1

log
(
1 +

x

r

)
+ x logN

=−
∫ N

1

log
(
1 +

x

t

)
dt− 1

2

(
log
(
1 +

x

N

)
+ log(1 + x)

)
−
∫ N

1

B̃1(t)

(
log
(
1 +

x

t

)′)
dt

+ logNx.
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�\�\�p , 
æ
ü
u
ü�›�;�M�”�q∫ N

1

log
(
1 +

x

t

)
dt = log

(
1 +

x

N

)N+x

− log(1 + x)1+x + logNx

�U�˜�’�•�”�w�p ,

−
N∑

r=1

log
(
1 +

x

r

)
+ x logN

=− log
(
1 +

x

N

)N+x

+ log(1 + x)1+x − logNx

− log
(
1 +

x

N

) 1
2 − log(1 + x)

1
2 −

∫ N

1

B̃1(t)

(
1

t+ x
− 1

t

)
dt+ logNx

=− log
(
1 +

x

N

)N+x+ 1
2

+ log(1 + x)x+ 1
2 −

∫ N

1

B̃1(t)

(
1

t+ x
− 1

t

)
dt

�q�s�” . �‘�l�o , �†�%�w exp �›�q�“ N →∞ �w�Ã�v�›�q�”�q

Γ(1 + x) = exp

(
−x+ log(1 + x)x+ 1

2 −
∫ N

1

B̃1(t)

(
1

t+ x
− 1

t

)
dt

)
= e−x(1 + x)x+ 1

2 exp

(∫ ∞

1

B̃1(t)

t
dt

)
exp

(
−
∫ ∞

1

B̃1(t)

t+ x
dt

)

= e−x(1 + x)x+ 1
2 exp

(∫ ∞

1

B̃1(t)

t
dt

)
exp

(
−
∫ ∞

0

B̃1(t)

t+ x
dt

)
exp

(∫ 1

0

B̃1(t)

t+ x
dt

)

�›�˜�” . �\�\�p ,

exp

(∫ 1

0

B̃1(t)

t+ x
dt

)
= e ·

(
1 +

1

x

)−x− 1
2

�s�w�p , µ(x) = −
∫∞

0

eB1(t)
t+x

dt �q�S�X�q

Γ(1 + x) = e−xxx+ 1
2

(
1 +

1

x

)x+ 1
2

exp

(∫ ∞

1

B̃1(t)

t
dt

)
eµ(x)e ·

(
1 +

1

x

)−x− 1
2

= exp

(
1 +

∫ ∞

1

B̃1(t)

t
dt

)
e−xxx+ 1

2 eµ(x)

�q�s�” . �\�\�p , x = n ∈ N �w�q�V µ(n) = µn �‘�“ ,

Γ(1 + n) = exp

(
1 +

∫ ∞

1

B̃1(t)

t
dt

)
e−nnn+ 1

2 eµn

�q�s�“ , Stirling �¬�Ü (43) �q
z�‚�”�\�q�t�‘�l�o

exp

(
1 +

∫ ∞

1

B̃1(t)

t
dt

)
=
√

2π
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�U
ü�T�” . �`�h�U�l�o ,

Γ(1 + x) =
√

2πxx+ 1
2 e−x+µ(x), µ(x) = −

∫ ∞

0

B̃1(t)

t+ x
dt

�U�˜�’�•�” . 
°�A 0 < µ(x) < 1/12x �x (40) �›�{�Š�h�q�V�q�‰�7�w�^�æ�p ,

0 <

(
x+ n+

1

2

)
log

(
1 +

1

x+ n

)
− 1

=
2(x+ n) + 1

2
log

(
1 + 1

(2(x+n)+1)

1− 1
(2(x+n)+1)

)
− 1

=
1

3(2(x+ n) + 1)2
+

1

5(2(x+ n) + 1)4
+

1

7(2(x+ n) + 1)6
+ · · ·

<
1

3(2(x+ n) + 1)2
· 1

1− 1
(2(x+n)+1)2

=
1

12(x+ n)((x+ n) + 1)

=
1

12

(
1

x+ n
− 1

x+ n+ 1

)
�‘�“

0 < µ(x) =
∞∑

n=0

(
x+ n+

1

2

)
log

(
1 +

1

x+ n

)
− 1

<
1

12

∞∑
n=0

(
1

x+ n
− 1

x+ n+ 1

)
=

1

12x

�q�s�“�˜�’�•�” .

20. Cl

∑m
n=1

logl n
n

�q
∫ m

1
x−1 logl xdx �›
z�±�b�” .∫ m

1

x−1 logl xdx =
1

l + 1
logl+1m

�S�‘�| ∫ m

1

x−1 logl xdx =

∫ el

1

x−1 logl xdx+

∫ m

el

x−1 logl xdx

≤ Cl

el∑
n=1

n−1 logl n+
m∑

n=el

n−1 logl n

= Cl

m∑
n=1

n−1 logl n (�h�i�` Cl�x m �t�Á�����s��
: )

�‘�“

logl+1m ≤ Cl
′

m∑
n=1

n−1 logl n (�h�i�` Cl
′�x m �t�Á�����s��
: )
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�›�˜�” .

21. �s�Ü

log Γ(x) =
(
x− 1

2

)
log x− x+ log

√
2π + µ(x) (x > 0)

�› 1 �s
•
ü�`�h�‹�w�› h(x) �q�S�X . �h�i�` ,

µ(x) = −
∫ ∞

0

B̃1(t)

x+ t
dt

�q�b�” . �m�‡�“ ,

Γ
′
(x)

Γ(x)
= log x− 1

2x
+ µ′(x) = h(x).

�°�M ,∣∣∣∣µ(n)(x)

n!

∣∣∣∣ =

∣∣∣∣∣−
∫ ∞

0

(−1)nB̃1(t)

(x+ t)n+1
dt

∣∣∣∣∣ ≤
∫ ∞

0

∣∣∣∣∣(−1)nB̃1(t)

(x+ t)n+1

∣∣∣∣∣ dt
≤
∫ ∞

0

1

(x+ t)n+1
dt =

[
− 1

n(x+ t)n

]∞
0

=
1

nxn
= O

(
1

xn

)
(x→∞)

�‘�“ ,

µ(n)(x) = O

(
1

xn

)
(x→∞)

�U�˜�’�•�” . �`�h�U�l�o ,

h(x) = log x+O

(
1

x

)
(x→∞)

�S�‘�| , n ≥ 1 �w�q�V ,

h(n)(x) = O

(
1

xn

)
(x→∞)(96)

�U
R�“�q�m . �Í�t ,

Γ(l)(x)

Γ(x)
= h(l)(x) +

l−1∑
i=1

h(x)l−1−if(x) (f(x) ∈ Q[h
′
(x), h(2)(x), . . .])(97)

�›�<�ò�O�p�Ô�b . l = 1 �w�q�V�x Γ
′
(x)

Γ(x)
= h(x). l − 1 �‡�p
R�“�q�m�q�>���b�”�q ,

Γ(l)(x)

Γ(x)
=hl(x) + (l − 1)h(x)l−2h

′
(x) + h(x)

l−2∑
i=1

h(x)l−2−if(x)

+
l−3∑
i=1

(l − 2− i)h(x)l−3−ih
′
(x)f(x) +

l−2∑
i=1

h(x)l−2−if
′
(x)

=hl(x) +
l−1∑
i=1

h(x)l−1−ig(x) (g(x) ∈ Q[h
′
(x), h(2)(x), . . .]).
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�`�h�U�l�o , (96), (97) �‘�“ ,

Γ(l)(x)

Γ(x)
= h(l)(x) +

l−1∑
i=1

h(x)l−1−i ·O
(

1

x

)
= logl x+O

(
logl−1 x

x

)
(x→∞).

22. y∗xyxy = yxyxy+xy2xy+xyxy2 +x2yxy+xyx2y �S�‘�| y X xyxy = yxyxy+2xy2xy+

2xyxy2 �p�K�”�w�p , (56) �‘�“

Z(regX (y X xyxy − y ∗ xyxy)) = ζ(3, 2) + ζ(2, 3)− ζ(2, 2, 1)− ζ(2, 1, 2) = 0

�›�˜�” . �‰�7�t

Z(regX (y X xxxy − y ∗ xxxy)) =ζ(5)− ζ(4, 1)− ζ(3, 2)− ζ(2, 3) = 0,

Z(regX (y X xxyy − y ∗ xxyy)) =ζ(4, 1) + ζ(3, 2)− ζ(3, 1, 1)− ζ(2, 2, 1) = 0,

Z(regX (y X xyyy − y ∗ xyyy)) =ζ(3, 1, 1) + ζ(2, 2, 1) + ζ(2, 1, 2)− ζ(2, 1, 1, 1) = 0,

Z(regX (xy X xxy − xy ∗ xxy)) =ζ(5)− 6ζ(4, 1)− 2ζ(3, 2) = 0,

Z(regX (xy X xyy − xy ∗ xyy)) =ζ(4, 1)− 6ζ(3, 1, 1) + ζ(2, 3)− ζ(2, 2, 1) = 0,

Z(regX (yy X xxy − yy ∗ xxy)) =− ζ(4, 1)− ζ(3, 2) + ζ(3, 1, 1)− ζ(2, 3) + ζ(2, 2, 1)

+ ζ(2, 1, 2) = 0,

Z(regX (yy X xyy − yy ∗ xyy)) =ζ(3, 2)− ζ(3, 1, 1)− 2ζ(2, 2, 1)− ζ(2, 1, 2)

+ ζ(2, 1, 1, 1) = 0,

Z(regX (yxy X xy − yxy ∗ xy)) =− 2ζ(4, 1) + 12ζ(3, 1, 1)− ζ(2, 3) + 2ζ(2, 2, 1)

− ζ(2, 1, 2) = 0,

Z(regX (yyy X xy − yyy ∗ xy)) =ζ(3, 1, 1) + ζ(2, 2, 1) + ζ(2, 1, 2)− ζ(2, 1, 1, 1) = 0

�›�˜�” . �\�•�’�w�O�j� �q�s�����Ü�w�x
:�x 6 �x�p�K�“ , �°�M , 	O�^ 5 �w��	O�¸�”�»�‹�w�x
:
�U 8 �x�‘�“ , 	O�^ 5 �w��	O�¸�”�»�‹�w�í���w�Í�i�x 2 �Ž�<�p�K�” .
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(57) �›�;�M�”�q

Z(reg∗(y X xxxy − y ∗ xxxy)) =ζ(5)− ζ(4, 1)− ζ(3, 2)− ζ(2, 3) = 0,

Z(reg∗(y X xxyy − y ∗ xxyy)) =ζ(4, 1) + ζ(3, 2)− ζ(3, 1, 1)− ζ(2, 2, 1) = 0,

Z(reg∗(y X xyxy − y ∗ xyxy)) =ζ(3, 2) + ζ(2, 3)− ζ(2, 2, 1)− ζ(2, 1, 2) = 0,

Z(reg∗(y X xyyy − y ∗ xyyy)) =ζ(3, 1, 1) + ζ(2, 2, 1) + ζ(2, 1, 2)− ζ(2, 1, 1, 1) = 0,

Z(reg∗(xy X xxy − xy ∗ xxy)) =ζ(5)− 6ζ(4, 1)− 2ζ(3, 2) = 0,

Z(reg∗(xy X xyy − xy ∗ xyy)) =ζ(4, 1)− 6ζ(3, 1, 1) + ζ(2, 3)− ζ(2, 2, 1) = 0,

Z(reg∗(yy X xxy − yy ∗ xxy)) =− ζ(5) + ζ(4, 1) + 2ζ(3, 2) + ζ(2, 3)− ζ(2, 2, 1) = 0,

Z(reg∗(yy X xyy − yy ∗ xyy)) =− ζ(4, 1)− ζ(3, 2) + ζ(3, 1, 1)− ζ(2, 3) + ζ(2, 2, 1)

+ ζ(2, 1, 2) = 0,

Z(reg∗(yxy X xy − yxy ∗ xy)) =− ζ(5) + 3ζ(4, 1) + 5ζ(3, 2) + 8ζ(3, 1, 1)− 2ζ(2, 2, 1)

− ζ(2, 1, 2) = 0,

Z(reg∗(yyy X xy − yyy ∗ xy)) =
1

2
ζ(5)− 1

2
ζ(4, 1)− 3

2
ζ(3, 2)− ζ(2, 3) + ζ(2, 2, 1)

+
1

2
ζ(2, 1, 2) = 0

�›�˜�” . �\�•�’�w�O�j� �q�s�����Ü�w�x
:�‹ 6 �x�p�K�“ , 	O�^ 5 �w��	O�¸�”�»�‹�w�í���w�Í
�i�x 2 �Ž�<�p�K�” .

23. ���g 1.4.18, (i) �S�‘�| ρ �w���[�‘�“

Z∗
k(T ) = ρ−1 ◦ ZX

k (T ) = ρ−1

(
ν∑

j=0

cj
T j

j!

)
=

ν∑
j=0

cj
j!
ρ−1(T j).

�\�\�p , T j =
(

d
du

)j
eTu
∣∣∣
u=0

�›�;�M�”�q ,

Z∗
k(T ) =

ν∑
j=0

cj
j!

dj

duj ρ
−1(eTu)

∣∣∣∣
u=0

=
ν∑

j=0

cj
j!

dj

duj

(
1

Γ(1 + u)
e(T−γ)u

)∣∣∣∣
u=0

=
ν∑

j=0

cj
j!

{
j∑

i=0

(
j

i

)(
d(j−i)

du(j−i)

1

Γ(1 + u)

)
(T − γ)ie(T−γ)u

}∣∣∣∣∣
u=0

=
ν∑

j=0

cj
j!

j∑
i=0

(
j

i

) (
d(j−i)

du(j−i)

1

Γ(1 + u)

)∣∣∣∣
u=0

(T − γ)i.

j �› ν − j �q�b�”�q

Z∗
k(T ) =

ν∑
j=0

cν−j

(ν − j)!

ν−j∑
i=0

(
ν − j
i

) (
d(ν−j−i)

du(ν−j−i)

1

Γ(1 + u)

)∣∣∣∣
u=0

(T − γ)i

=
ν∑

i=0

[
ν−i∑
j=0

cν−j

(ν − j)!

(
ν − j
i

) (
d(ν−j−i)

du(ν−j−i)

1

Γ(1 + u)

)∣∣∣∣
u=0

]
(T − γ)i

=
ν∑

i=0

[
ν−i∑
j=0

cν−j

(ν − j − i)!

(
d(ν−j−i)

du(ν−j−i)

1

Γ(1 + u)

)∣∣∣∣
u=0

]
(T − γ)i

i!
.
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�`�h�U�l�o , Z∗
k(T ) =

∑ν
j=0 bj

(T−γ)j

j!
�‘�“ , �†�%�w (T−γ)i

i!
�w��
:�›
z�±�b�”�\�q�p ,

bj =
ν−i∑
j=0

cν−j

(ν − j − i)!

(
d(ν−j−i)

du(ν−j−i)

1

Γ(1 + u)

)∣∣∣∣
u=0

(98)

�›�˜�” . �°�M , (i) �S�‘�| 1
Γ(1+s)

�w Taylor �2�‰

1

Γ(1 + s)
=

∞∑
n=0

1

n!

(
dn

dsn

1

Γ(1 + s)

)∣∣∣∣
s=0

sn

�‘�“ ,

ζ(k : s) =
1

Γ(1 + s)
Γ(1 + s)ζ(k : s)

=
1

Γ(1 + s)

(
ν∑

j=0

cj
sj

+O(s)

)

=

{
∞∑

n=0

1

n!

(
dn

dsn

1

Γ(1 + s)

)∣∣∣∣
s=0

sn

}(
ν∑

j=0

cj
sj

+O(s)

)

=
ν∑

j=0

j∑
n=0

cj
n!

(
dn

dsn

1

Γ(1 + s)

)∣∣∣∣
s=0

1

sj−n
+O(s)

�\�\�p , n �› j − n �q�b�”�q ,

ζ(k : s) =
ν∑

j=0

j∑
n=0

cj
(j − n)!

(
d(j−n)

ds(j−n)

1

Γ(1 + s)

)∣∣∣∣
s=0

1

sn
+O(s)

�q�s�“ , j �› ν − j �q�b�”�q ,

ζ(k : s) =
ν∑

j=0

ν−j∑
n=0

cν−j

(ν − j − n)!

(
d(ν−j−n)

ds(ν−j−n)

1

Γ(1 + s)

)∣∣∣∣
s=0

1

sn
+O(s)

=
ν∑

n=0

ν−n∑
j=0

cν−j

(ν − j − n)!

(
d(ν−j−n)

ds(ν−j−n)

1

Γ(1 + s)

)∣∣∣∣
s=0

1

sn
+O(s)

�q�s�” . �`�h�U�l�o , (98) �›�;�M�”�q ,

ζ(k : s) =
ν∑

n=0

bn
sn

+O(s)

�›�˜�” .

24. k1 ≥ 2 �t�0�` ,

∂1(x
k1−1y) =

k1−2∑
i=0

xk1−i−2∂1(x)x
iy + xk1−1∂1(y) =

k1−2∑
i=0

xk1−i−1yxiy − xk1y
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�s�w�p , �†�%�› Z �p�ø�b�q

k1−2∑
i=0

ζ(k1 − i, i+ 1)− ζ(k1 + 1) = 0

�q�s�” . �`�h�U�l�o , �K�”
j�ø l, kl ≥ 2 �t�0�` ,

∂1(x
k1−1yxk2−1y · · ·xkn−1y) =

k1−2∑
i=0

xk1−i−1yxiyxk2−1y · · ·xkn−1y

+

k2−2∑
i=0

xk1−1yxk2−i−1yxiyxk3−1y · · · xkn−1y

+ · · ·

+
kn−2∑
i=0

xk1−1yxk2−1y · · · xkn−1−1yxkn−i−1yxiy

−
n∑

j=1

xk1−1yxk2−1y · · ·xkj−1−1yxkjyxkj+1−1y · · ·xkn−1y

=
∑
1≤l≤n
kl≥2

kl−2∑
i=0

xk1−1yxk2−1y · · ·xkl−1−1yxkl−i−1yxiyxkl+1−1y · · ·xkn−1y

−
n∑

j=1

xk1−1yxk2−1y · · ·xkj−1−1yxkjyxkj+1−1y · · ·xkn−1y

�q�s�” . �`�h�U�l�o , �†�%�t Z �›�ª�`�o Hoffman �w�����Ü (10) �›�˜�” .

25. (64) �w�È�%

∞∑
n=1

(−1)n−1znu
n ∗

∞∑
m=0

(yu)m =
∞∑

n=1

∞∑
m=0

(−1)n−1(zn ∗ z1
m)un+m

�t�S�M�o , n+m = l �q�b�”�q ,

∞∑
n=1

∞∑
m=0

(−1)n−1(zn ∗ z1
m)un+m =

∞∑
l=1

{
l∑

n=1

(−1)n−1(zn ∗ z1l−n)

}
ul

�q�s�” . �\�•�U (64) �w�(�%
∑∞

l=1(ly
l)ul �q�s�`�M�\�q�›�Ô�b . �m�‡�“ , 
Y�w
T
: l �t�0�`�o

l∑
n=1

(−1)n−1zn ∗ z1
l−n = lz1

l

�›�Ô�d�y�‘�M . l �t���b�”�<�ò�O�p�Ô�b . l = 1 �w�q�V�(�% = z1 ∗ z1
0 = z1 = �È�%. l − 1 �w�q

�V
R�“�q�m�>���b�” . l �w�q�V ,

l∑
n=1

(−1)n−1zn ∗ z1
l−n =

l−1∑
n=1

(−1)n−1zn ∗ z1l−n + (−1)l−1zl.
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�\�\�p , zn ∗ z1
l−n = znz1

l−n + z1(zn ∗ z1l−n−1) + zn+1z1
l−n−1 �S�‘�|�<�ò�O�w�>���‘�“ ,

l∑
n=1

(−1)n−1zn ∗ z1l−n =
l−1∑
n=1

(−1)n−1(znz1
l−n) +

l−1∑
n=1

(−1)n−1(zn+1z1
l−n−1)

+ (l − 1)z1
l + (−1)l−1zl

=z1
l +

l−1∑
n=2

(−1)n−1(znz1
l−n) +

l−2∑
n=1

(−1)n−1(zn+1z1
l−n−1) + (−1)l−2zl

+ (l − 1)z1
l + (−1)l−1zl

=lz1
l

�›�˜�” .

26. �Ú�™�wH �w�i w,w′ �t�0�`�o X �w���[�‘�“ y X (ww′) = (y X w)w′ + w(y X w′)− wyw′

�s�w�p , yww′ − y X (ww′) = (yw − (y X w))w′ − w(yw′ − (y X w′)) �q�s�” . �\�\�p ,

d(w) := yw− y X w �‘�“ d(ww′) = d(w)w′ −wd(w′) (∀w,w′ ∈ H) �q�s�“ , d �x H �w�‹
ü�p�K
�” .

�Í�t ,(74) �›	Â�Ì�b�”�h�Š�t

1

n!
dn(w) = (−1)n

(
yn

Xw − y(yn−1
Xw)

)
(n ≥ 1, w ∈ H)

�›�<�ò�$�t	Â�Ì�b�” . n = 1 �w�q�V�x�Ì�’�T . n− 1 �w�q�V
R�“�q�m�q�>���b�” . n �w�q�V ,

1

n!
dn(w) =

1

n
d

(
dn−1(w)

(n− 1)!

)
=

1

n
d
(
(−1)n−1(yn−1

X w − y(yn−2
X w))

)
=

(−1)n

n

{
d(y(yn−2

X w))− d(yn−1
X w)

}
.

�\�\�p , d(w) := yw − y X w �S�‘�| X �w�A�ù�O���‘�“ ,

1

n!
dn(w) =

(−1)n

n

{
y2(yn−2

X w))− y X (y(yn−2
X w))− y(yn−1

X w) + y X (yn−1
Xw)

}
=

(−1)n

n

{
−y((y Xyn−2) X w)− y(yn−1

X w) + (y X yn−1)Xw
}

�›�˜�” . �`�h�U�l�o , y X yi = (i+ 1)yi+1 �›�;�M�”�q ,

1

n!
dn(w) =

(−1)n

n

{
−y((n− 1)yn−1

X w)− y(yn−1
X w) + (nyn) Xw

}
=

(−1)n

n

{
−n(y(yn−1

X w)) + n(yn
Xw)

}
= (−1)n(yn

X w − y(yn−1
X w)).
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	Í�w�Ü�t�S�M�o�†�% n = 1 �T�’ ∞ �‡�p�w�è�›�q�”�q ,

∞∑
n=1

1

n!
dn(w) =

∞∑
n=1

(−1)n(yn
X w)−

∞∑
n=1

(−1)ny(yn−1
X w)

=
∞∑

n=0

(−1)n(yn
X w)− w +

∞∑
n=1

(−1)n−1y(yn−1
X w)

=

(
∞∑

n=0

(−y)n

)
X w − w + y

{(
∞∑

n=0

(−y)n

)
X w

}

=
1

1 + y
X w − w + y

(
1

1 + y
X w

)
.

�`�h�U�l�o ,

Ψ(w) = (exp(d))(w) =
∞∑

n=0

dn(w)

n!
= (1 + y)

(
1

1 + y
X w

)
�›�˜�” .

�7�™�t (75) �›�Ô�b .

(1 + y)

(
1

1 + y
X x

)
= (1 + y)

{(
1− y

1 + y

)
X x

}
= (1 + y)x− (1 + y)

(
y

1 + y
X x

)
= (1 + y)x− (1 + y)y

(
1

1 + y
X x

)
− (1 + y)

xy

1 + y

�‘�“ , �È�%�w�H 2 �ò�›�(�%�t� �æ�` (y + 1) �p�†�%�›�Â�”�q

(1 + y)

(
1

1 + y
X x

)
= x

(
1− y

1 + y

)
�q�s�“ , Ψ(x) = x(1 + y)−1 �›�˜�” . �‰�7�t Ψ(y) = y(1 + y)−1 �‹�˜�” .
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aspects of multiple zeta values, Electronic J. Combinatorics 5 (1998), Research paper

38, 12 pp.(electronic)

[BM] L. Boutet de Monvel, Remarques sur les séries logarithmiques divergentes, lecture at
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