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\weé[adx|<q«qg,a’'A% ¢q-GEUaA >Gfpwe[¢ 2002 A£E”
Ag orehj@><NVt|2w2mTwGIpwBreé[w°0sr>CQo”R
“hew> Web ip=% hwUet“p|fw™ 2005 4tq-G T e[4g 0Z
[feoMh«cwpK”}7tfwm xY~ewY6pK”U| Web t”"MoM”E”
Axfes*W'AUK”*Oswp| syhty4.Y>aelo|Y-Gf-¢é"lI¢
COE 0é-8aU®Upu~N¥7~ ivapAae we«%BR"E”"Aq 0C& oMhi
X\qt h}

O,"»<«WZ£€XxX 18 HD w Goldbach, Euler te3”"U|ECsZ€Us"«"*'0
tslhwx 1990 AET'pK"}fwE,>mZh° pK” Mike Hoffman x x w
x"UO" 't O,"»<« wae a@pAs>LdoM”U|baw;st Postech
tYTeoe&[> h,|éw>gb”"hSt|fwae >C 4Epa~loae ‘0~
h}o-:Uy  300]0j FEuler w1775 &T’ 1953 &tpt 6 $|f\T" 30 &,r"
epl982 aT’ 1985 at 3$|th y'X UKlo 1992 AT’ 1999 AfpU 28 $|
2000 AEtOlo7sw 5 &t 77 $| 2005 &ZfAU 181 $q|gXt HDtOlowy
CUT'M}:QoMo>UmMhU|\w 300yT“wae tOS UYT g o0lo
M”&e U~lUw®,r<K”}2U8’~"ceqZ€>+Sh 90 AExtij%,V e
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opiZtp<>AX,VpKIhU|MTeeq<«l td“+«0 Us’sTIh}f
ep< MRt CAe 63IJWLrsSry Mo0<C |0 i« 1.5 §
tslh}+Myhtdeaeb’\qg>Kqg o<?ey3MpK”"}th|% @Z€sT>
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1 O "»«

5

O,"»«w7swe X Euler [E] pK"U[f\p{"*0oM"WwXx® ~ 2 gM
O> sOupKlh}Z<p [b"'Os° w *w O,"»<>sSof{lhwx
Hoffman [H1], f ofeU7‘s:9q Eb”\g>sSt{Mhwx Zagier [Z0, Z1]

pK”}qgXt Zagier [Z1] welxGVX| O,"»< px7<' X¥; "2
pK-0O}

1.1 f:t'"" [gMXmTweé.$s«<
O,"»«xiw'0Ot Of:p [b"wWU° $pK”}

[ 1.1.1 ( O, "»« , multiple zeta value) YwT: ki ko, ...k, >1, hi® k5 >

2|t0"0 , O,"»« C(ky, Koy ... ky) sTwf:p S Ly
1
C(klak%---;kn) =
m1>m2>z>m >0 mlflmgg T m']fln

1
< uzl Z R ~-(Mn1+un)’“nluﬁ">'

Ln

Wp L, k=k+k+ +k, > O,"»« C(ky, koo .. ky) WO (weight), n > 2
(depth) qMO. ¢™p " ((2,1)=((3) UOD‘Ot|O”s ~x TA¢s«pwBl
(k1,ky, ..., k,) 1070 £7<wqtloSMhMU «UsMU|Z<px>t@Wx
\asMwp|Kt" &its’sMpSXE

Or"Ww-"M O,"»<> t'0SX

wt=2|wt=3 wt =4 wt =5
dep=11¢(2) |¢(3) |¢(4) ¢(5)
dep = 2 ¢(2,1) 1¢(3,1),¢(2,2) | ¢(4,1),¢(3,2),¢(2,3)
dep =3 ¢(2,1,1) €(3,1,1),¢(2,2,1),¢(2,1,2)
dep =4 ¢(2,1,1,1)

66 1 OMUEkw O,"»« (w iA¢g«uBu ) XMXmK”T . fh|O~U
k, "U nw O,”"»«xXMXmK”"T

xaSt\wf:w) tmMo ,— "t TAi«pw7sw ki >!: st h
1
C(s, k. kn) = > - p
my>massmy >0 MM "« My

w) Qw p\,oSX

43 1.1.2 Re(s)>1 s’y ((s,kg,...,k,) x"0) b”



Al) Re(s)=0qSX}A&EsU

1 1
k < o
mimy? - -mke | T mimg---my,
l“l f : .
1 A(m
(L= Y oy A
n—1 mi>mao > >muy >0 172 n mi=n 1
hi®

m o« s . m
m>mo>--->my >0 2 n

w) >tQy‘M}\\p

Ams 2 m%zé)

ma,..mnp=1 r=1

pKlo , ‘XE’«hDef:w°A (Mp<ZoX” ) '“U™w £>0t0 K" (m
t''sM )Y : C.UO°
|
z:—<C'€m8
,
r=1
qs"wp
A(m) < O lp(nbe,
‘o
. 00 mgn—l)a . 00 1
C(O’,].,...,].)SCE Z e :CE ZW
n—1 mi=n mi=n
> " c>1pKlo ,nx{ *hxp:swp ,e>Gu-"r"Xq'\gt*"
oc—(n—1)e>1qgpV” . \WqVE%Wwf:x) b”wp , 43x0O"eh 1
«™1.1.3 °"t|b,ow ki (i=1,2,...,n) >0E!: si(i=1,2,...,n) t " h :
Corrs) = Y 1
Lyeenom) == m‘ilm§2m%n
mi1>mo>->my >0
sBQ"\qUZR"U|[\*x3e “Pi i’ JAET] t'* Criw g :tr
S€ "e"\qUO"NeOM”} E%W[f:W 0) =X
{(s1,...,8,) €C"|R(s1) > L, R(s1+52) >2,...,R(s1 + -+ 8,) >n}
pK”"I\wWAIx!S [Mat] tK”}
th| 11w ((s,ky,.... k) tMMoOX]|>t s=1pwAwe:e AzetmMo|
§1.49tSMo®YF= qw »>\,"}
ANlw O,"»eX Riemann ,”"» :wT::pw<t s’sM .M 1pO

AUT:wOUO |, Euler t*"iw-Ux EpK”



g 1.1.4 (Euler, 1735 ) xp: k>11t0°0 |,

—1)kt )2k
(1) ((2k) = —%(l;]z’;!@m)% (: ( 12> <§2§!(2W)2k _ B (2 ). ) _

\\p , By X Bernoulli : pK”

ZB
-1
( Bernoulli :tmMox [AIK]»>€°w\q ).

xaSwMXmT>«qg oK["q :
1 1 1 1 5 691 7
Bo=>, By=——, By= —, By= ——, Bip= — - — L
2 67 4 30> 6 427 8 307 10 667 12 27307 14 67
pKlo (By=1, Bi=1/2,3Ziw-: mtmMox B, =0),

7T2 71.4 7T6 7T8 7.(10

2) = 4) = — 6) = — 8) = 10) = —

(=" (W= (O =g (=g C(10) =,
6917!2 2mt

12) = —— 4)=—"_
(12) = Gssiasms S = Tsaa3205)

68J 2 iw ((2k) wep , i<t 10w,VtUM:Uégmg >BQ"

Euler w=Uw'XK”"AIxiw‘Os<wpK” . sinz WAV U2 %o

(2) sinTz = 7z H (1 — —)

T'ZC" |, T%wO0:«lU>q"q )

™

cosmr 1 i —2x/m?

sintr  x —~ 1 —2%/m?

\ex cotz weell:2%pK* ,\e>ZC:tglo<'M (TMx sinz wAvu>
cotz weelli:2% T Alb”\qU MU ). |zl <1wqV, ewos>szf:t2%
* BEOf:w'0) QT’éwq,U!'8pV”\q‘" :

COS X o [ 22 oh = ok
mr——— =1-2 1(ﬁ) _1—2Z<mzm2k>x :1—2;«%)95

SIN TXx
m=1 k=
°M
)
ﬂ-xcos 1T . (ezmr + e—mx)/z o el + e~ i i e27rza: + 1
sin 7t (eiﬂm _ 671’773:)/22' eiﬂx _ efim): 6271’1':1: —1
2mix __ 2mix S 2T
. 2Ze e +1 2mxe .
= mx 627Ti:1: -1 - 627ri:): -1 - ma

o0 2 . m
-y B, Em
m!
m=0

gs’wp ,\wtUw z* w :>z,"q‘M
fwex  sing WAvU2% (2) T'Ujt™ e

3



EJ 1.1.5 xp: n>1t0'0 , IUR“gm

7T2n
(3) C(272,-~-,2)—m-
Al) (2) wAvu>fwit2%b"q :t €(2,2,...,2) UK’ "

— 1 2 1 4
() (2 ) (3
m=1 m1>mo>0 m1>mo>m3>0
=1+ —1)"¢(2,2,...,2)z™
;( )"¢( )
n X

‘ o0 . l,?n—i—l .CL’S x5
Smx_g(_) Cnr)l T TE
T’
sinﬂx_i(_ yr 2n on
T — (2n +1)!
>z+xb"gEJwUU™ "
™ p, Euler w((2k) w-Uw, \WEJ>-0°G!"IhAl>)Q”
té.$t«<UiT” O,"»<q o0 ,
*x C(2k,2k,...,2k) =( g: ) xw?n,
— ———
n X
* (Borwein-Bradley-Broadhurst-Lisonék[ BBBLY),
27r4n
3,1,3,1,...,3,1) = ———
€(7 ) 7", ) Y ) (4n+2)!’
2n X
x ((k,1,1,...,1) = (Riemann ,"»<aw 0U ), (k>2)
srUK” . \wOjsSwcwx 638J 5, Eméw-U¢xa$S
x Broadhurst wAl> >="h Zagier wAITw“t>i..w 608J

7™MWwWXx®<U TIh gxtQsMT<EessMU|“A" XX
tho w<pxsMU|Emeéw-Uw° =q 0

1 6
555 | T
mymams3

Zagier U'Y hE
6 g 0Oeh
§1.4.5 a>€°



* (Bowman-Bradley[BowB]|, +> [Mul])

Z C({210,3, {271, 1, {2}, ..., 3, {201 1, {2}
Jo+ji+-+jan=m
B (m +2n

7T2m+4n
m ) (2n+1)2m +4n+ 1)V

hi] {2 gx 2Uix ei<w , sr<K”}
Z<e’ , O.”»«w tR“gm UtmMoaa” . «Qy,

« 1.1.6 (Euler[E]) xp: k>3 t0°0 ,

k—1
(4) (i, k=) = ¢ (k).
=2
\ex®e&-U (sum formula) gqzys” Uw> sOupK” . we-UwA
I>™p)Q”"U , \\px°j> sOu ,bs™j k=3q 07"
¢(2,1) =¢(3)
w op%° sAl>»)Q*‘0O . tc,
1 1) 1 e (1 1 1
= 3 =3 (35 S8 ()
m>n>0 m=1 \n=1 m=1n=1
\\p ,
11 N1 1  m4n 1 1
n m4n)m2 mnim+n) mnm+n)?  nm+n)?2 m(m+n)?
pK"wp |
2 +@= Y (- L) —xe.
’ A~ \n(m+n)>  m(m+n)? ’

o ((2,1) =¢(3)>7"

\wsU ¢(2,1)=¢(3) w 7sAlg° =tmMox [BorB] gMO@ (M uU
K"}

63 3* ((k—1,1)+C(k) T'ZC " , %7W-%O> “&b\gp U (4) >
<Z .

\W\p , O,”»<pA’e” QiwbO«Acgi ><Ob”

“ajH a w-Ot*”



[ 1.1.7 g:. QiwO«Agi Z (k=0,1,2,...) >,

2y = Q, 2,={0},
Z, = Y Q. k) (R>2)

k—1>n>1
k1,.oikn>1k1>2
k1+m+kn:k

p [b” . bs™j ,0MU kw O,"»<fot‘lo Q I\RNe” RwealQ
O«Agi > Z, gb”wpK” . OMU 1w O,"»<xsMT’ Z={0} q° , (
Si Z2,=Qq 'oM” . Et O,”»<JoU\Rb"i > Z qb”

Z = i Z.
k=0

« 1.1.8 072 x ((2) UK"iZswp Z,=Q-¢(2) (11i )pK” . thitAl h
‘Ot ((2,1)=¢(B)swp Z;=Q-((2,1)+Q-¢(3)=Q-¢(3) (1 Ti )ags” . 2, U(C(4)
pA’e” 11ii pK"\g>™pOb . k>5pliu-~ "oM” Zi XSM .

Z.wlitmMoxiwf " M'YUK” Co»ody (k=0,1,2,...) >, =%t
do=1,d1 =0, dy=1, dy=dy+dpsy (k>3)

p S'qV

'Y (Zagier [Z1]) dimgZy=dy pK-0 .

'Yii dyq, OMkw TA¢g«pwx:pK” 282 w > K[0S X

k 0| 12345 6| 7] 8 9] 10| 11 12 13 14 15
dy, 1101|112 2| 3| 4 5 7 9 12 16 21 28
2F=2 1 — 1 — [ 1]2|4]8|16|32|64 128|256 | 512 | 1024 | 2048 | 4096 | 8192

60 4d, wU$sGV~>{S"

\w'YtmMo7Uw> $sALxiw gpK”U , fxfwAle tmM
0 "6—>EhsMwpAL>\,"tyS”

g 1.1.9 (Goncharov[Go], E [Te], Deligne-Goncharov[DG]) /AsU
dimqZ;, < dj,
UR*gm .
«™ 1.1.10 Q-O«Agi Z xAviipK” . \ex
x w2k € Zy, (Euler) g @ wOyQ (Lindemann), thx

x Rivoal [Ri] t*” ,¢(3), ¢(5), ¢(7),...wot QI gs<wUAvxK”"\q



“UTY L th, Z=@7 2 ¢U&Eqba’eoM” . (T \eUAINe"_

"X wWgl—-sMq¥ e"wp ,Z>xaST'E%w Us$sUeéq o [b”
wUQi$pxK” . —sXq«qOfp|Ys”O”>Em O,”»«w tR“gm
¢ Ux_mTloMsM} )
ixO«Acgi Z xutmMo aoM” . w's'c Ztx ,S..ql..t\,”
™Tp, ®Eé“wuwl "UO* , fwl\gU O,”»<«w w[Es U>\"
Zb .
EJ 1.1.11 Z x Q-E:pK” . th Z, -2, C 2 UR“gm .
Al) Emw O,"»<wuU ZtO"\gx , [f:wutge"éwc“>&p
tiAb"\qt'lo-TS" " . «Qy , Riemann ,”"»<wuX ,
B 1 Ly 1
@ =D — D)= D
m>0 n>0 m,n>0

(T 2y )

m>n>0 n>m>0 m=n>0

=((p,q) +¢(q,p) +C(p+q)

qs” . EtE%woowO U (%wfegewOrwepK”"\q<uT” . ¥h,
"U 1 9g2w,”»cwuX

C(p)(g.r) = (Z ll) ( ) mqlnr) = > mjn

>0 m>n>0 >0
m>n>0
1
)IEEEDDEE D DEE D DR DS
Pmanr
I>m>n>0 m>i>n>0 m>n>l>0 I=m>n>0 m>l=n>0

=((p,q,7) + (g, p,r) + (g, m,p) +Cp+q,7) + (g, p+7)

gs“ , *x“O”Ufegew O wets”'Os O,"»<weq 0 b\qU

PV” . % 7W*Mp AU 22w, »<wu>-%b"q 13 xw_ "»cweéq’

o re” 2 wOuUp\,”wxyppK”U ,AXx, éwc“q ofege

tG-g,wmMhxp:wE>"h"«<wUE"Uu"~lhqV ,feUY.qg ' 0owG

-gq,wDo6Qb,ot"h” , “Mt}"’sMu q o{Zo ,e'wolU°’mw

O,"»«>)Q"wpK” . fwgqV |, «<Us Xs’g\-px "U<U"\gt«

™R I
H142 ..p\wut®@bPeéu q‘*£wF >E:$t U=b" .ot MU

mqgn w,”»wu>\we“Mp-%b"qVtge"ow: D(m,n) x Delannoy

number qzye":ts”}\ex< : Gp

m n __ 1
Z D(m,n)X™Y =T % v _xv

n,m>0



p [*+":pK”"} ' =Up)Q~s’

D(m,n) = D(m—1,n)+D(m,n—1)+D(m—1,n—1),

(D(1,1) =3, D(1,2) = D(2,1) =5)
pK”} 142 ...p\

VITGwuwF w =$s U=U,S\+t0 “oM”\
qguU_o *«"pK-0}

Wp ,\wu>—-lo  ,¢(2,2,...,2) we (3) T' Euler w=U (1) ><M0"~‘O
——
n X

fe (27 =2¢(2,2) +¢(4)

((2)<(27 2) - 3((27 2, 2) + <(47 2) + C(27 4)7
((4)¢(2) = ¢(2,4) + ¢(4,2) + ¢(6)

swp, TUw)>q"q  ((4,2)+¢(2,4) U«Qo

¢(6)

(2)¢(4) = €(2)¢(2,2) +3¢(2,2,2)

™ ™ 7'('2 7'('4 7T6 7T

6 00 6 120 2 5000 " 945
q C(6) U{E" . °"w ((2n) t0°0< n>21t0"0

Y

\e'Ww% >!E$tCQ"q

9

n—1
(5) (=D)"C2n) = n((2.2,...,2) + ;<—1)m<<2m><<2, 2,...,2).
W\p ,C, = (=1)"12(2m)!I¢(2m)/(27)*™, qSX (hi® Co=1qb” ). C, UBernoulli
. Bo, ts™M\g>0dy'M UGt 22n)!/@2n)* s»Zo  (3)>;M"q
n—1 1 1
2n+1 22” Zl 2m' 2n=2m (2(n —m) + 1)

8



gs’wp
n—1
on + 1
(2n+1)2C, =20~y < n )22m0m,

m=1
Hlo ,
m=0
> o \wt %t /(2n+ 1) >»Zoe > >q'q
N e —i—e‘t
0/ _
0T 2(271 ’
> - 2n +1 $2n o 22mcv 1
0 — 22m - — t2n
o0 =3 (3 () - (S e )
B i 22mcmt2m i t2l B i Cm(Qt)Qm et — et
-\ & 2m)! —~2+1)! ) & (2m)! o7
‘o |

60 5 % 7wMOnp,

2k, 2k, ..., 2k) = CW (27i)>"* /(2nk)\,
¢( ) = Gy (2mi)™ / (2nk)

n X
Wt o x
) _ B LNy 20k (*)
=1, W =_—N"(~1 BomisC (0 > 1
=1, € =5 > (o) Bkl (02
p'=%$t>%" g: , pK"\g>0d . hi® FEuler w-U (1) x7Eq 0;Mo
qub”

1.2  Ouut'" 0
fw‘Os OQuiu¢Siuu|th Drinfel'd utiqzy*"\q<K"£>RQ"

(6)
I(er, - ,ep) = // Aey (1) Asy(t2) -+ Ay (i) dty - - dty

1>t1>->1,>0

1 t1 ti—2o tr—1
_ / A (t)dt, / AL, (ta)dts - - / A, (te )b s / A (te)dts.
0 0 0 0



hi> g =0%thx 1(1<j<k)p,
1 1
Ao(t) = = S’ A (t) = ——
olt) = 5 | 1) =1
Et 6e=0Tmeg,=19g> b” . uix\wUEw<p) b” . 0,7 »<x\w
wuilp Ae” . \ex opK”"UASO0OApPK” . [Z1] txxaS  Kontsevich t
l“((TM/\.th”
g 1.2.1( O,”»«wSiuii O )
C(ky, ko, ... k) = 1(0,...,0,10,...,0,1,0,...,1,0,...,0,1).
N—— = S——
k1—1 ko—1 kn—1
Al) 1/(1—t)>szf:t2% 00 ul> “&dy~'+"U , \\px™w\

q<RQo , iwf: (multi-polylogarithm) ><O" |, fwSTuiu Ow> sOuq"’
0Aib”

[ 1.2.2 xp: ky,....k,>1t0" |

zZ™
Liky kg, (2) 1= > T
mi1>mo>-->mp >0 ml m2 ml’;/;n
gb” . \ex |z|<1pY s > S"U ki>1s'y z—1p<)
Likhk& ----- kn(l) = C(khk?w"ukn)
qs” .n UlwOuw Liy(z) = z™/m" U, 0O0: : (polylogarithm) p,
o dt
(7) Liy(z)=—log(l—2)= | ——
, 1t
p K ” .
43 1.23 ky,....k,>1,|2/<1t00 , IlUR*gm
1
1— le2 ----- kfn (Z) (kl = 1)’
d . —
Elﬂkl,kg,“.,kn(z) = 1
;Liklfl,kg ..... ko (2) (B> 1).
Al) ki >1s’ [U>0 st oUjt™’e” k=1 wqV,
d Zmil
L ()= Y
dz M1>ma> - >mp >0 my? -y
- 1
mi—1
mo>-->mp>0 \mi=ma+1 2 n
- ¥
= F—
Mg >+ >my >0 L=z my?-mpr
1
= : Lik2,~-~,kn(2>-

10



68J 6 (Zagier) Z<wM p

271'4"

3,1,3,1,...,3,1) = ————
C(\? ) ? ) ) (4n+2)‘

Vo
2n X

>Ald:
F(a,b;c;z) > Gauss wO2?f:qb”
ab ala+1)b(b+1)2* ala+1)(a+2)b(b+1)(b+2)?

(a,5;¢;2) T cle+1) 2! cle+1)(c+2) 3!

sU
. t -t t =t
ZLZ31 3.1 t4 _F(l—l—z T3 ,1;x)F(1_Z T3 ,1,x)

2n

>, T%U 1+0(2?) pK” aw f:pei”;E
d

2 2 4
1-— —t
(1-2) ) ()
Pp«Q”\qT’ <X . 02?2f:w> &"iU :p"b-Ugq .10 twi4
U (Kqw §1.4.5 w(35) U) >u~doQ'«"
1 sin ra
F(a,—a;1;1) = —
(CL, a; 1] ) F(l—a)F(l—i—a) Ta
Tl
t —t t —t 2 142 1—1
1) F 1) = - o) sin (bt
T T BVF G = Y w2 Sin(— ) sin(—5—mt)
_ coshmt —cosmt i Qringin
N 22 (4n +2)!
"o, 43 123 q () T Lig gk, (2) WSTuli OU e . fes\,”hS
t,tGO>;™ 0SX . U0 U w(t) ¢TMx dt/t thx dt/(1—t)) t0O 0oSTul
z t1 tp_2 te—1
/ w1(t1)/ w2(t2)"'/ Wk;—l(tk—l)/ wi(tr)
0 0 0 0
>
/ wq(t1) o wa(te) o+ o wg(tr)
0
g{Xx .
EJ 1.2.4 ITUR“gm
Lig, ko e (2)
dt dt dt dt dt dt dt dt dt dt
= —0—0:++-0—0 0O—o0:+:++0—0 0+++0—0:-+-0—0 .
o &t to1—t ¢ to1—t ¢ to1—t
klfvl X ko—1 x kn—1 x
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Al) (1) T'ZC |, Ligsy. s (0)=0t«™ 0EwW4IWuii> “& 0OMZy"
M.

g 121 xEJp z=1qSMh«wpK” . tGOp{Xq
C(ky, ko, s k)
Ydt dt d dt dt dt  dt dt dt dt
= —0—0:-:0—0 0O—o0-++0—0 0+++0—O0:--0—O0——,
0 X t t 11—t t t 1-—t t t 1—t
~ - ~ ————— ————
ki1—1 X ko—1 X kn—1 x
\wuii " Owep , ONk=Fk +---+k, x dt/t qdt/(1—t) wx:wi: , mf“u
dgwii (Sfws: )q'ogq™ , ~ nxdt/(1—t) wx:qslog~soM”
w\gT' , 0%k ~ nw O,"»c (wih¢ep )x (F72) xK"\qu~T”

((zx dt/t, Ezx dt/(1—t) g>tloM”wp ) "hUloO”* k w O,k "»cX
SE() =202 xK"¢ k—2Utt dt/t,dt/(1—t) wMceTE

n=1

« 1.2.5 OrU-"MqVw , 4)>—hEJWAIW-%>l0"" Ctc

d 1 1 o dt
—Li = Li =
dz ha(2) 1—2z h(z) 1—2z /0 1—t

/ dt, /tl dts Z o dt dt
Lle = © .
L—t Jo 1—ty o 1—t 1—t

\ex z=1pC,b” . it

pK"wp ,

d 1 1 [ dt
iy ) R
dz i2(2) z i(z) z )y 1—1

L /dtl/ dt, ddt i
] = — O .
2 1=ty Jo ¢t 1—t

dty dt,
1(0,1
/ / 1- tz )
OMU 3wgVxO”™ 2 w-%U-Qo , «Qy

ing( ) = ELZQ(Z)

\\p z=1q9gSMo

dz
qs’wp )
Lig(z / dty / dts / 1d_t3t3'
v gt
/ / 2/ 1d_t3t3 1(0,0,1).
th

d . 1.
ELZZJ (Z) = ;Lzl,l (Z)

12
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“dty M dt b2t
Liz,l(z) _ /_1/ 2 / 3 7
0 tl 0 1_752 0 1—t3
Yde, odt 2 ¢
€(2,1) = /—1 2 / P = 1(0,1,1).
0 0

y/$s Liy(z), Riemann [ "»<  ((k) tmMox

Li<z>—/2@/kdtm /Sdt/ i
‘ o tk Jo lk-1 1—t

S
Lat dt dt dt
k) = oo
(k)= | Fogoegor—
k:—‘lrx
pKll .
Drinfel’d uix0fQ
(8) ](81,"',8k):I(1—€k,...71—61)
>Em . \ex (6) tSMo!:!0 (t1, o ytg) — (o th) = (L —tg, ..., 1 — 1) >ee
sQy , Ao, (1 —tpy1) = Arc,(tra—s) tla 1Zi
aty  dt dt!
@@ Cody 0 —1
dty dty o d
‘J’: dto  dta dto _ —1 1
dt)  dt} dz;’ _
ﬁ ﬁ ﬁ 1 O

“Ojtrer

« 1.2.6 sU ((2,1)=((3) >\et'“Alb”

@) /dt1 / dts /t'z dts /// dt,dtodts
1—t2 0 1—t3 1_t2 1_t3>

1>t1>t2>t3>0
\\puilw!:!1d (t1,to,t3) — (1 — 53,1 — 55,1 —51) >®@0q, E%wulx
dsidsad
] et
5152 1-83)

1>s1>82>53>0
”
gs

\w (8) »° w O,"»«wt?t< b"qiw‘Ots”

13



[ 1.2.7 RUUxp:w O TA¢g«p k = (ky,...,k,) Uk; >2 5>-hbgqV ,\

*>) TA¢«pugMO\qtb” (6 px Zagier U “admissible” qMO >Ko
oM” ). ) TA¢«p k>,2ZiwRuqg 1qtiZo |,
k=(a;+1,1,...;,a+1,1,...,1,...;as+ 1,1,...,1), (ay, by,...,as, by > 1)
b1 by—1 be1
1— 2— o —

g b .\wgV ,kwOO0 (dual) TA¢«p k' >

K = by +1,1,...,1,bs1+1,1,....1,....by+1,1,...,1)
—1 —1 -1
p [b” .K x) TA¢«upKlo Kk wOO0Ox kpK” . kgk' wO~rxs X
r"xi4$ . mi“ kgk'w *weU k(S| k) wO”rts'MgMO UK”

63J 7 [owti>Aid

g 121 ‘' |
¢(k)=1(0,...,0,1,...,1,0,...,0,1,...,1,...,0,...,0,1,...,1)
ai 1 a2 2 Qs s
pK"T [ (8) »—-loiw®00Q g~ (“duality theorem”) UtQ” . ¢\w gw

uil O>-"sMAIXK"Wi—-OTE
g 1.2.8 (00Q, duality) ) iA¢«p kq, fwO0 TA¢«p k' t0"o

¢(k) = ¢(K)
UR*gm .

« 1.29 xp: nt0" |

sSwWp

dual
—>

sSwp

14



Etieh , O,"»«wul wEmeu
<, Lig ko (z) WuU% a w :wep{Z"qgMO
. °78%s g>\,"2t«>-% 070

« 1.2.10 43 123 *"

d
dz

SWp ,

\eq4J 1.23 "

dz
Hlo

—4Lh@f)=21

ﬁwmxamaa)zéuﬂ@2+ll

,\WSTul " OT e . \\p
, 7 $s gwo = (z=1)q

. d .
— ZL’LI(Z) = QELZLl(Z)

Lil(Z)Z = 2LZ'171 (Z)

: . I
Liy(2) = 2;L@171(z) + - Liy(2).

—Z

Liy(2)Liy(2) = 2Lig1 (%) + Liyo(2).

ul :xb,o

O”MU 4 tpwu>»e 0SX

on 2

o” 3

z=0pw«U 0gMO\qT'>FfloM”"\gqt«™

Li1(2)2 = 2LZ.171 (Z)

L’Ll(Z)LZQ(Z) = 2LZ.2’1(Z)+LZ.1’2(Z),

oN 4.

LZ'Q(Z)LZ.Ll (Z)
LZ.171 <2)2

60 8 IGw-U>-TS"

66 9 uUO”™ 5 qs’EmwEU"d>fae»e -%d"

"T .

’(2) = 3L’L.1’171<Z).

Liy3(2) + Liga(2) + 2Lig1(2),
2Li151(2) + 2Li112(2),

3Lis11(2) + Li121(2),

4Lira(2),

2Lis5(2) + 4Lisq(2),

3Lis11(2) 4+ 2Li121(2) + Liy12(2),
6Li111.1(2).

. ?2TF U_QoX
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60J 10 xu: nto"

>Ald®

fw gxSiuuwuUSiuiuwep{Z"qMO Ree [Ree] t*"° $s ¢g>
wf p\,hcwpK”

g 1.2.11 (3B Ngu ) wi,wo, ... wi, W wh, .o wh > dt/t Thx dt/(1—t), hi® |
wp=wy =dt/(1—t) gb”"qV ,|z|<1 t0 0lUR“gm

(/ wlowzo-uowk> </ w’low;o---ow;{/): Z </ 77107]20"‘077k+k/)-
0 0 0
(

1,125+ 77k+k’)

\W\p o (M2 M) X, (Wi, we, .oy wi) 9 (W wh, .o wy) fegewq,>-mqg»
C\es  (w,wa, .. ywr) 4 (W,wh, ... wh) W3Re Ng  (shufie) gMOE£T05>"h”

Al) k+K t b"<0OpAlb” k+KE =2 Dbs"] k=kKF=1wqVx, Et«
p-%  h Lij(2)>=2Li11(2) t sS'sMwpY ™M It k+K <nwqVY Mg>
b” . k+K=nwqV,w; =dt/t thx dt/(1—-t)t ao , fege wi(z):=1/z fh
x1/(1—2)q SoSX (wi(z), n:(z) tmMMo<%7 ). T%weiUs M\qg>"ey

‘M. uweiOq , Sfuuw [*"

d z z z z
E((%):wl(z)/o wQO---owk/O w’lowéo---owg,—l—wi(z)/o wlowgo---owk/o Who + -0W),.

Wp , (wi,wa, e ywrk) O (W, wh, oo wh) W3RE NG Y. X , wi W™ME (wy, ... ,wi) g
(wi,wh, ..., wh) W3R NG> ,hcwq L wp W™MLE (w,wa, ..y wg) q (Why oo, wh) W
3R¢ Ng> ,h«wtiiZ’ «”"\qt«™b"q , <o0ow>

o : d .

IUWE% ) = = —( E%

( 0) Z 771(2)/0 N20M3 0 OMNktk dz( )

(1,125 Mg )

gs“ , guO~reh . 1

gp w =w;=dt/t wqgVx ,z—1qgb"qt%waoU O,"»«t) b"w
p, O.”»<wulU O ,”»«weép{Z”\qUG6|Al~eh

«™ 1.2.12 \wuwF px , UWE%tZoX"0wO"rUiwfegewOrwet
S"\gxEWf:wOuq%apK"U|Et|aow ~<fegew "weéqs”

60J 11 \exseT

60J 12 é.$t3R:Nc>:Qi["\qgp ., Xg: m,nt0°o0
m—1 n—1
Liy, (2) Lin(2) Z( ; >LG+zm i(2) + 0( )Lzmﬂm_j(z)
= j=

UR“qm\qg>Aid"
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« 1.2.13 Situiu O
2dt dt

ot o1t
A, (dt/tdt/(1— 1)) q (dt/t.dt/(1— 1) wiBe Rgx  (dt/t, dt/(1— 1), dt/tdt/(1— 1)) U
2 &% | (dt/t,dt/t,dt/(1—1),dt/(1—1) U4 &“swp

Liy(z) =

LiQ(Z)Q = 2LZ.2,2(Z> + 4LZ'371<Z).

‘o
((2)* = 2¢(2,2) +4¢(3,1).
°M, Ewf:>—lhuT’ ,

¢(2)" = 2¢(2,2) + C(4).

‘o,
4¢(3,1) = ¢(4).

\WWOt , Emw O,"»cwu  Ck)(CK) >, f:t*”MO | uit'"MO , E
e“w“MpétU-oz+b"q ., O,”»«w wixis¢ UU\a” N\
w Uw\g>® (v )oO3RsNg U™ (“(finite) double shuffle relation”) qM O.
\e>C,f:tplltMeo° =" ,Gu Xw U>"*OgMOwU , H14 ...
Ziaw JpK” . fw2t [ \eiptE’soM” s UtmMo*“ b”

1.3 M-M-s U

\w...px , €.$t)Q’+"MXmTw Uw%»>°pb” W\ p\, 7w
X, 7™wLe-Murakami w U>tV®GU U7t fe” . > s<wT qte
[OMXwWxXxA,s'Op<K”U . fege g hp +«O0&b"<Ww<K-OT"\
wiftbh”
00Q. \ex7t2..p\,h .Emw“MtO0s) TA¢«p k. k' t0°
(9) ((k) = (k)

UR“gmgMO«wpK”

Hoffman w U [H1]. ) 1A/ «yp k= (ki, ko, ... k) tO° |

(10) > Gl kimnki + L ki, k)
=1
Joy—2
= Z Zg(klw"ak‘l—lvk‘l _J7j+ 1akl+17"'vkn)
1<i<n j=0
ki >2

UR“gqm . E%weéx, tc k,>2qs” [>"h* .k T': j>%Mhi k wEtyh
t j+15>a0 hcw> j=0T" k,—2%p "oM”

17



«1.31k=(2) gb"q6| Euler w-U ((3)=¢(2,1) U™"+"
k=(3) ab"q ,

((4) =¢(3,1) +((2,2).
th k=(2,1) gb"q ,

¢(3,1) +¢(2,2) =¢(2,1,1).
\e’Emqg ,2..7™t"’eh 4¢(3,1) =¢(4) »u~do , Z; x
RAs” 10ii pK”\qUUT”
<O{gm ,k=(3,2,1) t0°0

C(4,2,1)+¢(3,3,1) +((3,2,2) =

Hoffman wAIx |, Et ((2,1) = ¢(3)
ga:art*”! ytUM .

"wp\\pxAixAjb”

™

€-U (sum formula) (Granville [Gr], Zagier
o, fwO” , ">Em O,"»<b,owé>q”q

(11) >

ki+ko+ +kn=k
Vi o1,k >2
Al ) Granville wAIxIGw
wpK”} Zagier [Z2] wAIxiwe“}U
oT’

>frw! pAl®
w..pAib”

C(ky, ko, ...

€(3,1,2,1) +¢(2,2,2,1) + (3

hU
® <l

[Z2]). O™k, N
Riemann ,”
Jkn) = (k).

S(k,

flpwz Az
U w> sOQugsloM

n(l1<n<k)>{"
»<«Qgs”

,2,1,1).

Hoffman WAT% 7 |f: Oqaeui:ir>;M”«
(11) w(%weée>

Stkn)= > I(0,e,...,65-1,1)
€9,eees €p_1€1{0,1}
52+.4.+5k71:n—1
UuT” ¢ 1 wx:U " npKIhEpe"" E>-So ntb’< :>7"q
Z S(k,n) anl = Z I(O E2y vy 8]’»‘7171) X€2+“€k71
o<n<k E24euty El— 16{0 1}
/ / X 1 X 1
= . —|—
t tz 11—ty teer 1 —tpy /) 1 —ts
1>t1>t2>..>t,>0
X R=2 0t dt
= a [ (LGS T
_2 1—t t1 1 —1
1>t1>t>0
1—t, “dtl dt,
= | X lo
—2 / / (og * &7 1) o 1—t
1>81>t,>0
\\p!:10d
1 tl 1 1—tk dtl dtk dl’dy
T = log — =lo — =
8 YTIRT T L 1-1t, ertv—1

18

n) q{XqSTul

dty ...

(haQy ) ¢(4) p\

(e

dty,



seeM X1 w :>z,”

00 OO L k n—1 _—-my ,n—1
S(k,n) = / / ¢ _yl), dz dy

(k—n—-1)! (n
- mZ::l mk_n — =) (/Ooo e P dy = (pn_lpl)!).
co°m|Xu it Al (1997) >°pb”
S(k,n) xIq% 7AT"hMUw(%q" ., Sx n>-So< :
i S(k,n)y*r -1
k=n+1

»BQ” . \ex |YI|<1p) "oM”"}ses’| O,"»«x [""

>“h |0~ k, ~ nw iAg«px (P2 xKIhT'[\w< :w f:q 0
|V [<1p) b”

= (k-2 1
2 Yk:—n—l —
I I
k=n+1
Uuqge"} f\p |Y|<1lqg o|]\w< :>-%b"q ,

00 Yk1+---+kn—n—1
> 2 ks kYT = Y Y. wm
k=n+1 ki +ko+-+kn=Fk my>>mn>0 k1>2.ko,... kn>1 my m2 C m]ri"

Vki>1,k1>2

Yk172 Ykgfl Yknfl
o Z Z kl k? mI:Ln

My > o >0 ky>2, ke, kn>1 UL my

~ oy 1 1 1
B mi(m —Y)my—Y  m,—-Y

mi1>-->mu >0

°M, Al ’hMUWE %w< :Xx

R Yknl o0 1
(12) Zc )Y —ZZ gm

k=n+1 k=n+1m=1

4] 1.3.2 iwuii"OURQq

Z 1 1 1
mi(m; —Y)my—Y m,—-Y

mi>-->mp >0
1 to dt tn—2 dt. tn—1 dt
:/dt0~té/1/ ! / n—l / .
0 o 1—1 0 1—t.,-1J t) (1 —tn)
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Al) ™_wudT'ql ,-% 0eX .]Y|<1 qb”

v-1yg L ylrte e e
t”" tn [ tin } = S S
tn—2 dtni tn—1 dtn [o¢] t
[t / o = > [T B
o 1—t,1 o tY(1-—t,) = Jo 1—tn1 Up — Y

- Z Z (Vn—Y;(anl"i‘Vn_Y)'

\wan> “&°o
00 tu1+ Fuvn—Y

E% = dto -ty !
0 /0 0 0 Z (y’n_Y)(I/nfl+l/n_Y)“'<l/1+“'+I/n_Y)

V1, V2, sln=1

[e.e]

1
) Z Vo =Y)Wpatvn=Y) -+ +vn=Y)1 4+ +1y)

V1, V2, ...,Vn=1

= (% (43 132 wAl4 )

~

e-UwAIlti”}4J 1.3.2 WE%wS8Iiuili> Ouut' o

to 1
E % dto - - - dt,,.
0= / / L—t) (L= bty (L —t)tr "

1>to>t1>- >t >0

tno1, ..., ta, 11 thUUb"

2 tno1=tn— 1—t
/ - dt, = [— log(1 — tn_l)} B log ——*,
tn

1 — tn—l th—1=tn 1 — tn_g

1 s ] 1—t
dt, ydt, 5 — 1 ( n )dtn,
// (1 - tan)(l - tnfl) ! ? /tn 1 - tn72 ©8 1 - tn72 2

tn73>tn72>tn71>tn
— [1 log2< 1 —t, )T”‘Ft”‘?’
2 1—t,—9/ lth_o=tn

“&°0

1 1 —
ceodt. = log" 1 ™
/ / At (1 =i,y M dh = gy loe™

to>t1>>tp—1>tn

20



. tr=1 1 1—t
E%wul = 0 log" ! 2 dtodt,
° // A —ty) (m—1) 8 T O

1>tg>tn, >0
Y1 1 1—s
= : log" ! dtds.
// sY(1—s) (n—1)! e T
1>t>s>0

1—s
k—n— 1 n—1
E:Sk:nY n_1|// Syl_s.og " dds.

k=n+1 1>t>5>0

Arvtfw 2 08>RQ” . G\ex | X |<|1-Y|p) b"E

Z Sk, n) X"y Rt i( i S(hk, m)y* o) X

n=1 k=n+1
k>n>0
i // Xlo1 } dtds
- (n—1)! sY1—s 51
n= 1>t>5>0
/ / P exp(X1og )dtds
S p—
1>t>s>0
-1 1—3 X
dtds.
// sY(1—s) 1—t> °
15t>5>0
\\p
t 1—s
13 =2 =
(13) YT YT
g':!o .ul=-=x u>1l,v>1tg"e” . 0l0X
—1 —1
(14) s= 2 pouv-1)
uv — 1 uv — 1
gs“ , :e»Ux
9s  Os (u—1w=1)] —v 1 (u—1)(v—1)
(15) J=| o | ! - .
g—fb % (uv — 1)4 -1 u (uv —1)3
\e , 7T™wulx
—1 —1 —1
1—5:U(U_ >, 5(1—3)—(u )Yj )
uv — 1 (uv — 1)
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Srt«™ g

00 Y —1,X~1
/ / X1 J| dudv —/ / ———— dudv
) Cuv—1
_ / / Y 1 X 1 Z (i)mdudv _ Z /OO uY—m—l du/oo UX—m—l dv
uv —~ )i 1

m=1

:Z (m-=Y)

m=1
M,(l?) Lo
k,n n=1 k=n+1
k>n>0
ot mzlm”(m—Y) — (m—X)(m-Y)
AA,
Z S(k’ Tl)Xn 1yk7n71 Z C(k)Xn 1yk n—1
k,n k,n
k>n>0 k>n>0
z+t ' oe-Utxab” . .
66J 13 1:16 (13) tmMoo!dU (14) p)Q'+"\g>0O" L fw ce»

UU(15) ts”\g>~TS"

Gaw U [0O]. Emw“MtOO0s) iAi«p k= (ki,....ky), K =(ki,....K,)
q, U™MwT: [>01t0 0 |,
(16) > kit kate) = > (ke K +e)
e1+-ten=l el +tel =l
veiz0 Vel >0
UR*gm .
Gu wAlx , Stui " O>;Mo< A" Zagier t*7¢-UwAl>° =
“hewpK” . ™t E%wOO0> |lh wsU><ii Uw<Aqg oAlb” .

h, >-ia [OU] t'” ATUK”

« 1.3.3 00 TAi«p (271)M

(3) t0"o ,l=1wqV,
¢(3,1) +¢(2,2) = ¢(4),

=2 wqV,
C(4,1) +¢(3,2) +¢(2,3) = ¢(5).
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dual

th,(3,2) &% (2,2,1) S| 1=21t0"
C(5,2) 4+ C(4,3) +¢(3,4) = C(4,2,1) +€(2,4,1) +€(2,2,3) + ¢(3,3,1) +((2,3,2) +((3,2,2).

68J 14 00Q, Hoffman w U , é-Uxb,0Guw UT’'<T+"\q>
Od.
Le-Murakami w U [LM1]. ) 1A¢«p k= (ky,....k,) t0° [k >15s"

wx:> k wo” (height) gz| ,ht(k) g b . \wqV ,1<s<kt0'0 ,IUR"
gm.
2k +1
__1\dep(k) _ o2r 2k
> (—1)rtg(k) 2/<:+1'Z( )2 22r) By
wt(k)=2k
ht(k)=s
[LM1] weT’¢  U>°m\\tK[h . tci‘'sE: UUA|ewZAE!
"> 07 'e0M” ([LM2], [Tal, [IT]). iw UxGUu  -Zagier [OZ] t'loA]|é
WE!"t''sMpAirteoM” . GU-Zagier w Ux 8§43 p°pb”}
th, \\px°p sTlh Uq’o [HO] srUK”
1.4 YF=
\W...p, f:sM ullUC,b”"*'Os iAg«utmMo , VW< “Zb

MO—-YF=—tmMo\,”

1.41 «g°mwMO

O,”»<wWux ,f: 0 |, thxui O0>-0O\qt'“Eé“wMOp O,”
»«weéq o{V ~eh . fTofwWEm>s " MgSMo™’s” U>063R¢
N¢ Uqzeei . fw-%> ,) Q>A10aes0qrOs”i—-OT

«Qy ,

we=(52) (53) - (2) - (52 2 ) o

= ((1,2) + ¢(2,1) + ¢(3).

¢(1) + ¢(1,2) x) "sMT'\wUxq“KQc U$scwpK” . °M, uiiwC,
Q>A1 03R;Ngu>-%b”q :

e = ([ 12) ([ %er)

Yode de o dt Ydt  dt dt

= 2 oo 4o Do T o

o
o 1—t ¢t 1—t ot 1—t 1—t

=((1,2) +2¢(2,1).
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\eXx LZ1(Z)LZQ<Z) = LZ‘LQ(Z)“"QLZ’QJ(Z) P z= 1 qS M h(WpK”U , o X" U$SU

pK” . g\-=U\WEmw ((1)¢(2) wU>s"MgSMo~"q , C,0 ((1,2) U'j«
*0 Euler w((3)=¢(2,1) U™«  _\wUxY MwpK”T’ Cfwres>p”, X
Yp=pVsMpK-0OT
63 15 %o 7t, C((1)C(ki,....ky), (ki >2) >E&“t-%" , T Us'MgSX
q, C,0UGRI-¢" , Hoffman w U>)Q”"\q>-TS"
mwYp=> O0: : Li,.. 1, (2) >=10)Q0"*0 . ulw3ReNgu'™
Lll(Z)L22<Z) = LZ.LQ(Z)—{—QLZ.Q’:[(Z) X |Z| <1 pY‘ M. M
. . 1 2" e 2T
Liy(2)Lig(z) = ;ET’;W
n>m> n=1 m>n>0
pK” . 2=1-e(0<e<1) gSMo ¢— +0 wAv> |h'rOs”T ?
0 Z Zm+n »
Z—g > —— > ((21), Liza(2) —((2,1) (e — +0)
n=1 m>n>0
pK”wp , iwAv
) ‘ Zn+m
(17) eliril(J(LZl’Q(Z)_ Z nm2>:0
n>m>0
UOdey ¢e—+0qg 0 2¢(2,1) =<¢(2,1)+¢(3), bs™j ((2,1)=((3) U™ A
WAVWAIXZ<we"*  : Lig(2) =, 02" /mm? p0<z<lwgV z"> 2" pK

"wp o,

0<L212 Z%fn—— Z—n 1_2 82 (1715)”%

n>m>0 n>m>0

T™MwAEsSgwg\-p°A

1—2"=1-2)1+2z+22+ - +2"") <me

>;Mh
1—e)™ 1 1
Z ( n) E—Lzll(l—s) 2(—log€)2
n>m>0
pK*“ ( 66J 10) Tm liriloe(—loga)Q:OiT’ (1>~ . 1
% TWMOGC“> M "»YF= "Ep A~ =2weée-U>0b\gepV” . 68

12 wUtSMo m=1,n=%k qb”q
Liy(2)Lip(2) = Lig(z ZL%-ﬁ-lk i
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S| %
WE
)y

Lis(2)Lig(2) = 3 . -y +Z

=1 m>n>0 n>m>0

n=1 m
\\p z=1—-¢,¢6—40 qb"q

m+n

Liga(2) — C(k,1), ) —— — (k1) k+1—>§(k+1).
m>n>0
Mg >21 wqgV
Lijyip—(2) — C(J + 1,k — j).
™xAvVy
Zn+m
1 : : B _
(18) elir—%(Lzl’k(z) Z nmk> 0
n>m>0
>Ob\qUZRey e—+0 wAvqg o
k-1
Ck+1) =) Cl+1k=15)
j=1
>77 . \eU A =2 we-UpK” . Av (18) x, Av (17) >O hwq%o 7t
2™ 2" 1 —2m (I—g)™ 1
0<Line)- > - Y Doy B
n>m>0 n>m>0 n>m>0
(1—e)™ 1 : 1 2
< L = —a)==
< e Z - - eLliy (1 —¢) 25(log5)
n>m>0
l“od” . I
1.42 E:$ U=
Hoffman [H2] t'10<O”eh O,"»<WE:$s “{Mx , YF=> U=b
"Mt<(bpK” \w...pfestib”

z,y>l:q 0 9=Qr,y) pQiw 21:£D6 0U > bcwq'y
=Q+9y, 95 :=Q+azHy

gSX. 9 x Q-¢ i g ox 1 q, EzU y p4”"*OsooU (word) pA~’e
9° x 1 q, (zU 2 pet“EzU gy p4”’00UpA’e” . fege  H wel
H°cCcHtcHn) pK” .

xu: kt0' z=21y qSX.H' x,z (k=1,2,3,...) p\R"+"£D& oU

q sb\qUZR"” CE>2pKey i x 95t b” . hit 9" x k>2pK”
Os z, pP\R”"+” pxsM . hgQy 2%y? xfw'Osiwupx{ZsM .9 x
z™y" (myn=1,2,3,...) px t\R"«oM”
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,Q-¢ gp (“evaluation map”)
7: 9 —R
>, 9% woooU w=zp2k, -2, t0O°  (H° wigMO\QT’ ky>2 ta«™)
Z(w) = ((k1,kay ... kn)

q> (hi> Z(1)=1qgb” ), \e> Q-¢ t!A hcwqgb” . K"Mx , Stuu
“0t0 “o{Xq , W= ugug U, (g =z, up =y) 107 L w; =2 wqV w; = dt/t,
w=y wqV w;, =dt/(1—-t) q 0 ,

1
Z(w):/ W1 OWg O -+ O W,
0

\e> Q-¢ t!A he«w , qtlo<'M
00U weHn’t0’o ,0 b” O,"»« Z(w) wOAX wwi:p , "U wwy
tmMowli:pK” S Z™MpyeHtmMoc\w™ T pOAr L A S w > M

« 1.4.1 Z(zy) =¢(2), Z(z*y) =C(3), °'t k>2t0" Z(z)=Ck). Th Z(zy?) =
C(2,1), Z(z*y*x3y) = ((3,1,4) sr .

\w0 >,tMeo0 , O.,”»«wu>f: O>;MoétUbF t0 b”"
Os, "T«<2..p_h'Ot , C,b"«w<¢ UStx%aF tHOwpfec “
cip ,9 tyhsu x(Deéu,harmonic product) > [b” . «Qy

C(p)C(q) = C(p,q) +<¢(g,p) +C(p+q)

t0 "o
Zp* Zq = ZpZq + 2q2p T Zpiq
gs”"*OsupK” O x 2z, E=1,2,3,... p\R**e0M”"\q><0°S-Y 0
S X.
9 fwu *>IwF S| Q-0¢ Qt'* [b”

Hl. 9! wU™wi w t0® wxl=1%xw=w.
H2. ' wU ™ wwords wy, ws qYT: p, g t0°
2pW1 * 2qWo = 2p(W1 * 2qWa) + 2g(2pw1 * Wa) + 2piq(wr * wo).
\ex , f:it""2% WF > "t "0<0%$t&; oM"wpK”
« 142 "*U 1g2wux

2pk 2g2r = 2Zp(1% 2020) + 24(2p % 20) + 2pyq(1 % 2;)
= 2p2g%r + 2(2p2r + 202p + Zptr) + ZptgPr
= ZpZgRr T ZqZp2r + 2¢2r2p + 2¢Zptr T Zprglr

gs“ , \e«U O,"»<wu

C(p)¢(g,r) =¢p,a,7) + (g, p,r) + (g, m,p) + (g, p+7) +((p+q,7)
t0 “oM”
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Hoffman [H2] x\w % % UAUO
wy * (wg * w3) = (wy * wa) * w3

>ah D8  w xwy, =wyxw, pPK”\q , Hlo\wuU §'t QIwDBSE:wli

>)Q "\ q> ,o00U0wi:t b"<60pO - h \w QE:>> 9lg{X . edi
9% x\wut "o HlwaelE:qs* , \e> $H°q{X . Hoffman x"'t , @p
Z: 9" — R Ulwut "0j% pK”"\q , bs™j
(19) Z(wy * wy) = Z(w)Z(wy)  (wi, ws € H)
wAI<)Qh . (f<f<\Os” Ot %> oM "wpK” )
it , uiw3ReNcgut0 b”u m (\e<3R¢ Ngu , shuffle product, qze )
>, \eerxY 9 =Q(z,y) It |, IwF S*| Q-0¢ pK”"\gAe' o [b”

S1. S wU™wi w t0"  wml = lmw = w.
S2. w;=x thx y(=1,2) qU™w words wy, wy t0"

(uywy )ur(uswsy) = uy (wymusws) + ug (U wymws).

3R, N¢cu w UADO wim(wemws) = (wimwy)mws > h> | TmD3& wimwy =
womwy, PK”\gXx0>tuT* et Htbhoés QE:wi UD” (3R¢ Ng¢
UE:w° $s\gx [Reu] >€° ). \w QE:> 9, q{V , 9 $H° Ufegeeael
E:ts"wpfe> Lg% g{X . STuiiw3R¢NguT'R” O,”"»<wu

WF x ,8p Z:9°—RUmt 0¢j% pK” , mt*

(20) Z(wimwy) = Z(w1) Z(wy)  (wy,wy € H°)

UR“gm\gqg o U=~"e"
« 1.4.3 * TUY = YUT = TY + Y.

* y"" = ymym - - - my = nly”.
—_—

1 n

* """ = gmzm - - - mx, = nlz".
—_—

*p,g=>1 wqV

q—

~(p—1+i = (a—1+]
Zplllzg = 2P lymrt Ty = Z ( i )Zerizqi + Z ( j )Zqﬂ'zpj'
=0 7=0
* >t p=1wqV, zjmz, = yurdly = Zq21 t+ E;’:—é 21+4iZg—i-
60J 16 \<'>Ald*

EmwU (19), (20) >u~d"\qt‘“""«"wU (v )63R¢N¢g U ((finite)
double shuffle relation) pK” .
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EJ 1.4.4 ( vo3R¢N¢g U , finite double shuffle relation) U ™ ww;, w, €
9% to°

Z(wymwy — wy * we) = 0.
«™ 1.4.5 wy, wy 2t :pSZeyxt wimwy # wyxwy SWP (2, T 7), \exMm
(ix‘ls ))Qn
fam K[

« 1.4.6 wlzzp:xpfly, wgzzq:xqfly gb” . wy, wy € H° whSwUE x P, q>2
pK” . Ew«pK[h'Oty

qg—1
_ _ Z -1+ Z -1+
wymwy = Zpmzg =27 ymat Ty = (p i )Zpﬂzq it (q J j)zqﬂzp —j

=0 7=0
PK"wp
Sl p—1+i e fqg—1+47
Ztwmes) = 3 ("7 ) 2 + X (1) 2
/) - J

=0 7=0
q—1 p—1

— 1+ . qg—1

= Z(p )C(p+z,q—Z)+Z( J)C(QJFJP—J)

=0 j=0

M wy xwa = 2p k2 = 2p2g + 24Zp T Zpig
Z(wy * wa) = ((p,q) + (g, ) + {(p + q).

HIoEJ 144 ‘¢

1

0< _H) P+z‘,q—z’)+i(q_;ﬂ)é(ﬁj,p—j)ZC(p,q)+C(q,p)+C(p+q)

i= 7=0
pK” .
\w«p p=1wOuUx w; €9’ swp,EJ 144 x&;ZRsMU , TMtx2... ("
MYF=") p*h'Ot , 7™wsUxC,b”edU'j« Klo . fURgb”
q—1
(21) ZC +i,qg—1) =C((1+q).
=1
\ex A 2we-U (11) p<K” | Hoffman w U (10) w> sOuqg«_0Od”
°“tx ,w, thx w, UC,b” O, "»<t0 b"qV (9° txO'sM  H'w
iwqV ), Z(wimwy) g Z(wy *wy) tx'j« U"sMC,oUQqe" . \w'Osq

Vttipé>'Ab"wUZ<peaesO\qpK”
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143 f: O0>:MhYF=
Q E:j%o Z: 9 —Rw$Hl ew!'A>E:$t [b”

EJ 1.4.7 Q E:j%o Z*: 9 — R[T] p, IWUE>"hbcwU°™$t Ob”

2| =2 ZW-=T
AT) Vex  HL 92 witb” Hoffman w g [H2, Th. 3.1, Th. 4.1] ‘“tcerl
"TpK” . bs™j , fw gtiey Ol x 901 y p\RAs" o U (UX %) t %o
PK” 9l ~9%yl. mi*, U™Mwwe Hl x°™$t
w=wy+wy kY +wy kY + - dw, xy™" (wy, wy,. .., w, €HY)
w t d” \M\p o w > Z(wy) t,y> Tt"VOQo™ «"wU Z*(w) pK”™ . ]
9 wiriw t{MhqV ,fw “ 0 7> “Zbeh (Deut'"E:$sYF

=) U™pzAts"wp [T0SX
[ 1.4.8 H'wi w>

w=wy+w kY +wy kY4 w, x Yy (wo, wy, ..., w, € HY)
q{MhaV , wy> reg,(w) p b

\W'OtE:$t [*e"gD Z* U, rs$txZ<w'Os™ >Em . tc,
iAo« k= (kiko.. k) (b =1 p<*M ) t0°0 , 0 b” §' wi w(=

ghily gkl wZF 7 po ZH(T) q{X\qtbh”
Zi(T) = Z* (M hy - ab ).
T«>e['O .ax [twlqlo-% 0" '«hM
« 1.4.9
Z{(T) = T,
. T ((2
21,1(T) = 7_%7
Zi,(T) = ¢@2)T - ¢(3) —¢(2,1),
. 5 ((2 ¢(3
Zl,l,l(T) = __QT"‘Q

»—AN
*
o
—
YamnS
~
S—
I
I
—~

2, 1>T - 4(37 1) - C(27 2) - QC(Q’ L 1)7

Zio0) = 2@ e nr e n e,

2
T ((2 3 4 2,2
Zi\(T) = ﬂ—(i)T2+<;)T—C(§;)+<(4{ )7
; T C2), CB3) (4) <22 ¢(5) ¢(2,3) ¢(3,2)
ZlanaalT) = E_TT3+TT2_( 8 4 )T+ 30 6 6

29



°M, Y: M>0q TA¢«p k = (ki,ko,.... k) (k1 =1 p<'M ) t0 oy

1
CM(kkaa"'akn) = Z k1 ko

M>m1>->mp>0
gSX. ki >2s’ M—oowqV (uk) —(k) pK” . kk=1s" M —oco0 wqV
Cu(k) xC,b"

\w ve (y(k) tmMo< , O ,"»<wqVqg%aF (beu) pu>etsS
d’\qt«™ph” . «Qy,

(@) (b) = Cu(a, b) + Cu (b, a) + Cu(a +b).
EJ 1.4.10 (i) U™w() gxv'sM ) iA¢«p ktO'o , K'Y: JUK®

Cu(k) = Zi(log M + ) + O(M™! log” M) (M — o0).

hi®~ ~ x Euler w :

1 1 1
v = lim (1 +-+5+--+——log n) = 0.57721566490153286 . . .
n

pK” . bs”j ,(uk) wC,wSUMx logM w oUw|"%"pK* , fw oU
UZL(T+v) p)Q’e"
(i) k=(1,...,,K), kK x) iA¢«p ,qb"qV

——

S
S

T co
ZH(T) = C(k’)? + ylwo
p,kwO”s kgb’q ,Z}(T)wT' w :x Z,;(0"U k—iw O,"»<pA
o7 Q O«Acgi )t b”
Al) (i)st b”<0OpAib” .s=0wqV, bs”j k U) iAi«uw
qVx Zg(T) =((k) pK* , °A
Cu(k) = ¢(k) + O(M 'log” M)
UR“gm\gx , 4J 1.1.2 pelh) QwWAIpw°A>€Rt 00>tOb\q
UZR"¢ k;=2wqVXx 3&<w°AUZAE . \eT’'ZC 0<0$tAib”hS
wU iAxEmp , °mxip\,h'Ot Cu(k) «<PeéuwF tHO\q , <0°m
X‘'XE'sh°A
g(1)—1+1+ + =log M + +0(i)
M =2 e NV
pK” . Ziy(T)=Z*(y) =T swp , \W°AU k= (1) wOU>)Q"
k=(1,...,LK) (s> 1, K = (ky,.... k), k1 >2) wqVx
——

(22) CM(l)CM(l ey 1,kl) = SCM<1, ceey 1,k/) + CM(Q, ceey 1,k/) + CM(L 2, ceey 1,1(/)

s—1 s s—1 s—1

e 2k’+ZCM ...,1,k” +Z§M s LK)

— s—1
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hi®
k/(,z) - (kla""ki717ki+17"'7k7“)7 ,(/z,) = (kla"'7ki+17ki+17"‘7kr>

qSMh.k’('i),k’(/i’) XZt) TA «upK”\gqt«™
M y W = 2k Ry Rk, q{v Y

) = (1) —
WY = Zhy * " Bk B2k " Rk WY = 2y v Rk 1%k " Ry

qSXq ,
yx (Y w) = sytw + 2y Pw Ay P+ >y e + Yyt
i=1 =1

Tt Z*>2 0¢  Z*(yx (v 'w))=Z"(y)Z*(y* 'w) =TZ*(y* 'w) t«™ £b,0
TIA¢«pwGOt{VdQ~q

(23) T7Z7  aw(T) = sZy (D) + Z5  1x(T) 4+ 27 5 (T)
—1 s s—1 s—1
+ZZT ke (1) + ZZT 1 (1)
=1 e =1 e
\eU,S (22) t0 "oM” . <o00w> t*" kUU™w) jAg«pwqVz
K"T: J>0 UKlo
L\ _ % -1 J
(24) C]V[(l,...l,l,k) —Z1 ..... LE(lOgM“—V)“—O(M IOg M)
S— s—1

gs” . k=K, k), ki), tmMow (24) > (22) tEO" ,(23) qz,”\qt"*"

Cu(l,.. ., LK) =27  w(logM+~)+O0(M 'log” M)  (3J€Z, J>0)
\ sy 7 Ty )

——
S s

U-re” .
th (ii) < (23) >;Mey0>t<0$tOb\qUpV”

68J 17 °A
Cu(k) =¢(k)+O(M " log” M) (M — o0, J xXK”Y: )

>Od .

1.4.4 uil O>:MhYF=

2 .paeslhgq%a\lg> Sx3ReNcutmMoaesO

EJ 1411 QE:j% 2" : 6. — R[T] p, IWUE>"hbcwU°™$t O
b” .
2|, =% Z"(y) =T.
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Al) 3RB;NguE:wltb” g ([Reu, Th. 6.1]) ** $L ~9°[y] qs* , E
J 147 Q% 7t Og°™QUGT" . .

Al wiw | 9%yl wigiowé.$s{V "M>)QoSX\gx , Mw(St«cs
"wp , \\p%  HL ~H'[y] wAlqg<«t)QoSX\qgth”

4] 1.4.12 9 wU™wword y"w (n € Z, n >0, w € H°) x°™$t

(25) y"w = wy + wimy + womy™ 2 + - - + wymy™" (wo, wi, ..., wy, € .60)
g d” (HloU™w &' wic\w t™d” ). hi® y"'=ym---my pK” . \w
"f—/
qVv, & “ 1 7w x,w=axw (v €H) q{XqV ,
—1)¢ »
w; ( Z? (:p( n Luw’))
P)Q’e” .y =ily t«™bey
(26) y'w =Y (1" (z(y" " ww’))my'.
i=0
Al) U(26)>nt b"<0OpAib” .n=0wqVxxisUpK” .n-11%p
Y Mgb”"q
n—1 A A n A
yn—lxwl _ Z( 1)n—1—z (x(yn—l—zmw/))myz _ Z(_l)n—z ($(yn_Zle,))H_[yZ_1
=0 =1
Mz, 3R, Nguw [tSZ"F S2 |

(2(y" " ww’))my' = 2 ((y" " ww)wy') +y((2(y" " mw))my ")

pK"wp
yrrw' = y(y"law') = y(Z(—l)”‘i (w(y”‘imw’))myi*)
= Y0 (el ) my' = 2 (" g )
= (-1 ((x(y" mw'))myi — x((y”_imw')myi)).
q \ - p " n
(el yuy') = 2 (3(=1) (" y') !
pK"U ,



swp (26) UcTe” . KgqOb,vx O (25) w°™QpK” .wehH’ t0’ o
winy" = yhw +y" ) eyl Fwy (W, wy € 9°)

g d’\qU nt b’<00p0O>tuT” . Mt
wo + wimy 4+ womy?® + - - - + w,my" = 0 (wo, w1, ..., w, € H°)

ab” . (%X yw, +y" v+ Fyv F v (vo,.. v € 9Y) W t{Z7wp
w,=0qs” . 2<<0%t w,_1=0,....,w9=0UAae"e" . .

iw [ (3B;Ngut'"E:$sYF= ) UKgpzAts”
[ 1.4.13 §' wi wt0" , \e>
wo + wimy + womy™? 4 -+ + wmy™"™  (wo, wy, ..., w, € H°)

w t{MhqV , fw “:0 7 wy> reg,(w) p b

(26) t'ey Lw=aw > H wword gb"qV

(27) reg,, (y"w) = (—1)"z(y" mw’)
pK” .
PeuwqVaq% 7t , TAi«p k= (ki ky,....k,) (ki=1p<M )t0O0o ,0

b” o' wi w(=28"ly.---afly) w2t p> ZMNT) q{X\qtbh”

Z3(T) = 2" (@™ hy - at ),

« 1.4.14
Z'(T) = T,
zm = =
Zio(T) = ¢(2)T - 2¢(2,1),
Ziu,m(T) - %37

(2)T
Z15(T) = ¢B)T —2¢(3,1) = ¢(2,2),
Zﬁzl(T) = C(Q’ 1)T - 36<27 L, 1)7

Z9,(T) = @T‘Z —2¢(2,1)T + 3¢(2,1,1),

jits T4
Zl,1,1,1(T) = ﬂ:
Zl,1,1,1,1(T) - _120‘
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\w oUU , [ 122 p<O h : Liky gy dn(t) Wt —1 wqgVwWC,wSUM>
-loM™”

EJ 1.4.15 (1) U™w() gxv'sM ) iA¢«p  kt0'o , K"Y: JUK®
Liy(2) = Z (= log(1 — 2)) + O((1 — 2)log” (1 — 2)) (z —1, 0 <z < 1).

(i) k=(1,...,,K), k' x) iA¢«p ,qb”qV
———

1% o
2 = (k)7 + ylwo

p,kwO”> kgb’q ,Z8 wT'w :x Z,;thb”

Al) EJ 1410 wAiq%7wM pZR” . \\p,Sts”wx Liy(t) = —log(1—1)
pK” . k=(1,...,1,k'), K = (ky,..., k) q{V k>2qgb” . EJW°AU> stb
N’

"<00pOb .s5=0, mf“ k U) TAi«pwqVx .43 123 '

1
. 1.
C(k)—LZk(Z)Z/ T Lk -1k, ko (1) dt

p, Mfz<t<lwqV

1 1 Li (t)"
‘;lellkg ,,,,, kn(t)'<_L211 ..... 1(t) = ;;N)
Uli>-%b”q 1
/ Lis(t)" dt = O((1 — 2)log"(1 — 2))
u'tT"T’ ,
((k) = Lik(z) = O((1 — 2) log"(1 — z))
pK” .
s>1Q9° ,w=2p2k 2, qSX. 3R¢Nguw [T’
(28) yu (y°'w) = sy'w + >yt
Wt o x 9° wodoUwK” vBu>~h” 00U w t0 b” TAg«p>
K' = (K/,....k") (K" >2) q{Xq , STutiw3R¢N¢guT’ ,\et0 "o
(29) Li1<2)Li1 ’’’’’ 1,k’(Z) =sLiy,. 171{/(2) + Z Liy, . Lk//(z).
-1 s w’ s—1
<00w> T') TA¢«p k t0"

(30) Ly, gx(2) =2 LE(_ log(1 — z)) + O((1 — 2)log”(1 — 2)) (z—1)

77777
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Wp J>0xkt b"K"T: . °M(28) t Z™ 2 0 |, TAi«pwGOp
TXq

(31) TZy.  age(T) =827 (D) + ) 20 (1)
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Klo
ZZ;(logm—i-v)zm_l = 1_ZZE(—10g(1—z))+O (logJ”(l—z)>
m=1
qs"}HIO\WEmM ““|K"YT: J" UKlo

Zi (—log(1 = 2)) = Q(=log(1 = 2)) + O((1 = 2)log” (1 = 2)) (= 1)
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gMO\qgts”U| Q(T) = p(ZL(T)), Z*(T) xq<t OUpK”"T’' gwAaepK”

2 (T) = p(Z(T))

«™ 1420 Zi g 1418 >rs (hard analysis) >;MoAl h . fex , 0O,
»<WE@“WYF=wrs$s™ CZ>RQo , fe'szxb”gMO , XusMO
pK"U , °M, YF=fw<«wxE:$t [pVh . f\p , g 1418 w<IlgE:$

SAITUK”WpxsMTgMOYdU X . \etmMox  §1.52 w«™ 156 >€°

« 1421 w=yxy q 043 1412 t*"

yry = (—1)(x(ymy)) + (z(lmy))my = —z(ymy) + (zy)my = —2zy> + (zy)my

Z" »8° 0
Z" (yry) = —2¢(2,1) + C(2)T

[

My (zy) = yay + 2y + 2%y yry = —xy® — 2’y + (xy) xy, Hlo | Z*(yxy) =
—((2,1) = ¢3)+¢(2)T. g 1418 qp(l)=1,p(T)=T pK”"\qT’

Z" (yzy) = p(Z*(ywy)) = p(—¢(2,1) = ¢(3) +¢(2)T)
= —((2,1)=¢@3)+¢@2)T

ot C3)=¢(2,1) > . \w«px TtmMo 1liswp pUii$spA>Lh
"oMsMU | it k=(1,1,2) (w=1y%*ry) qq-0 . b”"q

Za(T) = SCOT 22 1) T +3¢(2,1,1),
ZiaalT) = 36T = (CB)+¢R.1) T+ 50 + (3,1 + (2 1,1),

q-%"e (~TS* ), ijl,z(T) (Zikm( ) Sl p(T?)=T2+¢2) T* , 11w :
>2,06| (~S,>S 7)(¢(2,1)=¢3) »™ , :0»z,0

30(2,1,1) = %g(z)? + %<<4) LC3,1) +C(2,1,1)

1.4.7 YF=7eh03R¢N¢ U

g 1418 T'®° 03R¢N¢ U~ (“regularlized double shuffle relation”, s S|
Racinet [Rac] t*” w U=UK" ) qfw%><X
g 1.4.22 (°°63R;N¢ U , regularized double shuffle relation, [IKZ])
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i) U™Mww, € 9", S| woe N’ to°
Z" (wymwgy — wy % wg) = 0
UR“gqm . >tfw :0pK”
(56) Z (reg, (wimwy —wy *wp)) =0 (Yw; € H, Ywy € H°).
(i) U™ww, € 9!, S| woeH to
Z* (wymwy — wy * wp) =0
UR“gqm . >tfw :0pK”

(57) Z (reg, (wimwy — wy * wg)) =0 (Yw, € H', Y, € HY).

U ((56) S| (57) xEJ 1.445> sOUQ 0 % \qt«™Dh”
Al) (Hw enwengb” . g 1.418 wU
2" (wr) = p(Z"(w1))

wt%t Z(wy) (= 2" (wy) = Z*(wg) € R) >»Z27q , Z", Z* xfegeu u, * tmMo
j% pK* ,pxR-¢ pK"\qT’

Z" (wimwo) = p(Z* (wy * wo))
>™" . \\pE%t~hh| g 1.4.18 >;Mey
Z" (wymwo) = Z" (wy * wo)
qs® , (i) U’sh . %7t, g 14.18>
Z*(w) = p~ (2" (w1))
w p;Mey  (ii) UONe"
\W gp  wi=y"(m>1)qSXqiu~e” . (i) px reg,(y™)=0t«™b”
%1.4.23 (i) U™Mwxpu: m>1quwyefN’t0’o
(58) Z (reg,, (y™ * wo)) = 0
UR“gm .
(i) U™Mwxpu: m>1qu,€9H’t0 o
(59) Z (veg, (y™mwy — y™ * wp)) = 0
UR*gm .

20



« 1.4.24 w; =9* wo=ay qb”q

y%nxy = 3xy3%—2yxy2+—y2xy,
v ray = 2%y +ay’ +yry + yzy® + yiay.

(56) >;Mey
Z" (yPmry —y? x xy) = 2" (2xy® + yay® — 2%y® —yay) = 0.

\\p

Z"(yry?) = ¢(2,1)T —3¢(2,1,1)

Z"(yxty) = ((B3)T —¢(2,2) —2¢(3,1)

(€(2,1) = ¢(3)) T +¢(3,1) +¢(2,2) = ¢(2,1,1) = 0.
Ve
C(Qa 1) = C(g)v C(gv 1) + C(2> 2) = C(Qv 1’ 1)
U~ °
(58) >;M”s’ |

reg,, (yo’y) = —zyzy — 22%y%, reg, (yry®) = —3zy°, reg, (y’zy) = 3zy’

Z(veg,, (y* x xy)) = Z(xy® — ayay — 2°y%) = ((2,1,1) - ((2,2) = ((3,1) = 0.

O.,”»«w UtmMo|iU'Y*reOM”

'Y O,”»<wb,ow (Qiw ) E: Ux (19), (20), g 1418 T'<Te”
\W'YX , u>b,0etU ' 0oRQey ,frolw gtK”%<QT’ , 1% <p
K” .
'Y O,"»<wb,ow (Q-)¢ Ux ,(56) fthx (57) T'<Te” . K"M
x, EJ 144S*| ,(58) thx (59) T'<Ts”

68J 22 (56) Thx (57) w'>;Mo , 0”5 w O,”»«wi wii <250
d. ““6MO"tmMoc« , ~%opV'chp (56) ¢ (58) (qEJ 1.44) srT'HO
U>{S"

N&aip Lille w Petitot, Minh 'w-¢”Ox , EJ 144 q, (58) wm =1 wOu
(Hoffman w U ) iZpGipK"q'Y ' oM” L t'X-% ;pO~ 16 Z<wqV
\e ('YiitpXj”\q )>=TSoM” . sS7U [KNT] t'lo|O” 20 T px

\e'pGUPK”"qMO\qUUA~eN}

o1



1.4.8 é-Uw«Z

\w...px , °°63B;N¢ U>;Moe-U (11) »<Mo"” . TM, %1.4.23
w> sOuqgoiw U™ e”

EJ 1.4.25 S(k,m) p §° wO”k, ~ m wooUb,owe>"b ck>m+4+1>2
pK*U™w Lk gm t0’

)

m k—m—1

(=1)"reg,, (y" x 2" y) = S(k,m+ 1) — S(k,m).

t%t Z >abq ,(58) ““(%x 0 qs” . HIoE%< 0p, \e* . tlhOo~ |
A>Em O,"»cweéx MtU'sMA\qUA&eN” . bsTjfwex ~ 1
w Riemann ,"»<ts’ X , @-UUMQh\qts”
Al) Deu ymx2" ™1y 5-%b” . \ex O,”»<wu ¢(1,1,...,)C(k—m) t
———
O b”"wpO>t-%pVo
m m—1
ym * xk—m—ly _ Zyzxk—m—lym+1—i + Zijk—mym—j
i=0 =0
qSu i (27) (1] ,
reg,, (y™ * " y)

m m—1

Z yH_IZL‘k m—2 m+1 —1 +Z ]ZL' y LHJ}k m—lym—j)

i= 7=0

k m—1 m+1_|_z ymxk m— Qym z)y+(y xkz—m—2ym+1—i)y}

m—1
k mym_l_ y H_L’Ek m— 1ym 1— j)y+(y mxk—m—lym—j)y}
]:1
m m—1
_ Z(_l)zx(yzm'xkfmeymfz)y_i_Z(_1)2+1$(y ke Qym z)y
=0 =0
m—1 m—2

+

(=D a(y/ ma ="y )y Y (1) a(yuat Ty )y

o

(=) 2 (y ™ ma* ")y 4+ (= 1) e (y™ ma y
=(=1)"™(S(k,m+1) = S(k,m)).

.

«™1.4.26 00Q>°"03R¢N¢g UT’«X\qU|° txftiZRoMsM
¢’ [Kaj] t'lo
Cm+1,1,...,1)=C¢(n+1,1,...,1)
N—— N——

n—1 m—1
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w wOOQ|fthfes®)Q'shO”| A|07”>«<m O,"»<weqfwO

OUsS"M gqMO t° ="h«we¢iGxfwor 1wOUEU° 063R¢ N¢

UT'<Te"\gxAlre0oM"}

~

1.4.9 O."» :wA

5

YF=w w ;g0 ,K” 0,”» :wApw A&e>)Q”
() gxv’'sM ) TA¢g«p  kt0 | iw O,”» >BQ‘O
1
C(k;s) =C(k1+ s, ko, ..., ky) = —
m1>--~Z>mn>0Tn'lf+Tnl2€ mﬁn
\w ¢(kis) x sw g :q of s @trs€ ~e"\qUE +0M"
frettx [AET)). k1 >1 s’ ((k;s) x s=0pY p ((k;0)=((k) pK” .
g 1.4.27 (i) o0 Z(T) »
juig - Tj
Zk(T):chﬁ
=0
q bqVv , : T(s+1)(k;s) ws=0 pw AaeUip)Q’«"

v

D(s+1)¢(kis) = Y L +0(s), (s —=0).

() o0 ZxT) » |
Z;;(T):iju

j'
7=0
q bqV (y=Euler : ), : ((ks) ws=0pw AaeUip)Q’s"
14 b
(ki) =D 5+0(s),  (s—0).

J=0

([AK1]

Al )k=(1,1,...,1) wqVx Z'(T) x T"/n! ts"M¢ y" =y""/nl£. \wqV
) (@) ( ) wq k(1) / yr=y"r/ q

x (i) wUx
1
60 r 1 1.1,....1) =—+0 0).
(60) (4D +1L )= +0s),  (5—0)
n—1
Alx2tb”U , \ex [AK1, Proposition 4, (ii)) pO~eh . it , O poly-log
sz(z) >;Mo
(61) D ()¢ (k: 5) = / E L (e dt
0

23



Xu»iva"AsMOpOb\qUpV” C°MEJ 1.4.15 (i) t**

K'Y ;5 U
0

‘ Lix(e™") — Z& (= log(1 — e7")) |< C(1- e_t)67 (t — 40)
gs"wp , I'(s+1)((k;s) =sI'(s)C(k;s) ws=0 pw Aaex |,

A TC R IR b A SR
0 j=0 7" /0

ws=0pw Aazq°sb” ) (—log(l—e_t))j/j!:Lil ,,,,, 1(e™) pK"wp (61), (60)
W—/
>; Mo
o (—log(1—et))’ 1
3/0 el Og(ﬂ ) At =T(s+ DC(s+ L1 ) =5 +0(),  (s—0).

7—1

S/Ooo 5120 (—log(1 —e™h)) dt = Z Sy O(s), (s —0).

TX 0 (i) xO~”eh
(i) x2tbh”U , (i) qgp pw [T'<Tse”

66J 23 (i) wAl>)Q"

1.5 <0 Ug° 63R¢N¢ U
1.5.1 <0 U

$H = Qz,y) wei (derivation) gx , Q-¢ gp 9: H —9Hp, U™Mww, v € Ht
0"

I(ww'") = d(w)w' + wd(w")

>-hb«wpK” . H Xzgqyp\Rr*oM"wp ,0x 0(x) qd(y) p>Flo f
O. $h,0(x) gqd(y) >»x t)QhqV , fw‘Os<iU ° %~

[ 1517 > % wQ-Sx~% (r(ww) = 7(w)r(w) >  hbcw ) p 7(x) = y,
T(y) =z s”«<wqgb”
0O0Q ( g 128) x, b,ow wyeHn’ td o

Z(wo) = Z(7(wo))

UR“gm\q , qtO\qUpV”
[ 1.5.2 YwWT: n>1t0 o ,$% w<l 0, >

(@) =z(@+y)" 'y, Ou(y) =—z(lx+y)" 'y
p [b”

o4



~

rlx+y)"lyx z pett ypb n+1liwooUb,owepK”"T’ , ot 0, X
530 >-m .

g 1.53 (<0 U | derivation relation) U™Mwxpu: n>1 qU™ww, € H° t
0o ,
(62) Z(0n(wy)) = 0.
« 1.5.4

Oy (wy) = Oa(x)y + 205(y) = (w(x +y)y)y + = (—2(z + y)y)
— 22 4 2P — 2y — a2 = 2y — 2Py,
Z(Ds(ry)) = Z(xy® — 2°y) = ((2,1,1) = ((4) = 0.

th

Do (2%y) = Oo()y + 202(x)y + 2°0a(y)
= (2%y + 2y zy + x(2®y + 2y )y — 2*(2%y + 2y
= 22yxy + zyioy + 22y — 2ty

Z(0s(2%y)) = Z(z*ywy + zy*wy + 2%y’ — 2'y) = ((3,2) +((2,1,2) +¢(3,1,1) — ((5) = 0.

60 24 \w gw n=1wOuU Hoffman w U (10)t s’sM\qg>0Od

1.5.2 g 1.5.3 wAl

7< § >fwic=pK” 21:1D&,Vf: H:=Qz,y)) 'S epRQ”
HwgVghke 7t H' =Q+9Hy, 99 =Q+29Hy qb” . u*, m xfegexput o R
t Ore xt 0 $H" xelE: ,mut o $H, H xelUE:gsloM” . th,
9 weill 9, xxut Ht Ore  fec%hoa Ep Db

xaSt ., t gwAltgqlo,S$ssU>)QoSX CZpi=a2"ly (n>1)qSM
h\g>¥MZb
EJ 155 D& 9! (w f: 9] tSMosU
(63) exp i(_l)n_lznu” =1+ yu+ vy +2u + -

’ n=1 n

UR“qm . exp, X H[u]] tSZ” expp, éxe* fecuhlffu]] t0

oofn
eXp*(f):ZF7
n=0
hi® :wuU *x pK"\q>IGb”+tGg x >mZoM”

25



Al) t%wlog, >qlo

0 —1)r1
S = o (1 gy ),
n=1

Et\ew w-9/0u>qlh

(64) (Z(—l)”_lznu”> * (L+yu+y*u®+-) = yu—+ 2y + 3y°u® + - -

n=1
>Ody‘M . g\=-p\wU>0 b” (0U$ ) O,"»<«p{Xq (Z* >qlh~
ZpxsM}ot _<bXb”hSw U$Ggq o ¢(1) s>grb” )

(C(V)u = ¢(2)u? + ¢(3)u® — -+ ) % (14 ¢(Du+ C(1, Du? + ¢(1,1,1)u® + - -)
= ((Mu+2¢(1,1)u” +3¢(1, 1, 1)’ + - --

qS“ 7<b$tDéu)-%o\O—|Té”\qUqu ' I

60J 25 \e>ieed’

«™1.5.6 (i) (63) tSMo u=+1 gSXq (fx, 2% 0 u" w :>z,h<w>

6] % pwsUtiqS” , q¥Qy'M ), 9! tSz"sU

= (—1)n ! 1 > 2z, 1
65 n :—’ « _— —_— = —
(65) exm(nz::l P T exp ;n Ty
>"" . hi'E%xfege l+y+y?+yP+- l—y+9y>—¢y*+--- > oM”
(i) Tx , U (63), (64), (65) srx , ,S0TU , i709U , EeofUw >)Q
"u»ivs”As Uq or b”’\qUpV” (hgQy (64) x Newton w-U ).
Hoffman [H2] €°w\q . f\pxEt , 9! x “quasi-symmetric functions” wsbE:q
% °tpV”\qU\,’s0M”
(iii) th\w (63) T' g 1418 w> sOU>«X\qUZR"” . tctwt Z* >
ap
(66) L+ Y Z* (" =e™ - A(u)™".

n=1

\wt%t p>2bq
LY p (2w =
n=1

>""U , E%wur wo: T7/nl x Z"(y") t S'SMT’ ,
(67) 2" (") = p(Z°(y"))

pK” . mt*, g 1418 wk=(1,1,...,1) wOUX\W'OtE:$tAI"e"

)

o6



(iv) (66) q, "TU :w Weierstrass wWAvu (34) qT’ , Z*(y") (\*xth  (67) *

p 1T /n!) p<K"\qt«™ ) wé.$s-UU™ e . bs™j , A(u) w [q
(34) G
= U
-1 _ 1 et —u/n
IT(+70)e

PK”U |, 8% >
[e'e) o] k k+1
W\ —um ( E) NI
<1+n>e - 1+n Z k'nk kz kink /’{;!n’€+1
—0 —0
- 1)u”
- “Z T

g2%  , Mtu>2%b”q ,

S - por (B = Du”
o H L+ Z<_1) Tk
n=1 k=2
N k—l)(k‘Q—l)(k.m_l)
—1)k _1m(1 T .
m>1,k; >2

Hlo , (66) ‘*

— n_7+zn:(_1)k Z (_1)m<k1_1)‘:::<km_1)<(k‘1,,,,7kjm). Tn—k: .

k1+~-+km:k
m2>1,k; >2

g\-p ,\w Ox ,E:$t (bs”j] H' ~9ylwedcp )-% 07" Z*(y™)
w OUq°*b”’pK-0OT (-%;p n=10 fp-% hqg\-°<"h ) Weierstass
wAvuxrs$sUpK”U , (ii) p\,h*Osr > ' 0E:$s™ CZUZR
"WpK-0OT

"o, fc g 153>,(62) q (58) U%<pK"\q>Ob\gpAib”

Ay

Yy XEmwc<is [° ,Op QW > e, oz, =2y (n=1,2,3,...)t
0" ,0,:9'— 9>

Sn(w) = zow — 2z, xw  (w € HY)

p [b”

EJ 1.5.7 5, x H' wepK” . Et,d, x H wciit ONre , \Riew" ;X
(68) On(z) =0, Only) = —(z+y)z,

p)Q’e"

57



Al) O™ww, o €l 10

2z x (ww') = (2, x W' + w(z, * W) — wzwW

UR“gm\gx , BDéuw [T'bYt™T” o \etd

Y

Zpww' — z, % (ww') = (zpw — 2z, * W)W + w(z,w — 2, xW').

‘o 6, x ! wclipK”
th, 9w & > (68) g% a”;p [b"q

Y

§(z) = 8@ y) = 2" @+ y)2n = —Zkgn — 2n

= ZnZk — Zn * 2k = On(2k).
bsj & qd, x H' W\Ripw<U%aiT’ Hl i°eb”

,H wel 9>

n=1
p [b"q ,(68)""
5(z) =0, 6(y) = —(z +y)t, hi t:;%
pK™ .0 x 9l 90 >-m\gt«™
H WX~% & > N
® = exp(d) = exp (; %)
p[b” .°t dUH wini["<upKey exp(d) x ©§ w (I:

"0As$s ) x~% gqs” . fex ,«<liw Leibniz
o(u) = Y- (7)o w0
=0
T'utmMowj% Q

exp(0) (uv) = Y O"(uv) _ 3 E 3 3 )i (0)

£ s n! 2 ilg!
=3 TS P (expl@) ) (exp(0) 1)

UHO\qt,nX

o8

2271>0q



EJ 1.5.8 x~% & X

(69)
>"h™ 9 Tpx
(70)

p)Q’e"
Al) wes! to®

)=z, Pz+y)=(@+y)l+y "

d(w)=tw—t*xw pK” . Th,

(z+yw)=—(z+y)tw+ (z+y)o(w) = —(z+y)(t xw)

v <o$t ,U™Mwp>110"

(x)=0, M(zx+y) =(—D"(z+y)t™"

UGT” .nl pAloés>g”\qt*"

O(z) =z, Pr+y)=(r+y)exp.,(-t)

>T"U L (65) ¢ exp(—t)=(1+y)t pK'wp ,(69) >

th (70) pK"U |, fc,

°M, DPeuw [**

(e +y)1+y)~" —2
y— (zy +y°) + (2y’ +y°) — (@y’ +y") + -

k—1 k—1,2

= 2"y — (@Fy + 25 + (P ) —

2k — (Zr1 + 20y) + 2y + 26y°) — (zepy® + 26y°) + -

2 + Z(—l)i(zkﬂ?/i_l + zry').
i=1

t>11t0"°

Y ox 2 =gy kz) + ooy + ey

\et  (=1)>TZoé>qey

1 1 > . . )
* 2p — 2 = — * 2 + -z + 2z =1,
1+y k k y(l Y k) ;1( )(ky E+1Y )
0°o
(1 )( ! * ) ()
+ z = P(z
Yy 1+y k Kk

29



>77 L bsTj (T0) x w=z tmMoxY M}t , H' wword w t0°

) ) (g eae) =0 (s G (2 <o)

1 * 2, = 1—L * 2z
14y P 1+y P

1
:zp—(zl-m)*zp

1 1 1
:Zp—Zl (1+y*2p)—Zp<21'1+y>—2p+1‘1+y

1 1 . 1
=Zp T — Z zZ. — Z .
P 1+y 1 1+y P p+1 1+y

qs"wp , H2 0>(%t & T%tET’ Q+W)CL*M>>»Z@

@ ) (o ra) G (5 00) = e (1550

+y
1 1 1
=Zp | —*xw | —2x * ZpW | — Zpy1 * W
1+y 1+y 1+y

‘““H 20>(%t @&b”q

1 1
(73) (1+w<1+y*%w):(%—ZHQ<TIZ*W)
>"7 . “hUlo  (72), (73) **sU  (71) xR*qm . ‘lo , <0 $t
(1-+-y)1+ ; * 2y Zhy " Pk
=(1+vy) ! * 2k, | (14 y) ! * 2 (1+y) L>|<,z
N Y 1+y ™ Y 1+y ™ Y 14y
> bs”j|ap
(1+ )( L * )
w +— w
P\1+y
X H Twj% pK”} 9 X 2z PE:SI\RAT’ ,\ep  (70) UONeh
\eerx3BeNcutmMo " AwEJ>; ™b” . -% X\j’'WwWMU> " Mwp

68Jqgb”

60



EJ 1.5.9 gp d:9H— 9> dw)=yw—ymw p [b"q

dx 9 wecip ,V:=exp(d)
gh”’g (UxHwx~% ) weH to"
(74 W)= (1+y)
w) = Y 1+ymw
UR“gm . >t |
(75) U(z)=z(1+y)~", V() =y(l+y) "
Al ) «<uts”\gx mw [T'0>tGT” . 1h (74) x
1
—d"(w) = (=1)" (y"mw —y(y"mw)) (021w e H)
»<00pOb i
68J 26 \WAI>iR"d"
AO,E’)\ W X ~ %o A >
=0
A — In
p [b” . \wgVIiUR“gm
EJ 1.5.10 & |
(76) d=VoA.
Al) \RiwaeVEU°+b"\q>_"wiU 9 W (skew) Z.ttp O 0RQ
"MU-%U ots” f

zi=x+y qSX. \WG@ap 0.(z)=xz""Yy, O,(y) = —xz"ly pK” . Fc 9,(2) =0
U A(z)=z pK” . Fh,

Op(z™1) = =270, (2)z ™t = —2"tya™!

,(UuwiDBQ ' “®Zw-1i ] x, ° t<li Jt0" ,0=090(wwl)

= O(w)w™t +
wd(w ™) ¢ I(w) = —wd(w)w™t qs” )
(Z %) (7' — 27 =log(1l — 2)(x™! — 27h).
Vet i
— On -1 -1 mo 1 -1
<2};>(I —z ) =(log(1—2))" (z7 —27)
p, ‘lo

fi\wlgxXu ifeeUxaSt! “h
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\'g L (75) 4" (FoA)(z)==x(1+y) " S|

(WoA)(z =271 = ¥ (1-2)(a"—2")
= 1-2(1+y) ) (Q+yz"'=1+y)z")
14+t —za' —(1+y)zt +1
= ' —(1+yzt

M (69) * @(2) = 2(14y)7, Bt =) =27 = (1) gs’wp , H w\R
iz, 2z pw VoA q P wex°eb” : 1

% 1.5.11 w e H' t0°

1 1
77 o = —mA(w).
(77) Ty T AW
Al ) \ex (70), (74), (76) T*""e”sUw (T (1+y)' >TZhcwt s's
M. |
\wU>-lo (62) q (58) W% <QUAINe” . bs™j (77) tSMo w=w, € H°
q ., t%wreg, >q” .reg,(y")=0(n=>1) pK"wp reg,(1/(1+y))=1qgs" ,
Z regm y *wO) A(w0)7
m=0
(% m=0wd> 00
D (=1)reg,, (y™ x wp) = (A — 1)(wo)
m=1
>T7 . Jwy Xjliqgio¢fO> T0*ME|E%wW exp >2%  T%wjieed

>z+b”"} :wyMg\-Tqgt_oMZy|fc
O1(wg) = —reg,, (y * woy)

T'|% 1.4.23(58) ‘“ Z(01(wg))=0U""*]Kgx<o$t] On(wp) Ureg,, (y™ *wyp)
higql n' <ns” dulwe) hjt'lo{T+"\qT"| (62) Z(Dn(wp)) =0 U™
"Ythot  (62) T' (58) UZ”"\q<%aX\wUT 4T” . .

1.5.3 <0 UqgqGuaw U

g 153 xO0Qw«gpGuw Uq%<pK” . ““A°XtOq , (16) WE %
wOO0>qglh w UU (62) % <pK” . \e>Tib”
y'X $Hiwci D, (n>1)>

Dn(JJ) =0, Dn(y) =z"y
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qs” HiwcipK” . =&al>0t0" ,Q-¢ gp o0,7:9—H>, %
wlijiRugb”
oo (32) Yo (2 2) 307
n=1 =0 n=1 =0

M$D =" D./n qSX.D(x)=0 S|
D(y) = (x+2%/2+ 23+ )y = (—log(1l — x))y

D) =0,D"(y) = (—log(l —2))"y qs"T"

[e.o]

ol@)=x S'| oy =) (~log(l—x))"y/nl=(1—z)""y
n=0
qs” . ‘lo , (6 Xj% swp )
O’({L‘kl_ly[EkQ_ly . mk"_ly) — $k1_1(1 . JT)_ly[EkQ_l(l o $)_1y . [Ekn_l(l . x)_ly
— Z Z $k1+€1_1yl‘k2+52_1y . ./L'kn+€n_1y,
=0 e1t+eg+---+en=l
;20
m i 113
O'Z(I'kl_lyxk2_ly . xkn—ly) — Z xk1+61—1yxk2+62—1y . xk”+5”_1y,
£1+eg+Fen=l
£;>0
Hlo|Guw Ux ,b,ow I>0quw,en’t0’o

Z((o1 = o) (wo)) = 0

UR“gm\q , qtQ”

\\piUR“gm
g 1.5.12

A=go L.
Al) 2..p



q-%e” . fh o w-%Qq% 7t o

ox)=2(1—y)™", o) =y, ok)=z1-y)+y

pK wp
@o')(z) = T+ (1—2x)y)
= z(l-y) '+ Q—-2(1-y) Ny
= z(1—y)'(1—-y)+y
S*

\ep gUAI”eh
%1.5.13 <i U (62) x,

Z((o7 — 7)) (wo)) =0, (VI >1,Vw, € H°)
q %o < .

~

Al) \ex | gT'bY<Te"sU

Z % =log(A) =log(1 — (6 — 7)o )

n=1
Sh
c—o=(1-A)o
‘“NT”

gi=71o0r pK”’T’ ,\W%xGuw UWE%wOO0>qlh«wpK?”

2 O L«

O.,”»«w!Aq o 2 "W O L« ,°MxSTuii"O>E] , Mxf:
wuUOEXi"a0¢PDeu£'0Ot<Ob” .\w 2 "w O L <o;Mo o, 030
N¢ UqfwYF= <0 UsrU O,"»cwqVQq% 7t~ s" o\
> ot\,” . Alx [AK2] »€°
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2.1 O L<«w |
YT: m>{  ,R=R,:=Z/mZ qSX.F(R;C)> Riw C <« :wRb C-0
«Aci gb” 1 wje m B (=(,=exp2mi/m)>{ " ,vacRt0"
Yo € F(R;C) >
oult) = ¢ (r€R).
p [b” .{p.}(@aeR) x F(R;C) w°Ew, >Rb

[ 2.1.1 ( O L <, multiple L-values) fi,...,f, € F(R;C) qYT: ky,... k. t
0",

. _ fl(nl - n?) fT 1(7%«,1 - nr)fr(nr)
Lm (kly ey k’m fl, ey fr) - n1>n2;>nr>0 nllﬂné@ . nf?r
_ i - fi V1)f2(7/2) - fr(r)

(4 )+ )k (1 )k

v1=1 vr=1

ww L << [b”

Lk, ks froe f) = > f1<n;)£2ézz'> n{(n)

ni>ng>->n,>0
ki >2s’ ,\ew O L <CE%WAVf:£Ex) b”
ki=1wqVx , ip [b”
Z fl(nl_n2)" fr 1(nr—l_nr)fr(nr)

nyn? - - ke

Lm(l,k’g,...,k’r;fl,...,fr) = lim

R—o0

R>n1>-->n>0

Lo(Lksyoo ki froeon f) = lim > fulm)falna) - fre)

R—o0 2, .. nkr
R>ny>->np>0 ning T

r=1wOux, Ly(k,f)= L.k, f) p, \exOéw Dirichlet f:pK” .k =1 w0
dw) UEXIWEJp)Q'e"” .8 feF(R;C) x Fourier 2 %o
N N 1 .
=D ), flay=—> fy)c
a€ER yeER

>Em.

EJ 2.1.2 k’lzlqb" . \qu L (1 k’g,.. kr;fla'-';fr) qL*(l,kfg,...,kr;fl,...,fr)
U) b"hSwzAGuUEX fi(0)=0(bs™] Y, pfily)=0) pK”

Alx Abel wf:ieOt,nX

EmwL, <qg L, <xxS“Mt w¢ Auq o{Z”
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EJ 213 (i) k=1 wqVx f(0)=0 gb”

Li(ky, ok fry oo fr)
= Z fl(CLl)"'fr(ar)Lm(klu---7kr;90a1790a1+f127'"’(‘Oa1+"'+‘”)’

Lm(l{il,...,k’f,«;fl,...,fr)
- Z ﬁ(al)"'ﬁ‘(ar)L*<k17"'7]{7‘;90&1790&2*(117‘"790%*%—1)'

(i) gXt ay,...,a, € R, a1 #0 t0"
L*(klv e 'akr;gpau s 7S0ar) = LLH (kb = '7]{‘11“;90@1790(11-%!127 o '7(pa1+“'+ar)?

L (k1y oo ke @ayy ooy Pan) = Li(k1, oo ke ©ars Pag—ars - -+ s Par—an_y )-

?t

Lm(k; a) - Lm (kla .. ~7k:7‘;a17 s 7a7‘) = Lm (klv' . '7kT;Spa17' . -a@a,-)
srg{X . (ka)=(ky,...,k;ai,...,a,) > MLV(=Multiple L-value) w iA¢ «u q
MO.a;=---=a,=0wqgVU, O,"»<pK”

Ly(kr, .. ks 0,...,0) = Lo(ky, ...k 0,...,0) = C(ki,. .., ky).

L, <xSTuill " O>Em . §1.2 tSZ” Drinfel'd uti>°"="0 el <1 (1 <5 <n),
e1#1,e,#08” £ €C t0°

I(e1,- -+ ,en) = // A (t1) AL, (t2) -+ - Ag, (L) dty - - - dty,

1>t1> >t >0

hi®
1 €
p— f— < .
Ap(t) - A(t) T (e #0, |e] <1)

gbh” . \wGgw<p

Lk, ... kysar,... a)) =1(0,...,0,(™,0,...,0,(%, ... ,0,...,0,¢%).

k1 ko kr

\\p ,2 mwDrinfel'd udwuxfh Drinfel'd uw Q-¢ Aup{Z” (3R¢ N¢
u) wpy
* Ly «wux Ly, <w Q-¢ Aup{z” . UWG"CxX3RBe NgupG\re”

« 214 L(1;a)"=nlL(1,...,1;a,...,;a), a€ R, a#0.
——

n
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2.2 E:$ U=q63R¢N¢ U

g a€R|qt!: Yo >j < m+11:wiDd oU A= Q(z, y, (a € Ryp))
gfwelE: A, A >RQ”

ADA1:Q+ZAyaDA0:Q+Z:UAya+ Z Yo AYq.

a€ERm, aERm a, bERm, b#0

m >>Gb”"ZAWK”qVx A A A qGb . m > mowyiqS C=m/m
qSX. A™) xxut , ooUwO

xkl_lyblka_lybg . xkn—lybn — xkl—lyeblxkg—lygb2 L wk”_lyebn,
t'lo  AM™ 'S fe” ~hiv (bi,...,b)) €RY, pK®  (Cby,... 0b,) X R Wi
q sfhe” . \w’'S "t AM) x A™ welE:ts” . m=1wqVU O
JrawOup AW =g A =9l AV =9 pK”
Om woOuti” . iAi«u  (ka)=(ki,....ksa1,...,a,) X by >2 thx k=1
Tma #0 wqV, ) TA¢«p (admissible) qzy+” . “w O L <b;
‘ogp Ly, L.: Ay — Cip [b”

ooUt0"
£LL[ (xklilyal e xkrilyar) = Lm (kla ) kra ag, . .- 7a7’)7

E*($k1_1ya1 .. xkr_lyar) =L.(ki,... ksaq,...,a,),

g ,\e> Q¢t A Fp Ob”

fw 3:U A
(x1) Ly(k;a) tx3B; NguUK*® , fet0 "o Ao 1t ) ~Mtelge X A
t3R¢ Ngu  w > [pV” .\wgVuw [T’
L (wimwsy) = Ly (wr) Ly (we)  (Vwy, wy € Ap).
(*2) L.(k;a) xDeu (f:t'"u ) tHO . «Qy) TA¢«p (k15 @), (k25 a2)
to"

L. (k1;a1)Ly(ko;ag) = Li(ky, koj a1, a2) + Lo(ky + koj a1 + az) + Li(ke, k15 ag, a).

\et0 b"'Ot Ay It ., Déu x> [pV Ar Tpxput yd” (Hoffman
wH wOug% 7th” ). Tw x
xklilyal * xk271ya2 = xklilymxhilyaz + xk1+k271ya1+a2 + ku—lykal—lyal

gG\re” . \wqV

E*(wl * IUQ) = E*(W1)£*(w2) (le, Wy € A())
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(x3) L, <q L, <w w 5>é&'0 ., 8p L, g L. w tx Is
L.(wy) = L, (Z(wg)) Ywg € Ay (bs™j Ay ip L.=LyoI)
UK” . hi®™ ZT:A4 — A; X
(2" Yoy ™ Wy - 2"y, ) = 2T 0, 8 Wy ey 2T a4
> Q-¢C ty o7 Q-¢ sDogppK”
iIG (%1)~ (x3) t*"

EJ 2.2.1 ( vo3R,N¢ U , finite double shuffle relation) U™ ww,, w, €
Ay t0°
Em (I(wl)mf(wg) — I(w1 * wg)) = 0.

\WEJUrces\g>'oM”wT 0S\O
« 222 ) TAi«p (k15 a1), (k2saz) t0O°
Lm(kl;al)Lu{ (k‘Q; az) =

k2—1 . ki—1 ,
ki —1+ . : ke — 1+ , ,
Z( ' i j)Lm(/f1+];k2—J;a1,G2)+Z<2 j ]>Lm(k2+jakl_j;a27al)‘
=0 =0

°M (% x
L. (ky;a1)Li(ko; a2) = Li(k1, ko; a1, ag) + Li(ky + ko a1 + ag) + Li(ko, k1; ag, a1)
= Ly (k1, kos a1, a1 + ag) + Ly (k1 + k2y a1 + az) + Ly (o, k1; ag, a1 + ag)

\e'“E%Us X

kg 1 k1—1 .
-1+ . . ky — 1+ , ,
( ]> w (K1 +J7k2_]§a17a2)+2 ( 2 j ])Lm(k2+jak1_j;a27al>
=0

= Ly (k1, k2; a1, a1 + ag) + Ly, (k1 + ko; a1 + a2) + Ly, (Ko, kr1; az, a1 + az).

\W«p ki=1,a,=0wOux, (%U) dc{QsMU , TMtx , 7™wsUxC,
b"seeliU'j« Klo ., TURQgb”
ka—1
(78) Z Lm (] =+ 17k2 _j;07a2) + LLL[ (k27 1;(12,0) = Lm(l + kQ;GZ) + LLLl (k27 1;(12,(12).
j=1
\WKh*“WA@<« O,"»«wOuq%7pKlo ,\OMO\qg>°"$t U=Db

"wUIwYF=pK"”
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2.3 YF=q° 063RB;N¢ U

@UE: Ay, A x3R¢Ngu mp aoS* , fege>u mt'"DBE:q_h

cws>  AY AT qGb . \wqV AV ~ AV[y] gs’wp , \et'"
b*Ot Ln:A¥ —C > Ly: A" — C[I] txpt!Ab"\qUpV"

(1) Em A - £m7 (11) ‘Em (?/0) == T,

0

(i) L, XE:j%o

, IWUE>"h

Déu xt "o¢ |, %7w™ pGag Aj, A >;M” . \wqgVex"® At~ Ablyo] b,
iwWUE>"hb*'Ot L.: Ay —C»> L,: A} — C[T] txputi!Ab”"\qUp
AVA:
(i) L.| =L (i) Liw) =T,
Ag

(iii) L. XE:j %o

C-¢ gp p:ClT]—C[T] » §146 >fwtt Ct |G h«wqgb” g7
fo Alu) > N
4w = exp(3 U )
p [ )
ple™) = A(w)e™
q'o S

g 231 A ip

)
)

L,oZl=polL,.

Alx g 1418 q% 7teQ”

« 2.3.2 w=YYs (@€ R, a#0) Ab” . yo* Yo = Yo¥Ya + Yalo + TYa "y

YoYa = Yo * Yo — (YaYo + TYa), YaYo + TYq € Ap.
\e T’

o~

L.(yoya) = Li(La)T — (Li(1,1;a,0) + Li(2;a))
= L,(1;a)T — (Ly(1,1;a,a) + Ly (2;a))

°M YoYs = Yol — Yoo 1T’

o~

EUJ (I(yoya)) = Ly (YoYa) = TLy (1;a) — Ly (1,1;a,0).

p(L)=1,p(T)=T iT'yzt 0
L,(1,1,a,a)+ L, (2,a) = L,(1,1,a,0).

\ex (78) Up, US$t ky=1qg hcwpK”
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O,"»«w° 63RB:N¢ U (g 1422, %1423) tkh”<wUiw g

pK” . Aix , 8p Z U ""Utt«™bey O, "»wOUq% 7pK” ([AK2]).
reg, X Al ~ A¥[y)]l wyo t b” “ 10 " >q"epqgb” (mt b"EJw™\,

” )

g 2.3.3 [UR“gm . fth\e'w°mT’ g 2.3.1 »<X\qUpV”

i) U™Mww, € A, wy € Ay t0°
Lo (Z(wi)wZ (wo) — T(wy * wg)) = 0.
>tfw @0
Lo <regm (Z(w)mZ (wo) — T (w; * wo))> —0, (w €A, w e A).

(i) U™Mwm>1, wy€ Ay t0°

Ly (regIH (I(y(’]” * wo))> = 0.

2.4 <u U

O,"»«wcil U (62) x, flw'Ot O L ctc° =ne”
[ 241 Aiw<t 9, (n=1,2,...) >
{ () = z(x + yo)" o,
On(Ya) = =2(2 + Y0)" Wa + Ya(T +90)" W0 — Ya(® + 10)"'Ya (@ € Ry).
p [b”
g 242 U™Mwuw,cA4, gqn>11t0"

Ly, (0n(wo)) = 0.

Ailx [AK2] ta” . ,S$tx O,"»<«wOuwAis>e;b” . DuwA
IXYGw-U » w.cea (2001.2) ps~eh

« 243 a#0(RtSMo ) gb” . sU

O1(Y2) = —2Y2 — YaTYa + YaYoYa + Y2yo — 27
S|

D2(Ya) = —T*Ya — TYoYa + YaTY0 — YaTYa + Ya¥YoYo — YaYoYas

, fege
L,(2,1;a,a)+ Ly (1,2;a,a)
=L,(1,1,1;a,0,a) + L,(1,1,1;a,a,0) — 2L, (1,1, 1; a,a,a),

Ly,(3;a)+ Ly(2,1;0,a) + Ly (1,2;a,a) + L, (1,1, 1;a,0, a)
=L,(1,2;a,0) + L, (1,1,1;a,0,0)
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25 O L :wApw Ae

O,”» :wWAw Aat b” g 1.4.27 <°"=ZR"”
admissible qxv’'sM TA¢ «p (k;a) = (kyi,...,kny;a1,...a,) tOTEmw O L
L o(s), Ly .(s) > Dirichlet f:
* Pay (ml)goaz <m2) © o Pay, (mn)
Lk,a(s) = Z ki+s, ko kn
mi1>me > >my >0 my LS R
S|
T Pay (M1 — m2)  Pap_y (Mp—1 — M) Pa,, (M)
Lk,a(s) = Z : ki+s k312 kn
m1>mg > >mp >0 my Myt My
p [b” . \e'X Re(s) >0 p~0) ° , [AK1] wMOpT gt g trs€

pV” . (k;a) Uadmissible s’y ,s=0pY p

L;,a(o) = L*(k7 a)7 Lil,a«)) = LIH (ka a)‘

~

admissible psMqVx s=0 xAgqs”U , fw AaeUip)Q’'"

g 251 (i) oU Li.(T) >

=25

e
a{XqV (y=Euler : ) Ly, (s) ws=0 pw Aeaex

Lials) =30 240() (50

P)Q’e"
(i) ouU Eﬁ,a(T) >

T3
if,a(T)ZZij
a{XqV ,I(s+1)L{,(s) ws=0 pw Aeax

14

(s + 1)L (s) = > z—g +0(s) (5—0)

J=0

p)Q’-"
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2.6 “tuvaie

p>-E:q° X1, X2 >, Op wje$ Dirichlet |2gb” . L.(ki,ko;x1,Xx2) > Lu
¢ Ly(ki,ky;x1,x2) p fOgb”q ,fw'Oséuqge"¢hi’ |Mow-%tq-e
"iZp|74%$s Ow :tqe"qgMO~ZpxsMT’'|";g 0oxee MT
<Ee*sME

H(xixao) = Y xalwxa(l—uw)¢™, (=)

u mod p
u#0,1 mod p
\ex , xo Uoe}2s’y Gauss epK”" 2 =0 wqVx Jacobi epK”"T" |
“Gauss-Jacobi €” qp<«ze,V<wpK” . \w'Os<wU:aes$treiZzgd (M
* ~ ~ .
«<WwT'XUuT’'sMU , «Qy x = (—) (Legendre Gg) wOuUt F(x,x;z) wkEc¢U>
. p
i<-% 0""qlw‘Ots” Y
p—1
GJ(p) == Hx x: )
z=1
qSX. MXmTw GJ(p) tmMofwEY:iirq ,EY. wO p pweo> t 0SX
GJ(11) = 232, 23=1 (mod 11),
GJ(13) = 53% 53=1 (mod 13),
GJ(17) = 67332, 6733 =1 (mod 17),
G.J(19) = 330232, 33023=1 (mod 19),
GJ(23) = 47, 47=1 (mod 23),
G.J(29) = 7927257892, 792725780 = 1 (mod 29),
GJ(31) = 200653072, 20065307 = —1 (mod 31),
GJ(37) = 14812 - 2479012, 1481 =1, 247901 =1 (mod 37),
GJ(41) = 163 - 225294184932, 163 = —1, 22529418493 =1 (mod 41),
(] (43) = 33812515985592, 3381251598559 = 1 (mod 43),
GJ (A7) = 9412 - 28192 - 34700092, 941 =1, 2819 = —1, 3470009 = —1 (mod 47),
GJ(53) = 41332 - 367812 - 118092492, 4133 = —1, 36781 = —1, 11809249 =1 (mod 53),
GJ(59) = 245108102289708272689?, 245108102289708272689 = 1  (mod 59).
WT' ™ «"\q («Qy, se GJ(43) « GJ(59) XTX<GVSE:w Msw
T?) x?2T@(MgAw 0>0& oM”wWpK-0OT . —Xqg<i‘q:<ig>b”

WXD(MT< esM

Y-GIwW!EAO U 2008 8S.eae wZE€t\w Gauss-Jacobi &> “I[]
Kloosterman ¢ qw sr|MXmTu~ M\g>_mZh}Z<tfw°0>>4&b

"}

-E: p>Z™{ Db"}O pwWAYa«e!l2 yqx| ZT Cswgpp|bDO
(Z/pZ)" wia X wEji[tsloM”<w]|bs~] X X x(a) = X(a mod p), Va € Z
"hb} Y Uoe!2psZsy plawqgV x(a)=0 qSV]| XY Uoelas’'yU™
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waeZthM™ x(a)=19gSX}\wgVweY-txO lwfosAYae«eé!a,
qTX}
AVea«e!a yqtcZto |"¢Cpe Glt) >

p—1

Glx;t) = ) x(uey(tu)

u=0
p [b”}\\t ep(a) = e¥™P plex  amodp t'T'sMT’| 'y y a >
Z/pZ wiq 0% aGg>—0} G(x;1) >gXt G(x) g{X\qtb"} x Uxlps

MAYeae«e!awqV|
-1 p—1

Gxit) =) xl(wey(tu) = Y X(#)x(tu)e,(tu) = X(£)G(x)

3

u=0 u=0
EY X Yy WOEZPEPK |\ "¢ > YtIQOoE
p—1
(79) X(t) = GR) ™ ) x(w)ey(tu)
u=0
>""NexZ™ X-—OsUpK"}th|EmwAYeae«e!? X1,x2 t0°0 [
reraTie

p—1
J(x1, x2) = ZX1<U>X2(1 —u)
u=0
<¥MZ 0SX}
[ 2.6.1 (Gauss-Jacobi sum) U™MwAYa&«e!?2 y,xo QtcZ (¢x Z/pZ) t
0O'®"¢prale” H(x1, x25t) >

Hivxeit) = 3 xa(w)xa(l — ey (tu)

q [b"}

xaSt\,h‘Ot\ex"¢puela Tée>%lt° ="h'agpK”}tc,
S$s\qq oiUR“gqm}

EJ 2.6.2 Z<UR“qm}

(1) H(x,et) =G(xit). >t] t#0s’y H(eet)=0p| H(e,50)=p
(2) H(e, x;t) = ()G (x; —1).

(3) H(x1,x2:0) = J(x1, x2)-

(4) H(x2 x15t) = ep(t)H (x1, x25 —1).

(5) x1 S| x2 UqctixipK gb”g

Hix i) = 209 S 50t - (e ()



AT) (1) \ex [T'1'T} etmMox £(0)=1 pK"\qt«™}
(2)

[tSMo u> 1—-utSVTQ"q|
H(z,xit) = Y x(wep(t(1 — ) = e,(t) Y x(w)ey(—tu) = e, ()G (x; —1).

(3) \e< [T'bY}
4) [tSMo u> 1—-utSVTQ"}

H(x2, x1;t ZX? w)x1(1 — u)ey(tu) ZXl u)x2(1 — u)ey(t(1 — u))

= ep(t)H(XhX% —t).

(5) U (79) **
p—1
Xo(1—u) = G(xa)™' ) xa(v)ep (1 — wv).
v=0
\e> [tEOQ 0
p—1 p—1
H(xux2it) = D xa(w)G(xa) ™ Y xa(v)ep((1—u)v))e,(tu)
u=0 v=0
p—1 p—1
= G(%) ' Y xa(0)ep(v) Y xa(wey((t —v)u)
v=0 u=0
p—1
=G(a) "' ) )Xt —v)Gla)
v=0
G(x1) p_l_
- G T )
|
“tpra lexix@®RUWE«e u»"Uic¢ Kloosterman £&<° ="0
|\/|"\q>Ob}«g”u»"UTéxip [Ae”}
[ 2.6.3 OpwAVYa®«e!2 Yy qa bcZtOt £«¢’pu»"Uie K(x;a,b)
X
p—1
K(x;a,b) = Zx(u)ep(au +but)
u=1
p [Me” I\t ' X vu' =1 (mod p) >=hb‘OsT:>™ b”cwqgb
"¢ “Mtx‘* "sME}
0°¢}2t0b” K(g;a,b) >>t  K(a,b) q{X}\eU°jy/$s«g”u»"U
iepK”}
g 264 Optb’U™MwixisAYae«el? xqU™wt e Z/pZ t0°
(50) H(x:t) = x(-Dep (270 S e at 47')

G(¥)

74



UR“gm}\\t Y x¢ RiAglacge: 2w °wixl!ag>"bgb”} 2-1
e 47' x Z/pZ wiq_"}
>t] x=v wqVx

H(y,3t) = (=1)ep(27 ) K (471, 4771%)
UR“gm}
«™26.5 g‘“| X£Y pabe (Z/pZ) wqVweg u»"Uie K(x;a,b) x
“epraiep{V he"\qUUT"}IM|bYtuT"U
K(x;a,b) = x(b)K(x; ab, 1)

““l t > 472 =ab (modp) s” Ot ey| K(x;a,b) xU (80) wE%tqgs"}q
Xt|ly/$s«g”u»"Uie K(a,b) pab UOpw M ab=m? (mod p) pK"«
W X

K(a,b) = (=1)ep(=2m)H (¢, ¢;4m)
q{Te+"}bs™j|"¢pu”a Téex\w'Os«¢”’u»"Uié«> sOuq
"0 %o}
Al) fc| Salié [Sa, (51,52)] p x =¢ wOUU| Davenport [Da, Theorem 5] p °" w
OQuUUAINeh|iw4d>;™b"}(SwhSAI>mZ”}

4) 2.6.6 y >¢ BiAc!a Y gxYs"AYae«e!lagbh”\wqV° «¢”
u»”Uie  K(x;a,b) (ab+#0) x
()
K(x;a,b) = x(b)—==— u” —ab)e,(2u
(x; a,b) = x( >G(xw) uzoxw( Jen(2u)
q{T"}
Al) tc x=eqb”})Q’+h weZ/pZt0 | av+bv'=2u (modp) wr v
wx:x|\eU (av—u)? =u?—ab (mod p) Q% <pK”"\qt«™b”q P(u? —ab) +1
pK"} hUlo
p—1 p—1
K(a,b):Zep (av + bv™! Zep (u? — ab) + 1)
v=1 u=0
p—1
(81) = 37 0w — ab)ey(2u)
u=0
gs“|\eU x=cwOuw{S"UpK”}it X#eqb”}U0 (79) pK”
p—1
X(u) =G(X)™" ) X(t)ey(ut)
t=1
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> K(x;a,b) w [tEO | Al hsU (81) >mTOq]|

p—1

K(xia,b) = G(X)™ Y _X() Y ep((t+ a)u+bu™)

u=1

=G ) _X®E(t+a,b)

=G D X)W’ — (t+a)b)ey(2u)

IS

qs”’} uw—ab=0wqV| x#¢Y qMO> T’ 7y Uixiswp|® w ttbh
"ex«Q"} wr—ab#A0wqVx t> (u?—ab)t tSVTQo

ST RO$(® — ab - 1) = Xu(u? — ab) S X — t) = Xe(u? — ab)J(X, )

t=
_ G(X)G()
= 2 _ab .
WG
¢\\paiéq ¢péw wp»iv%"As >—lh (¢f. [BEW], [IR]).) \w U
xu?—ab=0p<R“qj¢ Yy Utxiswp£HIlo
G)

K(x;a,b) = x(b) > ep(2u)xep(u® — ab)

u=

[e=]

>7 "}
gwAlpK”U|tc

H(x, x;t) = ) x(wx(I —u)ep(tu) = »  x(u—u?)ey(tu)

() X — 4 eyt + 2 (w2
() Y (e — 4 e (H2u+27) (> 2)

p—1
= qu — 167 Y)e,(2tu)
u=0
p
(82) = x(— x(u? —167%)e,(2u)  (u — t ).

1
u:O
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> x#£c'“|4] 266> x> YW t!1Q0&;b"q

G(x)
V(w? = ab)ey(2u) = xoo(0) X K (30, b)
o)
> ew a=4"b=4" g hcw> (82) tEO o
G
Hixxit) = x(—l)ep@—lt)%mw 1,400
>7"} |

“epraTiew® =g 0]aTiepe 0 0tiHyeb\qURQ *"}
T ix\OelocSi$tx° =ts'sM\q>0b}

[ 26.7(° "¢prale ) AYae«e!?® xi,x2, - ,Xxn Q tEZ/PZ, t] 1<
k<ns”T: ktO'|° "¢praie>

H(X1, X2, Xni ki t) = Z X (un)xa(uz) - - Xn(un)ep((ur + g + - -+ + up)t)

uy+ug+--+un=1 mod p
0<uy,ug,...,un<p—1

p [b"}

EJ 2.6.8 fegew,2 X1, X2, > Xn S| U Or:=x1x2 "Xk O 02 = Xkt1Xk+2 " Xn
Ub,ofxIpK”g> b”}\wqV

G )
(X17X27 » X ) G(el)G(ez) (1 2 )
Uanm}
«™26.9 E%x° a lé>;Mo

J(Xla X2y 7Xk>J(X/€+17 Xk+25 - - - aXTL)H(Gh 627 t)

q«{z"}
Al) fcf
H(xi, - oxmikst) = Y xa(un) .o xn(un)ep((ua + ..+ ug)t)
ur+...tun=1
= Z X1(w) o X1 (Un—1)Xn (T — g — oo —upor)ep((ug + .o+ ug)t)
0<uy,...;up—1<p—1
pK"}\\pU (79) iMoo xu(l—ur—... —up_1) > G(Xm) ™ 02 Xa(w)ep (1 —ug —

7



o= Uu,_)u) pTVOQTQ
H(Xl,...,xn;k't)

p—1 p—1
=G(Xn)~ an )Z Z X1(u1) o Xn—1(tn_1)
u1=0 Up—1=0
X ep(u+ (t — u)(u1 + .o ug) —u(Uper e Up—1))
kE p—1

= G(xn)~ an () [T D2 xu(w)ey((t = w)w) H meumep —Ully,)

=1 u;=0 m=k+1 up,=0
1

e Gn) N AT —
_ G- Glxn) Yalu X (t = W)Xkt - - - Xn—1(—u)ep(u)

G0 8

= (1) Glx). (f;X" 1)29_@—@0_2(—@%@)

u=1

qs”}EJ 262 (5) ‘“|7T™Mwex (-

1)G(61) " G(B) H (61, 0531) ts MW
49 Gx)G(Xn) = xa(~1)p 1S  G(62)G(B) =6

J(—1)p t'“EJUAI~eh}

™MwdJg oEmw\g>K[oS X}

1) ${ -Tate Ul

* AcwRNeéOCepu{ <wiit b”${ -Tate 'YU R. Taylor "t‘lor
>hepélrzeiU|«g’u»”Uiéw 0<tmMow®+ “ditmMo
x Katz [Kat] W*AZRE *+0M"} (° «g”u»”UiétmMox [Fi] €°E\
exbs”j p>{ "hgVw cos = K(a,b)/2/p >~hb = 0 w|a,b>"Thq
VwilipK”}\+t0 0®(U Tmt* abeZ>{ 0E: p>"TbhqV
wiie${ -Tate' YW AEWMXE X| <°r>pK"”}

\e'wiiwdIxpu'¢p’a TéetmMo«BQ”"\qUZR”"¢"0<«U
2P P!"Q’*"qMO Weil w°AXy/$s Weil t*”"MOpAIU~"E T
iGusigraeloxMsMU|${ -Tate WiltHO7U 0”«”*OpK"”"}

"tpraTex° txT:pxsMU|fw x—sXq«O@g>tMo|Z<
W‘Ot¢uéw —t‘u> /\.n}

EJ 2.6.10 y; S| x2 >0 pwixisAYae«eé!aq| teZ gb’}\wqV
H(x1,x2;6)* W "X e,(t)G(x1;t)G(x2; —t) W "ts M}
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Al) EJ 262(5) ‘"

- G L p—1 _
H(Xla X2; t) = m ; Xl(t - U)XQ(U)ep(—u) (G<X2) — X2(_1)G(X2))
_ G(x1) P!
T e()Gh) (t)M(t);Xl(l —u)xa(u)ep(—tu)  (u— tu)
_ G(x1;t) L
o Ya(—1)G(x2: 1) H(x2,x1; —t)
_ Glast) _ .
= Glw TN X2 (B 262(4)).
\e T
H(Xsz;t)m_l = 6P(t>G(X17;)G(X27 —t)
gs“|EJUHO} .

«™26.11 a Téwl%>-0q H(x1,x2;t) #0 pK"\qUAITZR"}\\px
Ajb”}

2) Ec¢U
“cpraile H(xi,x2;t) x 0. F=Q(e/Pr=1)) wT:p|fw¢ " 0£E¢
Ux gT:pK"}\e> N(x1,x2;t) a{X}

pwitk” FwE AZz¢> gpqb”q]
H(x1,x2;t) = J(x1,x2) (mod p)
UR“gm}\eq  J(x,X)=—x(-1) ““|¥xIs x qU™wt e (Z/pZ)* thMm®

N x;t) =1 (mod p)

UR“qm}
uUxixe UtxiwgV]a TewK 0% U>—loiq% 7w a&>ae0q N(x1,x2;t)
XppAe"\qUUT"}
1«<1g>eeOq| N(x1,x2;t) >A“~"  p w txK"F U_"+"}hqQy X1
g x2 We:Ufege 2 S'|-E: qg(\ex p—1wy: ) gb"q|
2
- g—1\" p—-1__.
N )t fe” . t M
(Xl)X?a) i pW X ( 9 > 26] S }
t 0”e"\qq o] N(x1,x2;t) X M:p|fwEY Xy yiIxtGV
SE:w pK”}fO o|fxt 'y y]| pZZWBEYs x pS‘| y;we: >0
g0 £1 pK"}\e'xti o¢dMeM p<100 SEtyt“AlxsM}
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3 Caev iU

P(x) >MTe” digamma :|m$“ iU :wO0:eiigbh”}

[(z)
§145 p_h'Ot]  ¥(z) Wl w**pwA &"2%q|Av pw U2%xAS
o0Ah pG\~re”}ic 1tSZ"A 4"2% pK”U|\ex NESI LI
o

Yl +z) ==+ ) (1)"¢n)a"" (2] < 1)

pK”}I\\p v x “C(1)” >YF="h<iqg¥lo\e>

) w0+ i(—man)x”l - 2(—1)%(1 b (Ja] <1
qg{X}°M| 2—-00tSZ" U2% > C(s) wOwT::pwo>—lo{Xq]|
W(1+2) ~ logz + i(—mmx; 2 S o)
=
qs“|PDef: S it Ulogz wWGVApC,b"\qT’'(Si ((1) plogz > b\
qtbey\wUx
(84) ¢(1+$)N§(—1)"C(1+n)ﬂ (z — 00)

q<«{X\qUZzZR"¢ nx0T OwT:>"h"£}
(1 +x) w Weierstrass AvuT’

> 1 1
P(l+2z)=—7+ ( ——)
; n—+x n

PK"T'|  1/(n+z) > 2 U-|GwqVitfege2%bey| US$tx (83) g (84)
U'Aw >g”\gx_0 «"U[\wTUxex“@ (M} Y(z) xee" Ui, " »
wT::¢Y|Uq<£E>° t."h< :swpK”

it] @) w g::pw<«<T El.¢T]eq¢ YW IeTEI.wqVx©:-

0:,jEUpWZAre"75 ‘0O Y fcGog>; ™Mb .

DS>Ei.w,85Q U¢Yp«Up<'M|,SQ UpsXqgctc mVp<E®

T, X U=ZR"xciU@WUIlo*losME| hf>t[w™:¢ D<0s'0
ew': hpf|l e5>E¢UU 1 w,So:|mt*| D>0pE¢UU —-1wo:UsZ
y,So0:|Key,So:WED|%h D<0wqVxo:wE¢Ux... 1pK’w
plo: waj$s\Ribs~| D=-3s" €3 D=—-4s" i=+/—1, feZ27
Feqeg\w...wo0X]| 2006 &_t™23)5 talhE"A>it oM”}fw™Z<q,..%a

A@U [HKT] tZh .
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wD < —4wgVXx —1>™"b"cwqy b"}\exih] wp PO: We:i>
b\gqtbey|

eh = ep (D <0)

PK"}\ew0:x® <« >q"<«wq’|
2me
1 +:—
°8cD wp

gy b"}th D <0wqV VD =i/|D| qgb”} xp pp "WEIi.t0 b”
Kronecker 12| L(s,xp) >AYe«eéw L- :gb”}\wqVrs$ :-Ux

1

g{X\qUZR"}\ex|(“«™AresMU|it{MhxXtGg>grbey|
Tle|ri'wEl.p<é&;b”"w°$s-UpK"”}

ro|El.w':=Utxab”tx L(1,xp) > vw t{XZAUK”"}fwMt
P(r)>& T Yr)w giipwet b""¢pw-U>;M”|[gMOwU\\p
G 'hMMOpK” . fc]
1 2 m
(86) L(1,xp) = ——; xp(m) Y (777)-
o7 2= X (g

\ex0>p] qxx)IEIio@fms>N95V¢AW,”»:qb”q‘X-U P

\ot

. 1
i (G(s12) = 2 ) = (o
¢ Whittaker-Watson €°£|S"|

> xp(m) =0
m=1
>;Mey M}
(85)] (86) T'|":=U> P(x) >—1o{Mh
ID|-1 .
Z XD(m)w(m) = —VDh} loge},
m=1
>7"}
AoW\p T epuw-Us\,"¢tw EsO2?f :wee [Gau] atK” £}

Theorem (Gauss). m,n, (0 <m <n)>xp:qb”qV|

mlm L
10g(2 sin g)

n—1
m 2
) = —v—logn — gcot% + 12_1 coS

e

n
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@ (M\qt]\w(%xz m/nt T sMwtE % X m—mr, n—nr qb”q
_TzU!""}éa«x!"’sMU|fw\g>-TS”wxjelqg h 68Jp

K” .
\w=Up n> Dl q o 370 vp(m) o) tEO 0-%b"} fc D<0q"
‘0}b”"q  xp x-'2pK*|°M cos xT pK"T"|
ID|-1
2mlm
Z Xp(m)cos —— =0
m=1 |D|

gs’tth  SPIapm) =0 pK' T |AA  cot wOiZU\V'lo|

- m T ! mm
mZ:1 XD(m)dJ(m) =-3 mzl Xp(m) cot D

|D|-1
Wp mm
hp = Xp(m) cot —.
4y/|D| mZ:l | D]
it D>0wqV| Sx xp UT}ap cot U- :swp| cos WMU\V'"} ~
tue
-— 2mlm
> xolm) cos 27— () VD
m=1
ta™b g
= m -— I
> xD(m)w(m) = VDY xo(l) log(2sin 75)
m=1 =1
qs“| (85)] (86) q do
D—1
hi loge}, = — xp(l)log(2sin —)

")

b(x) X t<T:@$tB(MQIi>°A 0oMSMpK—-OTe
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4 StZesgCV O,"’»<«¢ by »>™ £
4.1 f:t'" [gMXmTwé.$s«

[ 4.1.1 (sgCV O,"»« , multiple zeta-star value) YwT: ki ko, ... &k, >

1, hi> k >2|t0’0 , s@aCV O,"»« (ki ko, ... k) >siwf:p S”
Y 1
C(ky, ko, k) = > — :
Sy, z1 T " g

®eéxw O,”»«qx|é>q"Mtsg>eb:UYsloM"} Euler URQhw
X (k1 k2) pK™}
Wp , O,”»cwOuq% 7t yk=k+k+---+k, >sgCV O,"»«
C*(k1, ko, ... ky) WON (weight), n > »  (depth), s := #{i|k; > 2} >6" (height) qMO.
[T'«UT”'Ot 811 p [Th O,"»<|][IGwsgaC O,"»«x“M
t we¢ ep{X\qUpV”~ . «Qy,

C*(k1, ko) = C(k1, ko) + C(k1 + ka),

k1, k) = (K1, ko) — CF (k1 + ka),
C*(k1, ko, ks) = C(Kv, ko, ks) + C(ky + ko, k3) + C(k1, ke + k3) + ((ky + kg + ks3),
C(k1, ko, k3) = (*(k1, ko, ks) — C*(ky 4 ko, k3) — (K1, ko + k3) 4+ ¢ (ko + ke + ks),
srpK” . n=1wqVx Riemann ,"»<qs” rjp'w O, "»c« , trwd
U, AgQsrw:g owQixiTloMsM .§1.1 p\,h*Ot ., O,”»c<tx
MXmTé.$s<UE"soM"<«cwUK?"” .\e’wsgCV O,"»<«[t0 b
"Wcé.$S<UE s0M”  «Qy

x (Hoffman[H1], Zlobin[Z]], +> [Mu2])

C*(2k, 2k, ..., 2k)=( g: ) xm*m,
D e —
n X

* (+> [Mu2])
¢*(3,1,3,1,....3,1)=( g: )x7™

2n X

* (+> [Mu2))
ST G2 2P L2 L B2 L2 = ((gr ) xat?

Jotiit-tizp=1
305325221 >0

x (E->o->T- > [ITTW]),
Do CHZB AL {2 s {2 {2 = (g ) xrtH

Jotii+tizn=2
301325220 20

srUK” . th, 7™MwUw° =U7U , U{°% , H{y> , >0qowz%Z€t"'l
0"’e0M”
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4.2 M-M-s U

\W...px ,8l.3 p°p hé-UwsaCV O,"»<[>°p" , e-Uslu=
b” Ugq oE&’'soM”nseé-U>°pb” . th,812p°p hO0Qwsg
CV O,"»<[tipb”"Au>°pb”

€-0 (sum formula). Ok, » n(1<n<k)>{ o ,fwO”" 6 "“>Emsg
CV O,”»<b,owe>q”q Riemann ,"»<«wT: gs”
kE—1
> C*(kl,kg,...,kn):( )g(k).
n—1
k1 +ho+-tkn=k
Vhi> 1,k >2
O, »«we-Ux , Moen g Hoffman t‘lo'Y"e , Granville q Zagier t'lo
qtAirehU ,ferncZ2t Hoffman t‘lo O,”»«weé-Uqs@CV
O, »«we-UU“Mt% <pK”"\qUAIre0oMh . fw\gT’ , Granville
q Zagier WAIt‘lo\wsgCV O,"»«weé-U<Alreh\qts” S\
«'wé-U>Estli="h UUnsé-UpK”
O,"»<wnsé-U (cyclic sum formula for multiple zeta value) (Hoffman-
Ohno [HOJ). K"jg ¢t0O 0o k,>1pK”" ky,ky,...,k,>11t0 0
SO k=it Lk, ki ko Ky ch NN W TTRUUNY T R )
j=1 i=1 Jj=1
sgCV O ,"»«<wnsé-U (cyclic sum formula for multiple zeta-star value)

(Ohno-Wakabayashi [OW]). K”jg ¢t0'o k,>1pK” ki ks,...,k,>1t0"0

Y

n ki—1
SN Gy =i+ Lk, ka ko ki) = Rk + 1),

j=1 i=1
\\p| k=ki+ka+---+k, pK"}Fh(%° wexqgct] ki=1wqVx 0qb
"}
(«™: [HO] » [OW] gx GUYs"U%a\g>™ "oM” )
ri'wnseé-Uc« ., O0.,"»<K"Mxs@gCV O,"»«wf: Oqeeli:
Ur>;MoU€-%b”qMOAIMOpK” .\w mwnsé-UU%<«<pK”\q
xxIpxsMU 23] -¢’ -GUG- > [IKOO] t'“U€-%ot"*" , >a- > [TW] px
aw U [Kaw] gzyes” O,"»< w U t<£/Ad”\qt'“E:$t
AlnreoM”

00Qqzy+” UtmMox 1.2 p°p h . sgCV O,"»<«tx 0,”
»«cwO0Qt0 b” UU O sMg¥~+oMh TS, @’Ui,"»«p

\RA+"E:>Oqbey|[sgCV O "»ctcK” WOOQq¥Q” Uu
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Ob"\qUU  [K]t'lo'¥As . U -Ga[KO|t'loAir+h

sgCV O,"»«w®00Q "~ (“duality” for multiple zeta-star value) (U [K],
U -Gua [KO]). xpu: m, n>2t0" |

87 *(n,1,...,1) = (=1)"™¢*(m,1,...,1) € 2),((3),¢(5),...

(87) ¢ ( w) (=)™ ¢ \qfl_/) Q[¢(2),¢(3),¢(5), -]
UR*gm .

\ex , &ps TAg«uwEpsgCV O,"»cweé>q”\qt‘" , Riemann
V»<w oUp{Z"gMO«wpK” . éxw O,"»«wo" 1tSZ2700
Qx

Ctn+1,1,....,1)=Cm+1,1,....1)
-1 “1

q 7e"hS . (87)x6~ 11SZ"sgCV O,”»«w00Qq sd” Up
K”. U -Gu[KO] px, Z<p\,” 4mw7 w U>E 0"d"\qpAl~r
soM” . & -U w,”» : [AK1]

€u(s) = ng) /0 h efs_lluk(l e (Re(s) > 0)

tmMoE ' eoM”Z<w U>;M” & -U w,”» :xiw'0Os 0,”
» ew{gmw TA «pw l:t"hc<wfweép "*+"qMO\qUE"’
.OM”

Arakawa-Kaneko([AK1]). U™MwYwT: k£ t0O'o

k-2
s) =(—1)k1 s,1,...,1,2,1, ..., 1) +sC(s+1,1,...,1
&n(s) =(~1) ;a | H() g kl)
k—2
+ (_1)]C(k - ])C(Sa ]-7 ) 1)
j:l 7
UR“gm .
th,d8 -U w,”» :wYT::pwcUod” 1wsgCV O,"»cp "~

«"qMO U<E’'soM”
GUu(O]). U™MwT: k>2 n>1t0"

E1(n) = C*(k,1,...,1)

n—1

qs”
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\e' 2mw U>E"0~d’q , (87) w(%> O,"»<>;Mo bU>""U|
f\t §1.3p°p hGu U [O] >;M”"qfsUB" lw O,"»cpqgne”\
qUUT"}f\p  ,§145w g 1416 T'"HO|8” 1w O,"»<t b”AL

¢k, L., 1) € Q[E(2),¢(3), ¢(5), - -]

n—1
>;Mey  (87) UAT7~e” th, lw..p\,”K” (sBCV ) O,”»<> :q
b”< :>;Mh AlceZ Y] t‘'loE’soM”

4.3 O,"»<S*|sgCV O,"»cwK”éw<

\W...px , GU-Zagier[OZ] S‘|hee - I -GUG[AKO]t'“""eh| O,"»«
tj]seCV O,"»«wK”ew< :tmMo°pb” )
UMwT: kn,s, (k,n,s>0)t0" | TA¢g«uwBuU 1,1 >

I(k,n,s)={ 0"k, "~ n,0" sw iAg«p kwBu },

]O(k‘,n,s) = {k: (k‘l,kg,...,k?n) | ke](k’,n78)7k‘1 > 2},
q [b”

G G-Zagier[OZ] px , O, A~ [ 6”>{ "h O,"»«wéw< :UZ<w'O
t Gauss WO2? :w 1 pw> <>;Mo "e , MtfeU| Riemann ,”» <w
g: : 0U> :gb” " O><cm\quUO”e0M”

G U-Zagier(]OZ])

s (5 o) (e ()

k,n,s>0 \ kely(k,n,s) ry == 1—2
1 o ((n)
— ]__ 2N 7 n n n __ n
(88) xy_z{ exp<n§:; @yt —a ﬁ))},
hi> Ja,0xa+8=x+y,af=2zq9b" .
§1.3 p<\,h*'Ot , (88) >> =b"\qt'" Le-Murakami w U [LM1] > <X
\gUpV” . TM, GU-Zagier|OZ] px ,y=—z p (88) »> =" , Euler w=0U (1) >;
M”\gp~'eoM” . G U-Zagier[OZ] ¥ px , Le-Murakami w U [LM1] xA|éw
E1"WMBT T~ «oMsTlh . (88) »> =b”\qp7's UU™’s
oM” . z=zy qgb”’qé-~-UU""« ,2=0p> =b"q ,
b—1, a—1 1 . "y = (z+y)"
Zg(a—i-l,l,...,l)x y* "t =—1—exp Zg(n)
a,b>0 b—1 Yy n=2 n
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gs"“ , \*x g 1.4.16 p°p h  Aomoto[Ao|, Drinfel’d[Dr|, Zagier wWALpK” . ¥h
r=y=09b"q ((2,...,2) =g > "\a<pV”

G U-Zagier|OZ] ws@CV O, "»«[t0 b"< :wZ€<ha - I -GU[AKO]
t'los”eo0M”

hee- | -G u([AKO)).

(89)

1 1—=21,1
*(k k—n—s, n—s 2s—2 _ I )’ Ly 1
Z Z C() Z Y Z (1_$)(1—y)—223 2(2—04,2_6’),

kn,s>0 \kelo(k,n,s)

Wp L afxatf=aty af=xy—2* pK" 35 (aléﬁ;ag? ) X

ai, as, as =~ (a1)n(az)n(az), t
32(mm2 ) ;% (b1)n(b2)n 1!

p [f+"° 02?7 :pK”

mifi“, Or, ~  67"{ hsgCV O,"»<we> :qb”"< :U , °
"02? :w 1pw> <>;Mo "e"gMO<wpK” . (89) >~'t> =b”
\gt " ., 7's Us><X\qepV” . «Qy,y=xqgb"’ghae -GUG[AOQ] p~
'e0M” U

> cto=2(y ) )a-2m

kel,, Io(k,n,s)

U™e At 2=0qb"q ¢(22,....2)=( g: )xa®>""\qUDO6pK"”
N——

n X

(89) xiw'Ot{V "b\q«pV”

Z Z C* (k) xkfnfsyn7322372

kmn,s>0 \kely(k,n,s)
' rNg—-—al(z—a-— 1 _
_/ 5Bl — g)v! (gu Ola—a—f+1) p(a0-z
0 a)l(z —a+1) a—pF+1

D(a—B)(z—a—B+1) B,8—x
Pﬂ—ﬁﬁ@—ﬁ+¢)25(ﬁ—a+1”)}%'

+57%(1 —s)v!

2. .p°p hsgCV O,"»«wO0Qx ,*Z [Y]t'lohe - 1 -Gu[AKO]
w< :wlw O>;M” ATU)Q’*0M”
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5 60Jtr

1. Ok, » nw O,"»cWX:X ki+ko+---4+k, =k ki1 >2, ko, ks,....k, >1
wT:rwx:pK” . bsTj o K +E A+ 4K =k—n—1 K,k K, >0wWT:r
WX:C{S" . hUlo ,nHk_n_l:k_ng_n_lzk_gCn_lx. oMk w O,"»(WX

- X Z1gn§k—1 (2:?) =2""%x.
2.#2:9.86...':,10kaUGUGs’y C(Qk)':.l pK"hé

3.
g(l{ - 17 1) + C(k)

m>n>0 m=1 \n=1 myn=1
0 0o
2 : >
mF=2n(m + n) mF=2n(m + n)?
m,n=1 m,n=1

m,n=1
B i 1 1 1 B
B = \mn(m+n)2 0 mA(m+n)k? mE-2(m +n)2 )
= i Ly ! + ! +oe !
B o n(m—+n)k=1 ~ m(m+n)F=1  m2(m+n)k2 mk=2(m + n)?

=20(k—1,1)+C(k—2,2)+---+C(2,k —2).
4. ¥ —x—-1=0w3 mwr> a,8,vgb”q ,d,w-hb 30" =0T’

_ oM (B =) + By — a) + (e - B)
(a=3)B -7y —a)
>7"I\e>_"tx< >—lo¢ (1—a? =23 > 2 da" =1 U =UqsAE

d, =

e 1 B 1
kzzodkaj S l-a22—23 (1 —ax)(l - Bx)(1—~yz)
_ 1 {a2(ﬂ—7) ﬁ2(7—a)+v2(a—ﬁ)}
(a=B)F-7r—a) | 1-ax 1 -z -9z
qaeell:ir> |[E%weod>szf:t2% 0 (>+,sy‘'M}

a>t °wWET: a=1.3247179572... qb"q| “w B,7 x = —0.6623589786 +
0.5622795120...v/—1 p|fw 0<x 18] = || = 0.8688369618... <1 pK”} hUlo]
g B+ —a) M@ —f) ot
’ (a—B)B -7 —a) kGae (a — B)(a—7)

— 0.41149 x (1.3247.. )" (< 2%).
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5. O.,"»«wf: OtSZ"uwF ** ,n>2t0" |

n—1
2k)C(2k, ..., 2k) = nC(2k, ..., 2k) + 2k, ... 2k, 4k, 2k, ... 2k
C2R)C( - ) = nd( )+ 2 2k Yl)
n—1 n—2
4KYC (2K, . .., 2k) = 2k, ..., 2k, Ak, 2k, ... 2k 2k, ..., 2k, 6k 2k, ... 2k
g( )C( Y ) ) ZC(\ 7v7 17 7\ ’v7 J)—f—ZC(\ 7v’ 176 7\ 7v’ 1)
n—2 i=1 i1 n—i—1 i=1 i—1 n—i—2
C(2nk — 2K)C(2k) = C(2nk — 2k, 2k) + C(2k, 2nk — 2k) + ((2nk).
\e'WwW% >!'E$tCQ"q ,
n—1
90 —1)™C(2mk)C(2k, ..., 2k) = —nl(2k, ..., 2k) + (—1)" "¢ (2nk).
(90) (—=1)™¢(2mk)¢( ) = —n(( )+ (—=1)""¢(2nk)

1

3
[

\'>;MO
2k, 2k, ..., 2k) = C®(2mi)>™* / (2nk)!

(hiv e =1, ¢ =Ly (~1)" (") ByuCP, (n>1)) > nt b"<d0p

2n m=1 2mk

Ob.n=0wqVxI'T .n=1wqV,Euler w-U (1)>;M"q
(k)(QWZ)zk_ ng(QWi)Qk

E %= = =((2k)= (%.
o= 2(2k)! C(2k) = (%
n—1wipR*qmg> b” . (90), Euler w0 (1) S‘|<00w> ‘* ,
1 = 1
C(2k,...,2k) =— =) (=1)"C(2mk)((2k,...,2k) — —(=1)"C(2nk)
— 1 n_l(_1>m <_1 Bka’ (2 )2mk) C?S]i)m<27m)2(n7m)k
n 4~ 2 (2mk)! (2(n —m)k)!
. 1 _1\n _1 Ban 2nk
n< Y ( 2 (2nk)! (2i)
1 < 2nk g\ (2m)2F
— =S (=1 B
<2n m:l( ) <2mk) 2mk0"m> (2nk)!
" (2nk)!
6. ¢ I1b a t'"g
t —t t —t

ZLi3,1,...,3,1($)t4n = F(
n=0 i

n

U, 0" E



n=0 o

xI'T . “hUlo

(B2A% —t —4) (F(lii,%;l;m)ﬁ’(lt_i,l_—_ti;l;x)) =0
>Ob . \\p ,®=®(t;x) = yys, hi® y = F(l%ri,l’—é;l;x), Yo = F(ﬁ?ﬁ?
b"q ,
(91) (A%y1)y2 + y1(A%y2) = 0
(MpAl) =,

A2D = (A%y1)ys + 2(Ayn) (Ays) + y1(A%y2) = 2(Ayr) (Ays)

qs” ,
(92) B2A*® = 2(B Ay1)(Ays) + 4(BAy:)(BAys) + 2(Ay:) (B Ays)

«™50.1 F=F(a,3,7;x) xuM U

A’F dF
x(l—x)w+{7—(a+ﬁ+l)x}%—aﬂFzO
)—|hb
\w\g>;M"q Y1, Yo XfegeellM U
t2
(93) 2(1—2)y + (L= 2)yn =~
t2

(94) 2(1 =)y + (L= 2)yp = -

>shb . \p , BAp=z(l—2)¢" + (L —2)¢' " BAy = =5y, BAys = 5y »>™

\e>  (92)tEOb"q

B*A? = t'0 + it*{(By1) (Ayz) — (Ay1)(Byz)}
qs*
(95) (By1)(Ayz) — (Ay1)(Byz) = 0

(MpAT) ",
(B2A? — t9) = 0
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~

>

(91) wAle A2p=220"+a¢ S| (93) **

2 x 2 =z
Y F Y = — Y TY Y = oy
sSwp ,
? =z t? x
2 2
- A - _
n 2“_:[,017 Y2 2“_ny
> . "hUlo |
t? =z t? x
A2 A2 — s
(A%y1)y2 + 41 (A%ys) (2i1—x1>y2+y1(22'1—xy2)
qS” .
(95) wATe.
dy,  dys dy, dyo
(By)(Ays) = (1= 2) 22 = 2B (1 —2)2 — (A4y)(By,)
EHHO
sU
t —t t —t
Li o)t = F 1:2)F i1
Z 231 ,3,1 (1+Z 1+ ) ,[E) (1_2 1_ - ,I‘)
wt%> 1,2, 3sei’ f°g° r=0>EOb"q ,
((%)|x:0:17 <E%)|$:0:17
(% )]a=0 =0, (‘%)|xo—0

4 4

dIQ((/O>|x0:t (EA))|CC Ozt
L% )]omo = —t4, dxg(E %)|y—0 = —t*

gs“ , b,oU°sb”"wpAae>~
7. kwO" :Zle(ai—i—bi):k’WO",kW A :Zjﬂbz&klw no=3

8. 2t
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Liy(z)Lig(z) = Liya(2) + Ligs(2) + Liga(2) + 2Ligq1(2)

(2) (2) = 2Li131(2) + 2Li113(2) + Li1a2(2)
Liy(2)Liso(2) = 2Lig21(%) + 2Lisq 2(2) + Liy22(2)

(2) (2) = 3Lis11(2) + Liy31(2) + Liggi(2)
Liy(2)Liyg2(2) = 2Li1121(2) + 3Li11,12(2)
Liy(z)Liy11(2) = 3Li1211(2) + 2Li1121(2)

1(2) Liza1(2)

(2)

(2)

(2)

(2)

(2)

1
LZl z LZQ 1,1 Z) = 4L22 1,1 1(2’) + LZ'1727171(Z)
Liy (2 Li1,1,1 1( ) = 5Ll1 1,1,1 1(2’)

Liy(2)Lis(2) = Ligs(z) + 3Lig2(2) + 6Lig1(2)
2) = 2Liy99(2) 4+ 2Lig 1 2(2) + 2Lig21(2) +4Li1 31(2)
= Lig12(2) + 3Lig21(2) +6Ligq1(2)
1(2) = Livga2(2) +2Li112,1(2) + 3Ld12,1,1(2) + 4Ld21,1,1(2)
L@l 1(z Lzl 2(2) =3Liyp11(2) +4Li1121(2) +3Li1112(2)
1(2) = Liy121(2) +3Li1211(2) + 6Lig111(2)
Lzl 1(2)Liv11(2) = 10Liy 1 111(2)
Lis(z)Liy1(2) = Liva3(2) +2Liy31(2) +3Lis11(2) + Liv22(2) + Ligg 2(2) +2Ligg1(2)

ON2, 3,4 FpwuS‘|\e'T"’ ,
LZl(Z)Lll ..... 1(2) = k)LZl ..... 1(2)
N—— N —
k—1 k
k
Ll2(Z)LZ1 ..... 1(2) = ZiLil,...,Lz 1 1(2)
—— - —— N —
k—1 1=1 k—i i1
u* pv”
10. nt b”<0OpAib” .n=1wqV, Lii(2) = Liy(z). n=k—-—1wqVR"“q
mq>b” .n=kwqV, 43 123"'"
d d k
L —Li Liy(2)kF 1 = Liq(2)F L.
N =k (L L0()) h (97 = 12 Li )
<oOw> S'|4J 1.2.3 % |
d k! )
d_( Z(Z)k)z— 11,1,..., 1(2)—143'—[/211 ,,,,, 1(2’)
Z - N—r <z N—r
k—1 x k x
"hUlo s L’L(Z)k = k!Lle,l ’’’’’ 1(2).
——
k x
11. O~x dt qﬁwx , X —th pK”hS
1-—1t t 1-—
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12.

Lip(2)Lin(2) = /dto...o@o dt /%oo@ dt
0 0

0 t°1—¢ t 014
T T
<~ (m—1+14)! / dt dt  dt  dt At dt
= — o— —o0...0—o0
(m—Dll J, ¢ to1—t ¢ t 1t
i=0 \T/ \—_f_—/
T2 (n—1+)! /zdt dt dt  dt At dt
—+ —O0...0—0O0 o — o0 o — o0
L n— D)5l J, t1—t t 1t
=0 ~—_——— —_———
n—1+j m—1—j
~(m—1+i s n—1+j
= ( i )Lierz n71<2) + < . >Lin+] m—j <Z>
i=0 =0 J
~ t 1—s ~ ., . N
13. !:10 u:—,vzl—tth00!0>BQ . H2U>! "hu v(l—t)=1-s
S —
. / ) 1 )
t,H1U> s =~ q! "EO b"q po M=l g CEObg
U uy — 1
v—1 , "
s = 77 LIt st >fege u,v peUb”q
uv — 1
Os v—1 Os u—1 oo (v—1) 0t  ulu—1)

ou U(uv—l)Q’ o (w—12 ou  (w-120w (uww—1)?2
gs"wp , :e»Ux

TR I B v B e ) B e
du v " (ww—1)2 (uv—1)2 (UU—]_)4 -1 u (UU—1)3
gqs”
14. Guw UtSMo ,I=0gb”"qO0QU™"» ,l=19q°00QqgE"u~d”
g Hoffman w U>~” . th, 0"k " np,l=k—-n—-1qgb”’gé-UU""»

15. k,>2t0°0 , f: O>;Mo C(1) q ¢(ky, ko ... ky) WusBQ”q
<(]‘>C(/€17k277kn>

N <n§:1 E) (m1>m2;>mn>0 mllﬁmé@ o mﬁn)
(s s oy oy

m>mi1>ma > >mp >0 m=mi>ma>-->mu>0 mi1>m>ma > >mp >0 mi>m=ma>-->mu>0

R R S D Y |

m1>mo > >My 1 >m>my >0 mi1>mo > >My—1 >m=my >0 mi>mo>->mp>m>0 mm1 m2

= C(L ki ko, k) + > Gl ki ki Lk, k) + Y Ck o kg Lk,
i=1 j=1
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qs” . °M, uil  O>;Mou>-%b”q
C(1>C(k17k27>kn>

/1 dt L dt dt  dt dt dt  dt dt dt
e _— — Q0+ 0 — O O—O0O:+++0—O0O Q+++O0O—O0Q¢+++0—O
0 1—t o t 1—t t t 11—t t t
S———— S———— ———
k1—1 ko—1 kn—1
/1 dt  dt dt dt dt dt  dt dt dt  dt
= —— 0 — o0 O—O0——0—0 o — [} 0O—o0 0O— 0 —
o 1—t t 11—t ¢ 1—t t t1—t
—r — —
k1—1 ko—1 kn—1
M2l g dt dt  dt dt dt  dt dt  dt
+ — 0 oO—o0 — 0-+++0—0 — 0+ 0 — o
o .t 1—t ¢ t 11—t ¢ 1—t
R P — S
1—1—1 7 o—
dt dt dt
O—o0:-+0—0
t t o 1—t
k 1
Ldt dt  dt dt  dt dt  dt dt dt  dt
— O o — O (@] O—OQO0-+«++-0—O0 (@] O — O O — O
o 1 1—t 1—+¢ t t o 1—t t t o 1—t
— — —
k1—1 ko—1 kn—1
ha2 /1 dt dt dt  dt dt dt  dt dt  dt
Z — 0 o — 0o—o0 o — O—0:-+0—0 o -
o 1 t 1—t t t 1—t t t o 1—t
1=0 ——— ———
ki1—1 ko—1—1 7
dt dt dt
O —O- O — O
t t 11—t
k 1
L dt dt  dt dt dt  dt dt dt dt  dt
— O O — O O—O0O+«++0—O0 (@] (@] O — O - O — O
0 1— t t 1—t 1—t t t 11—t
—— —— ——
ki1—1 ko—1 kn—1
+..
fn=2 el gy dt dt  dt dt  dt
+Z — 0:+-+0—0 O—O0:-+0—0 o -
[, ot t 1—t t t o 1—t
1=0 hv—/ hv_/
ki1—1 ko—1
dt dt dt dt dt dt
O—o0:--0—0 O—o0:--0—0
t 1—t t 1—t
k 1 )
L dr dt dt  dt dt  dt dt dt dt dt
—0:++0—0 O—0:++0—0 ¢} O—o0:-+0—0 o —
0 t 11— t t o 1—t t t 1—t t
—— —— —
ki1—1 ko—1 kn—1
n k—2
:C(17k17k27"-akn)+Zzg(kl7-"7kjl—lakl_j7j+1vkl+la"'7kn)
[=1 =0
ky>2

+) ¢y ki Lk, k)
=1

> . T Us"Mq_"q¢g , H1I0S'|H 20% ®eU'j« KM | Hoffman w
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16. « 143 wH2Ux,nt b”<00pAib” .n=1wqVxI'T .n=2wq
Viymy=y(lmy)+y(lyml) =2y pR“gqm .n—11tpR*“gmg> b” . \\p
yuwyl=ky* pK” . ses’'y ,k=1wqVxI'T . k—1%pR“gmg> b”
q.kwqV,

yuy" =yl w ") +ylym ) = yF +y((k = 1)y ) = ky*

gs” . \e>;M"q ,mwgV<oOw> **“

y" =y y" " =ym (n— 1Dy = (n— DIy my" ") = nly"

qs” . % 7tH 3 0c™e”
H5U> gt b"<0OpAilb” .g=1wqVxH 20'“I'T  .¢-1%pR"
qmg> b"q

2 W 2y = 212g + (21w 2g-1)

q—2
= Z1%4 +x <Zq_121 + Z zlﬂ-zq_l_i)
i=0
q—2 q—1
= 212 + 2421 + Z Z2o4iZg—1—i = Z¢21 + Z 214i2q—i
i=0 i=0
qsll
H4Ux,n=p+qt b”’<00pOb .n=2wqgVxH 20“1'T .n=p+q—1
wgVR“gmqg> b” .p,g>2s’'y ,<o00w> ‘"

Y

Zp W 2y =X(2p—1 W 24) + 2(2p W Z4—1)

q—1

p—2+1 g—1+j
Z( . )Zp—i-zzq 2+Z( ] )Zq+] 12p—j—1

=0 7=0
q—2

p—1+1 q—2+7
+ ( ; )Zp+z+12q i-1 7t Z ( . >Zq+JZp j
=0

B (O (2 e
+z¢¢+§:((q_2+]) (Q;ETJ))%H%ﬁ
)

—

q—

p—1+1i q—1+j
= ( i )Zpﬂzq it Z ( 2q+j~p—j

%

I
o

> .p=1,¢g>1wOuxH 5U0p ' eoM”wp|\e’>0"d"q pg>1t

q—1 . p—1 .
p—1+41 qg—1+7
Zp Ul 2g = Z ( ; )Zp_H'Zq_Z’ + Z ( j )Zq+jzp—j

i=0 Jj=0
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UR“gqgm . th, 3R¢Ncuw™ HRQ"q LTy Qa-oeaxy WIj'Tw
p—1 q—1

tX"TpeU 2mtiTe | “c---ayz---y" W WA“Mq¥OqUE™ "
17. ) TA¢«p kto® |,

G (k) — (k)| = O(M " log” M) (M — o0, J xK”Y: )
)Ody‘M . :I:C,k:(k‘l,k‘z,...k’n),kflZQ,kIg,...,an]_to‘ ,

C(k)—CM(k):< > - 2. ) kl..l.mkn

mp>-->mp >0 M>mi>-->mnp>0 ml

o0
O
a ki mkn
mi1=M m1>-mn>0 my My

o0

1 1
=2 5 2 R

mi=M 1 mo>-mp>0 2 my"
Wp
1
Almy) =
( 1) m2>;m>0 mgz ml;;Ln
qSXq,
my—1 mi—1 n—1
1 1
A(my) < — = -
(ml)—mQZm:1m2...mn (r:l T)
S
mi1—1 1 1
r=1
““ K": CUO
A(my) < C(logmy)™!
qs"wp

C(log my)" ! > (log z)"! (log M)~
o ([~ g2y, , (s

oo n—1
/ Jog )™ ) = O(M~™=Y(log M)"" 1) (M — o0)
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