Math-for-industry
Journal of Math-for-industry, Vol.2(2010A-5) , pp.39-56 Education & Research Hub

Decay estimates on solutions of the

linearized compressible Navier-Stokes equation
around a Poiseuille type flow

Yoshiyuki Kagei, Yu Nagafuchi and Takeshi Sudou

Received on March 3, 2010

Abstract. Decay estimates on solutions to the linearized compressible Navier-Stokes equation
around a Poiseuille type flow are established. It is shown that if the Reynolds and Mach numbers
are sufficiently small, solutions of the linearized problem decay in L? norm as an n — 1 dimensional
heat kernel. Furthermore, it is proved that the asymptotic leading part of solutions is given by
solutions of an n — 1 dimensional linear heat equation with a convective term.
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1. INTRODUCTION Ts = (U:(zn), 0, ---,0),
This paper is concerned with the asymptotic behavior of so- 1 _ gsina G o i
lutions to the compressible Navier-Stokes equation around Us(Tn) = U o (@, Yn)Ps (Yn) dyn,

a Poiseuille type flow.

We consider the system of equations with

(1.1) Orp + div (pv) = 0, (0= zn)yn (0 <yn <zn)

Gé(xnvyn) = {

IS RN

(0 —yn) (Tn <yn <{).
(1.2) p(Qpv+v-Vo)—pAv—(pu+p')Vdivo+VP(p) = gpf,

1 Here p. is a given positive constant. See the figure below.
in an n dimensional infinite layer 2y = R" ™" x (0, £):

O = {z=(2,2n);

gl gravity
¥ = (21, ,2y_1) ER"L 0< 2, <} l

Here n > 2; p = p(z,t) and v = (vi(z,t), -+ ,v"(x,t)) de-
note the unknown density and velocity at time ¢ > 0 and
position x € Qy, respectively ; P(p) = Kp® is the pressure,
where K > 0 and a > 1 are constants; u and p' are the vis-
cosity coefficients that are assumed to be constants satisfy-
ing u > 0, %/H—u’ > 0; g is the gravity constant; and f, is

an external force of the form f_, = (sinc,0, -+ ,0, — cos «)
with a constant a.
The system (1.1)—(1.2) is considered under the boundary B Ty =1
condition xn =0
(1.3) Vg, =00 = 0.
It is not difficult to see that the problem (1.1)—(1.3) has We are interested in the large time behavior of solutions
the stationary solution s = (p,,7,)0 to problem (1.1)—(1.3) when the initial value (pg, vo) is suf-
. ficiently close to the stationary solution us = (p,, Us).
(pifl | (a=Dgcosa (- In)) T oifa > 1, The stability problem of flows in an infinite layer or cylin-
Ps = ak drical domains has been widely studied as a good subject to
pyet R (ETn) ifa=1, study pattern formation phenomena and turbulent flows.
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Basic analysis with mathematical rigor has been well es-
tablished for incompressible flows in these domains. For
example, one can systematically analyze qualitative prop-
erties of solutions of the governing equations such as the
stability and bifurcation, since the incompressible Navier-
Stokes equation can be treated in a category of semilinear
parabolic equations (e.g., [1, 2, 3, 4, 5, 6, 18, 24, 25]). On
the other hand, it seems that there has been not so much
mathematically rigorous analysis for compressible flows in
these domains. This is because the governing equations
for compressible flows are hyperbolic-parabolic systems of
quasilinear equations; and, thus, the extension of the anal-
ysis for the incompressible case to the compressible one is
not straightforward. As a first step of the mathematical
analysis for compressible flows, we have begun to investi-
gate the dynamics around simple flows such as the motion-
less state and parallel flows. The stability of the motionless
state was investigated in [9, 10, 11] and it was shown that
the motionless state is stable for sufficiently small initial
disturbances and the disturbances behave in large time as
solutions of an n — 1 dimensional linear heat equation. A
similar result also holds for the case of cylindrical domains
([8, 14]). As for parallel flows, it was proved in [12] that
the plane Couette flow is asymptotically stable for suffi-
ciently small initial disturbances if the Reynolds number
and Mach number are sufficiently small. Furthermore, the
disturbances behave in large time as solutions of an n — 1
dimensional linear heat equation with a convective term.
This kind of diffusive behavior is different from the case
of unbounded domains such as the whole space, half space
and exterior domains, where hyperbolic aspect of the sys-
tem also appears in the asymptotic leading part of solutions
in large time (e.g., [7, 13, 16, 17, 19, 20, 21, 22]).

Our next step is to extend the analysis of the plane Cou-
ette flow to the case of a Poiseuille type flow. In this paper
we will consider the linearized problem around such a flow
and establish decay estimates on solutions similar to those
in the case of the plane Couette flow. Based on the anal-
ysis in this paper, the nonlinear problem will be treated
elsewhere.

Our main results of this paper are summarized as follows.
A non-dimensional form of the linearized system is written
as

(1.4) Ou+ Lu=0

on the domain = R"~! x (0,1):

Q = {z=( 2,);

7 = (Ily"' ,il?n—l) S Rnil, 0<o, < 1}

under the initial and boundary conditions
(1.5)

ult=0 = ug, W|z,=0,1 = 0.
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Here u = 7(¢,w) and

Uiaﬂm 72div (ps : )
L - 15/ ’
(ps) . v _ (v+v) ;
v (&) -zar, - v

0 0
* —7-el 0 0, In + (0, v)e Te, |7
where p,, vl and P’(ps) are the non-dimensional form of
Ps, Ut and P'(p,) respectively; I,, denotes the n x n iden-
tity matrix; e; denotes the unit vector in x; direction;
e1”e,, is the matrix with (4, j) components given by 0i10n;;
v, V' and 72 are some positive constants. Here and in
what follows the superscript 7+ means transposition. The
Reynolds number Re and Mach number Ma are given by
Re = 1/v = p/(pfV) and Ma = 1/v = V/y/P'(ps),
respectively, with V = (p.gf?sina)/p. We also intro-
duce the parameter w = ((a — 1)glcosa)/(ap? 1K) if a >
1 and w = (glcosa)/K if a = 1. We will prove that
there exist positive numbers Reg, Mag and wg such that
if Re < Reg, Ma < Mag and |w| < wp, then the solution
u(t) = (¢(t), w(t)) of the linearized problem (1.4)—(1.5)
satisfies

(1.6)

10%8% u(t)

< C{= 5 =5 fuoll s + e~ (Juoll w2z + 19zrwol £2)}

fort>1,k+1<1, and
(1.7)
||U(t) — Gt Kt H(O)UOHLz

< C{"5 = uollnr + e (fluol i xz + 19rwoll22)}

for t > 1 with a function Gy *, I1(® vy whose Fourier trans-
form in 2’ is given by

F (Gt y H<0>u0) — ¢ (imogatmitnale” ) 5 1], (0)

Here 5/ = (51,5//) € Rnila 5// = (527"' agnfl) S RniQ;
u(®) is a function of x,, only; [po(£’)] is a quantity given by

[o(€)] = / Fol€ ) din;

with (ZO being the Fourier transform of ¢g in z’; and &;
(j = 0,1,2) are positive constants depending on p,, ¢, V,
u, 1 and P’(py). Precise statements of the results will be
given in section 3.

As in the case of the plane Couette flow [12], these de-
cay estimates will be useful for the nonlinear problem. In
contrast to the case of the plane Couette flow, besides the
decay estimates themselves, a decomposition argument in
the proof will also play an important role in the study of
the nonlinear problem.

To obtain the decay estimates, as in [12], we consider the
Fourier transform of (1.4) in 2’ € R" 1

oyu + Lg/a =0, a‘tzo = ao,



Yoshiyuki Kagei, Yu Nagafuchi and Takeshi Sudou

where & = (&1,
able. R

The operator Lg has different characters between the
cases |{'| < 1 and |¢'| > 1. We thus decompose the semi-
group e~ ‘L associated with (1.4) into two parts: e~'L
y_l(eimglhﬁ’ISR) + y_l(eimé,hf’lzl%) for some R > 0,
where .Z ' denotes the inverse Fourier transform. To an-
alyze the high frequency part |£’| > R, we employ the
Fourier transformed version of Matsumura-Nishida’s en-
ergy method and derive the exponential decay property
of the corresponding part of the semigroup e~*~. This can
be done exactly in the same way as in [12]. To investi-
gate the part of bounded frequencies [¢'| < R, we make
use of a certain decomposition of the corresponding part
of the semigroup based on the spectrum of the operator
of the zero frequency & = 0. Concerning this part we
need more precise argument than that in [12]. The de-
composition argument for the bounded frequency part will
be also useful in the study of the nonlinear problem. Once
the necessary estimates for the bounded frequency part are
obtained, then the asymptotic behavior (1.7) follows from
the analysis of the low frequency part |£'| < 1 in a similar
manner to that in [12].

This paper is organized as follows. In section 2 we rewrite
the problem into the system of equations for the distur-
bance in a non-dimensional form. Our main results in this
paper are then stated in section 3. In section 4 we prove
the decay estimates, and, in the proof, we employ a certain
decomposition argument for the bounded frequency part.
A proof of the asymptotic behavior (1.7) is then outlined
in section 5.

,&n_1) € R ! denotes the dual vari-

2. STATIONARY SOLUTION AND
FORMULATION OF THE PROBLEM

In this section we rewrite the problem into the one for the
disturbance in a non-dimensional form.

Let p. be a given positive number. We will look for a
stationary flow whose density p, satisfies

(2.1) Pslan=t = pa-

With this in mind we introduce the following dimensionless
variables:
14

t=—1% v=V0, p=pp, P=pV2P

= €~
x z, %

with
_ peglPsina
. .

Then the problem (1.1)—(1.3) is transformed into the fol-
lowing dimensionless problem on the layer 2 = R"~! x
(0,1):

v

(2.2) 8,p + div (57) = 0,

(2.3)
POT+T- V) — VAT — (v+1/)Vdivi+ P (5)Vp = Bpf.,
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(2.4) e, —01 = 0.

Here v, v/ and 3 are the non-dimensional parameters:

R Vgl

gt AN
We also introduce a parameter ~:
/5 v P'(ps)
=4/ P(1) = +——
g (1) 7
and a parameter w:
la=lgbeosa if g > 1,
w = apt
ghocsa if a = 1.

We state the existence of a stationary solution of Poiseuille
type flow.

Proposition 2.1. Assume that w satisfies w > —1 if
a > 1. Then problem (2.2)—(2.4) has a smooth stationary
solution us = (ps, vs) of the form:

(1+w(l- a:n))ﬂ%l ifa>1,
Ps(mn) =

ew=2n) ifa=1,

with )
) = [ Glonndpam)d.
Here
(1 - xn)yn (0 < yn < xn)
G(xmyn) =
Tn(l—yn) (zn <yn <1).

Furthermore, us = (ps, vs) satisfies the following estimates:

(1+min{0,w})aT >0 ifa> 1,

Ps (xn) >

emin{0w} 5 ifa=1,

polan) =1+ 0), |05, pulwa)] < Culwl®,
Son(1=22) +0(), 10k, v}(ea)] < Ci,
P (paln) = 71+ O), 105, P/ (palan))] < Cur®lol’,

uniformly in z,, € [0,1].

U; (xn) =

Proof. In view of (2.1) we look for a stationary solution
of the form

,O), ps(l) =1L

Then we see that (ps,v!) is a solution of

ps = ps(Tn), vs= (vi(:cn),(), T

(2.5)  —vd; vy = Bpssine,  vgle,=01 =0,

Tn S
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(2.6) P'(ps)0y, ps = —(%ps cosa.

aKp* !

Since P'(ps) = p27 1 it is easy to integrate (2.6).
By using ps(1) = 1 we obtain the desired ps, and, then,
vs is obtained by inverting (2.5). It is stralghtforward to
obtain the estimates on ps and vs. Furthermore, by noting
P’(1) = »2, we have the desired estimates on P’(p,). This
completes the proof. O

Remark. We note that the Reynolds number Re and
Mach number Ma is given by Re = v~ ! and Ma = 7y 1,
respectively.

Setting p = ps + 7 2¢ and U = vs + w in (2.2)—(2.4),
we arrive at the initial boundary value problem for the
disturbance u = (¢, w):

(2.7) 0+ vi0p, ¢ + ¥ div (psw) = fO(¢, w),

(2.8) ]
dw — £ Aw — “HIVdive +V (%a;)

030z, w + (0, v; )w"er — s3-der = g(¢, w),

(2.9) W|z, =01 =0,
(210) (¢7 w)‘t:O = (¢07 ’lU()).
Here
f2(¢,w) = —div (¢w),
g(¢p,w)
_ v
=W VUt 5 { }
_(De 7 b P'(ps)
e YAV o +¢){72psv(7ps (b)
Y (7*4¢2P2(7*2¢>, ps))}
with

~ 1 ~
Pa(6.0) = [ (1=0)P"(pu +00) o

3. MAIN RESULTS

Our main concern in this paper is the estimates of solutions
to the linearized problem, i.e., problem (2.7)—(2.10) with
f0(¢7w) =0 and g(¢7w) =

We first introduce some notation which will be used
throughout the paper. For a domain D and 1 < p < oo we
denote by LP(D) the usual Lebesgue space on D and its
norm is denoted by ||-||z»(py. Let m be a nonnegative inte-
ger. W™P(D) denotes the m th order LP Sobolev space on
D with norm |- ||ym.»(py. When p = 2, the space W™ (D)
is denoted by H™ (D) and its norm is denoted by ||-[| zm (p)-
Cy'(D) stands for the set of all C™ functions which have
compact support in D. We denote by Wl’p (D) the com-
pletion of C}(D) in WP(D). In partlcular W0 2(D) is
denoted by Hg (D).
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We simply denote by L?(D) (resp., W™P(D), H™(D))
the set of all vector fields w = T(w!, - ,w") on D with
wl € LP(D) (resp., W™P(D), H™(D)), j = 1,--- ,n, and
its norm is also denoted by || - [|z»(p) (resp., || - [[wm.r (D),
H | zrm(py)- For u =T (¢, w) with ¢ € W*P(D) and w =

(wl"" ") € WmA(D), we define [[ul[wr.r(p)xwm.a(p)
by [[ullwr.r (Dyxwm.a(p)y = 10llwes D)+ (wllwm.ap). When
k =m and p = q, we simply write |[ully+.rp)yxwrr(p)y =
l[ullwes(D)-

In case D = Q we abbreviate LP(£) (resp., WP (),
H™(Q)) as L? (resp., W™P? H™). In particular, the norm
Iz = Il s is denoted by | - |

In case D = (0,1) we denote the norm of LP(0, 1) by |-|,.
The inner product of L?(0,1) is denoted by

1 [—
9) :/0 flan)g(xn)dey,, f,g€ L2(O, 1).

Here g denotes the complex conjugate of g. For u; =
T(¢j7wj) € Lz(ov]—) with wj = T(wjl‘v"' aw_;l) (] = 172)a
we also define a weighted inner product (u1,us) by

1 -, 1
<U;1, u2> = / ¢1¢2 1?\/4(5:) dxn + / wlw%os dxn
0 0

Furthermore, for f € L*(0,1) we denote the mean value

of fin (0,1) by [f]:
1
1):/0 f(zy) day,.

For u = T(¢,w) € L}(0,1) with w = T(w!,---
define [u] by

,w") we

c [w™].

The norms of W™P(0,1) and H™(0,1) are denoted by
| - |wm.e and |- |gm, respectively.
We often write z € €2 as

T(/

=" x,), o =7( cR" L.

Ty, axn—l)

Partial derivatives of a function u in z, z’, z,, and t are
denoted by O0yu, Oypru, 0, u and Jyu, respectively. We also
write higher order partial derivatives of u in x as Ofu =
(923 Ja] = k).

We denote the k x k identity matrix by [I. In particular,
when k& = n+ 1, we simply write [ for I,,1. We also define
(n+1) x (n+ 1) diagonal matrices Qp, @, and Q by
70)7 Qn = diag (O,

Qozdia’g(laO?"' 7031)

and B
Q :dlag(o?lv 71)

We then have, foru = 7(¢,w) € R"*, w =T (w!, -, w"),

0
(5 0= (1) 0 (2)
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We note that
[QOU] = T(¢, U.))

We next introduce some notation about integral opera-
tors. For a function f = f(@") (2 € R"1), we denote its
Fourier transform by f or .7 f:

fie) = (Fne) = [ e ar

[¢] for u=

The inverse Fourier transform is denoted by % -
(F @) =m0 [ e ag
RrRn—1

(0,1) we will denote
by K f the integral operator fol K(xn,yn) f(yn) dyn.

We will denote the resolvent set of a closed operator A
by p(A) and the spectrum of A by o(A). For A € R and
0 € (%, m) we denote the set {\ € C; |arg (A — A)| < 0} by
X(A,0):

For a function K(z,,y,) on (0,1) x

2(A,0) = {\ € C; |arg (A — A)| < 6}.

We now state our main results.
Let us consider the linearized problem

(31) 3tu + Lu = 0, U}‘xn=071 = 0, U|t=0 = Up-.
Here u = T(¢,w) and L is the operator of the form
Uiaﬂh ’YQdiV (ps ' )
L = /! ’
P'(ps) . v (v .
V(2 ) —zal, - “Ovay

0 0
+ .
——2-e; 00, I, + (0.,v e Te,

¥2ps
We denote the solution operator for (3.1) by Z/(t).
Theorem 3.1. Suppose that ug = T (¢o,wg) € H' x L?

and that Opwy € L?. Then (3.1) has a unique solution
u(t) = U (t)uo; and it satisfies the estimates

|% (t)uoll2 < Cluol|2
and
102 % (tyuoll2 < C{t™% |lugll 1 L2 + 102 woll2}
foro<t <1.

Theorem 3.1 can be proved exactly in the same way as
n [12]. We omit the proof.

As for the estimates in large time, we have the following
result.

Theorem 3.2. There exist constants vy > 0, 79 > 0 and
wo such that if v > vy, ¥2/(2v + V') > 42 and |w| < wo,
then the estimates

|08, 8L U (t)uol|2
<Co{t T luoll L1 (mr—1;22(0,1))

e (Jluoll w2 + 0wwoll2)} (k+1<1)
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hold uniformly for t > 1, ug = (¢, wo) € H' x L? with
Opwy € L? and ug € LY(R""Y;L3(0,1)). Here d is a
positive constant.

We will prove Theorem 3.2 in section 4.

The decay rate in Theorem 3.2 is the same one as that
of an n — 1 dimensional heat kernel. The next result shows
that this is an optimal decay rate, and, in fact, the asymp-
totic leading part of solutions is given by an n — 1 dimen-
sional heat kernel which moves in x; direction with a con-
stant speed.

Theorem 3.3. There exist constants vy > 0, 79 > 0 and
wo such that if v > vy, v2/(2v+1v') > 42 and |w| < wo, then

for any ug = T (¢, wo) € (H' x L?*) N L' with Oyrwy € L?
the solution u(t) = % (t)ug of problem (3.1) is decomposed
as

U tyuo = U (tyuo + %™ (t)uo,

where each term on the right-hand side has the following
properties.

(i) The function " (t)ug satisfies the following estimates
(3.2) and (3.3) uniformly fort > 1:

(3.2) [958, 2 (tyuolla < CE T uglly (k+1< 1),

3.3) 1% (t)uo — Gy o T Ouglls < Ct= 7 =% |Jug |1,

Here

Gy oy T Oyy = F 1 (e*(iﬁof1+f€1§f+ﬁ2\§H|2)t ﬁ(omo)

with 1%, = [Qotip)u® [ggo] ), where u(®) = u(©)(z,,)
is the functzon given in Lemma 4.3 below; and k; (j =
0,1,2) are some positive constants satisfying

1
Ko = 6 + O(w),

m= (7 +0 (1) +0(2)) 1+ 0w),

ko = 75 (1 + Ow)).
)

Furthermore, if ug = T (div Wg, O,wo) with W§ |, —01 =0

then it holds that

34) (2 Muolla < Ct T (ol + [[woll)

forallt > 1.

(ii) There exists a constant d > 0 such that w'> (t)ug
satisfies
(3.5)

|z~

(tyuollz < Ce™*(|luoll L2 +|0wwoll2) (1=0,1)

forallt > 1.

Remark. We easily see that |Gy #, ITDug||s = O(
if up € L'. We also see that the function Gy %, IT(Oy
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is written in the form Gy %, II®ug = (¢ (2',1),0) with

#O) (2, t) satisfying

010\ — 5102, 00 — kA7) + k0, 00 = 0,

1
¢(O)|t:0 = / ¢0($/7 xn) den,

where A” =92 +--- + 92

Tpn-1"

A proof of Theorem 3.3 will be outlined in section 5.

4. PROOF OF THEOREM 3.2

In this section we prove Theorem 3.2. From now on we
simply denote v + v/ by :

p=v+1.

To prove Theorem 3.2, we consider the Fourier transform

of (3.1) in ' variable. The Fourier transform of (3.1) is
written as
(41) 06 +iavid +inE (o) + 770, (ps") = 0,

(4.2)

nw' +v(|g')? — 92 Yu' — ivg' (i€ - W + 9y, ")

o~

+ig! (242 §) + i€yl + (O, v})" €] — el =0,

(4.3)

0y + v(|€']? = 02 )" — 00y, (i€ - W' + Oy, W")

+0,, (Z42203) v i olam =0,

(4.4) W]z, =01 =0
for t > 0, and
(4.5) Um0 = to = T (¢, @o)

Here ¢ = qAﬁ(E',xn,t) and W = w(&', x,,t) are the Fourier
transform of ¢ = ¢(2’,z,,t) and w = w(z’, x,,t) in 2’ €
R" ! with ¢ € R"! being the dual variable. We thus
arrive at the following problem

d ~
(4.6) T +Logu=0, w

en=01 =0, ult=o = up.

with a parameter &’ € R"~!. Here u = T (¢(xp, t), w(zp, 1))
(xn, € [0,1],¢ > 0) and L¢ is the operator of the form

Les = Ag + Be + Co,
where
0 0 0
2Tl —zieazn
0 —iZT¢, L —

A&/ = O Z%gljnfl +

xn
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with
e =¢')? -
i1} iV ps T 720u, (ps-)
Be = ig'Zoe) g0l 0 ,
o (F20) 0 it
0 0 0
Co = _W;ps 6/1 0 (8ﬂcn Us)
0 0 0

We note that, for each fixed &, Egl is a closed operator
on H'(0,1) x L?(0,1) with domain of definition D(EE/) =
H(0,1) x (H2(0,1) N H}(0,1)); and —Lg¢s generates an
analytic semigroup e~tle in H'(0,1)x L?(0,1). Therefore,
for each fixed &', problem (4.1)—(4.5) has a unique solution
u(t) =e fLs/uo € C([0,00); H'(0,1) x L?(0,1)) with u(t) €
C((O,oo);D(Lgf)). The solution %/(t)ug of (3.1) is then
given by X (t)ug = F " (e~Le ).

To prove Theorem 3.2 we decompose %/ (t)ug in the fol-
lowing way. Let R > 0. Define x((¢') and x(*)(¢) by
XW(E) = 1if [¢] < R, xXV(¢) = 0if [¢/| > R, and
) =1 =),

We decompose U (t)ug as

@/(t)uo = Ul(t)uo + Uoo(t)U(),

where
Uj(t)up = F (X(j)eftii’ﬂo) , j=100.

In a similar manner to the proof of [12, Proposition 6.1],
one can obtain the following decay estimate for Uy (t)ug by
using the Fourier transformed version of the Matsumura-
Nishida energy method (cf., [23]).

Proposition 4.1. There exist constants Ry > 0, vy >
0, 70 > 0 and wyg > 0 such that if R > Ry, v > 1y,
v /(v + D) > 72 and |w| < wo, then the estimate

1Use(t)tto]| i < Ce™ D ([fugll g1 522 + (|0 wo|2)
holds for t > 1 with a positive constant d.

To complete the proof of Theorem 3.2 we will show the
following estimate for Uy (¢)uo.

Proposition 4.2. For each R > 0, there exist vy > 0,
Yo > 0 and wy > 0 such that if v > vy, ¥V2/(v + D7) > ¥
and |w| < wy, then the estimate

_n—-1_k
1050 Ur(t)uollz < Ct™ T = ||ug|| L1 (rn—1.12(0,1))

holds fort > 1, k,l =0,1.

Theorem 3.2 now follows from Proposition 4.1 and Propo-
sition 4.2 with R = Ry.



Yoshiyuki Kagei, Yu Nagafuchi and Takeshi Sudou

Proof of Proposition 4.2. To prove Proposition 4.2 we
decompose u(t) based on a spectral property of L¢ with
¢ =0, namely, Lg. R
We introduce the adjoint operator of L¢s with respect to
the weighted inner product (-,-). We define an operator
L&/ by N N ~ N
LZ/ == Az/ + Bg/ + Og

with domain of definition D(Ez,) = D(Eg/), where

Az, = Ag, Bg, = —DBg
and
V’Y ps T 1
Frip.) €1 0
Cy = 0 0 0

0 (0., vH)Tey 0
We then have

(Agru,v) = (u,gz,v) = (u, Aeiv),
(Beru,v) = (u, B v) = —(u, Berw),
(dm,v) = <u,66<11>

and R R
(Leru,v) = (u, Lgv)

for u,v € D(ZE ).
We begin with a lemma on the eigenvalue problem for
Lo and LO

Lemma 4.3. (i) A = 0 is a simple eigenvalue of Ly and
L:.

(ii) The eigenspaces for A =0 of Lo and ZS are spanned
by u® and u(O* respectively, where

1@, w® el 0)
and
MOE (¢(0)* 0,0)

with

60 (z,) = Ppslan) —( L 2o gy >_1

n 0P (pataa))” 70— Jo Brip,) ’
1
w(o)’l(ﬁﬂn) = "%2 fO G(xn7y7z)¢(0)(yn) dy”l’
2
dO*(z,) = %qu(O)(xn).

(iii) The eigenprojections IO and 1O
Lo and L* are given by

for A =0 of

IOy = (u, u @) © = [Qu]u®,

TO*y = (0, u@yu©*,

respectively.
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(iv) Let ul® = u(()o) + ugo)) where

u(()o) _ T(¢(0)70,O>7 ugo) _ T(O7w(0) 11 0)

Then u(9* = g—Zuéo) and

%m+wuwml>

<u7 u(0)> =

T(QS? u}/V wn) '
Remark 4.4. We note that

foru =
¢ =0(1), ag =0(1), w' =0(1/7%),

which will be frequently used in the argument below with-
out mentioning.

Proof of Lemma 4.3. If zou =0, we have

V20, (psw™) = 0,
_iainw/ - 'yQVpS ¢ (alnvs) 61 = O?

~2292 w40, (Z4ede) =0,
Wz, —0,1 = 0.

The first equation, together with the boundary condition,
= 0. Then, by the third equation, %q& is a

Furthermore, the sec-

gives w"

constant, and therefore, ¢ = ¢ (p 5
ond equation, together with the boundary condition, gives

w = w! 1 fO xnvyn (yn) dyn.
¢ = ap we obtain the elgenfunctlon u(0),
Consider next Lou = u(?). Then we have

728xn (psw™) = ¢(0)’
It follows, by integration by parts, that
(0] = 72[0s, (psw™)] = 0.

But, clearly, [¢(®)] # 0, and so, we conclude that there is
no u such that Lou = u(9). This shows that the eigenvalue
0 of Lg is simple. Similarly one can prove assertion (i) for

e} with w! = Taking

w"|g, =01 = 0.

23. The remaining assertions now follow from (i). We omit
the details. This completes the proof. O

Based on Lemma 4.3 we decompose u(t) into the parts
of the eigenspace for A = 0 and its complementary space.
Let u = T(¢,w) € H*(0,1) x L?(0,1). We decompose u as

u=ou® + ui,

where
(u, u(®%),

o= [Qou] =
= (I — 1)y,

Remark 4.5. Due to the boundary condition w|,, =01 =
0, the Poincaré inequality holds for the velocity part: |w|s <
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|0z, w|a. Concerning the density part ¢, the Poincaré in-
equality does not necessarily hold. However, if u; = (I —
)y =T (¢y,wy), then [Qouy] = [¢1] = 0, which implies
that the Poincaré inequality also holds for ¢,. Therefore,
|¢1]2 can also be controlled by |0, ¢1|2. This simple ob-
servation will be useful in the argument below.

Using the decomposition introduced above, we rewrite

problem (4.6). To do so, we define some notation. We
write . R ~ B N
Mg/ = Lg/ — LO = Ag/ —i—Bgl7
where
Avgl - A\£I — A\O
0 0 0
— |2 DT el D¢l
= | o zigpL v zeTe —izeo,, |,
s U T ¢l 2
0 71; é‘ (()TW ‘
i1 Usl i’YzPs TEI 0
Eg/ = E&-/ — EO = 16/% if1U§In71 0

0 0 Z'§1’U;

Decomposing u(t) in (4.6) as u(t) = o(t)u®) + u(t), we

have

d N __
%(JU(O) +uy) 4 Louy + Mg (ou® +up) = 0.

Applying IO and I — [T to this equation, we have
%O’U(O) + ﬁ(O)Mg/(O’U(O) + Ul) = O7
%ul + Eoul + (I — ﬁ(o))Mél (O"U,(O) + ul) =0.

Since ﬁ(o)ﬂgu = [QOMgu}u(O) and Q0M§/ = QoBer, we
arrive at

(47) %(f + [QQB&/ (UU(O) + ul)] = O,
(4.8)

pric! +Louy +M§/ (ou® +up)— [Qoégl (ou® +up)]u'® = 0.

Proposition 4.2 can be proved by estimating solutions of
(4.7)—(4.8). We will frequently use the following lemma.

Lemma 4.6.
R(I — 1),

(i) |[QoBeuf”)| + |[@oBerul]| < Cle|
(i) |[QoBerwnl] < CIEN(61]s +~2lwh) holds for us =
T(py, w), wh) € R(I — 1)),

The proof of Lemma 4.6 is straightforward, so we omit
it.

(1) (w®, up) = (ugo), 1) holds for uy €
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We will employ an energy method to obtain the necessary
estimates on solutions of (4.7)—(4.8).
We introduce some notations. For u = (¢,

E()('LL) by

w) we define

ol = % |/ A2 wp:w@-

For v = ¢, v = w = T(wy, -+ ,w") or v = T(¢,w), we
define D{/( )

Der(v) = [€'P[v]3 + 10, 0[5,
and, for w = T (wy,- -+ ,w"), we define 1551 (w) by

Der(w) = vDer(w) + D)i€" - w' + 8y, w" 2.

Proposition 4.7. There exists vy > 0 such that if v > vy,
then
(4.9)

i (28101* + Eo(u1)) + Der (w1)

<c{(Z+%) o3+ (22 + %) 1€P0P}

Proof. Multiplying (4.7) by &(¢) and taking the real part
of the resulting equation, we have

2 Lol + Re ([QoBe (ru® + )]} =0.

Since Eg, = —égl, ul® = ugo) + ugo) and u(0* = Z—Zuéo)

we have
(Berur,ou®*) =

[QuBew]o = —(u1, Be (0ul®*))

2

—2(uy, Ber(ou”)).

Furthermore, we have

[QuBe ()7 = i€alo? {[0}6”] + 7*[psw ]},

and, thus, Re {[QOEE/ (O’U(O))]E} = 0. It then follows that

1d

sall ~ —Re (u, Be (oug”)) = 0.

(4.10)

We next take the inner product of (4.8) with u;. Then
the real part of the resulting equation gives
(4. 11)

5 tho( 1) + Re (Lour, ur) + Re (Mg (0ul® + uy), uy)

—Re {[Qoégf (ou® 4 ul)]<u(0),u1>} =0.

Since Bg, — —Be/, we have Re (Berug,ui) = 0. It then
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follows that
Re (Eoul, u1) + Re (]TIE/ (cu® + ), up)
= Re (Egul, u1) + Re (50u17 u1) + Re (/TE, (ou®), uy)
+Re (Ber (0u(®), uy)
= 155/ (w1) + Re <60u1, u1) + Re (gf/(ou(o)), )
+Re (Ber(ou), uy).
This, together with (4.11), yields
14 By(ur) + Der(wr) + Re (Cour, ur)
(4.12) +Re (Ag(ou®), u1) + Re (Be (0ul®), uy )

—Re {[Qogg/ (ou® + ul)]<u(0)7u1>} =0.

We add 24 x(4.10) to (4.12) to eliminate Re (Be: (ouy”), us)

and obtain
2 (%W? + Eo(ul)) + Der(wy)
= —Re <aou1,u1> — Re </T£, (cru(o)),u1>

4.13
1 ~Re (Be (oui”), u1)

+Re {[Qoégr(au(o) 4 )| (u©), ul)} .

Applying Lemma 4.6, and the Poincaré and Hélder inequal-
ities to the right side of (4.13), we have the desired estimate.
This completes the proof. O

Before proceeding further we introduce some quantities.
We define J(u) by

J(u) = —2Re (ou'® + uy, Eg/éuﬁ for u=ou® +u;.

We note that if ¥2 > 1, then there exists a constant by > 0
such that

bo’yz Qo 1~
) < B (%10 + Baun)) + 3 D).

Let by be a positive constant (to be determined in Propo-
sition 4.8 below) and define E;(u) by

B(w) = (1+22) (102 + Bo(wr)) + Des (1) + J (u).

Taking by suitably large, we have the following estimate
for Eq(u).

Proposition 4.8. There exist constants by > by and vy >
0 such that if v > vy and v% > 1, then
(4.14)

2\ = 2

)+ (1 225) Do (wn) + | pdwn
V2

+ 74) 6113 + 551€' 1?1913

~ ~\2
(L4 L+ B EPI0P + R
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In what follows we fix by in F;(u) as the number given
in Proposition 4.8.

Proof of Proposition 4.8. We recall that v = ou(®) 4+,
satisfies

d ~
%u + L&/u =0,
which implies

(415) <8tu, 8t@u1> + <z§/u, 8tq~)u1> =0
with v = ou® + ;. Since

8tcr = —[Q()é{/ (O'U,(O) —+ ’U,lﬂ

and
w®,0,Quy) = (W', 0,Quy),

by using Remark 4.4 and Lemma 4.6, we have
(4.16) R
Re (Oyu, 0;Qu1)

= Re {<at0"u(o)a 0 Quy) + (@Uhatéuﬁ}
= Re {~[QoBe (0u® +w))(u”, Q) + | /r00n [} }

2 7|2 ~
> 3| pedvun |, = C { SF (o> +10118) + L Der(wn)

Since Eou(o) =0 and éou(o) = 0, we see that
(4.17)
<L§’U7atQU1>

= (M (0u®),8,Qu1) + (Leruy, 0;Quy )

= (Ag/(0u'?),0,Qu1) + (Be (0ul), 0,Qua )
+(A¢ur, 0:Quy) + (Beruy, 9,Quy) + (Coun, 8, Quy )

= <Z£' (UU(O))vathuﬁ + <§§' (UU(O) +u1), 5t@u1>
+(E§/u1, 8t@u1> + (CA'oul, 8t@u1>.

We will show
(4.18)

Re {<§5/(0’U(0) + U1)7 8t@u1> + <A\§/U1, 8t@u1>}

> 14 (Do (1) + J () — el /oo 3
—C{ L (ol +16113) + L De (wn)
+2 Der(wr) + %\UP}
for any € > 0.

It is easy to see that

~ ~ 1d ~
(419) Re <A£/’U,1, 8tQu1> = Dg/ (wl)

2dt
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Since §2‘, = —B\g/, we have
(Be(oul), 0:Qua)
=—q <U’Uéo), Bg/Q’LL1>
By (4.7), we have
0o = —[QoBe (ou® + uy)].
Lemma 4.6 then implies

‘<8taué°), BerQuy) ’

(4.20) o
<8tau(()0), Bg/QU1>.

(4.21) < |[QoBer(ou® + wn)]| |(ul?”, BeQua)|
< C{F (0P +16:3) + % De(wn)}
Similarly,
<§f’u176t©ul>
= _%@1’ §€/©“1> + (Opur, Eg'éuﬁ
(4.22)

—Luy, ggf@”ﬁ + (0:Qous, Eg'é}uﬁ

+(0:Qua, Eg/ Quy).

We first estimate the second term on the right of (4.22).
By (4.8), we have

%Qour = —Qo {Eg,ul + M (0u®)
~[QoBe (ou® +u)u® }
= - {Q0§5'U1 +QoBg (ou®)
~[QoBer(ou® +un)Juf }
Since (9:Qou1, ngéul) =

Lemma 4.6 that
(4.23)

‘ (9,Qour, Ber Quy) ’

< C{1QoBewrl2 +1QoBer (ou®)2

(0:Qour, Qoﬁg/@m}, we see from

+ ‘[Qoggl(o‘u(o) + ul)]‘ |u(()0)|2} X |Q0§§/@u1|2
12 2 ~
< C{ & (1o + 16:13) + L De (wn) }
The third term on the right of (4.22) is estimated as
(0Qui, BeQui)| < Cly/mowunlale/llwnls

< elyps0rwn 3 + £ Der(wn)

for any € > 0. This, together with (4.23), gives
(4.24)

Re <§§/u1, at@’u,1>
> — 4 (uy, Be Quy) — el \/ps0un [3

—C {E (o +1en3) + (¥ +

a%) 5&/(101)}
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for any € > 0.
To complete the proof of (4.18), it remains to estimate
(Bg (au1 ) 9;Qu1). By Remark 4.4, this can be estimates

(1.25)

<B£’(UU1 ), 0:Qui)| < C%WH@&&“&E
< elymounf3 + SR 0P

for any € > 0. We thus obtain (4.18) from (4.19), (4.20),
(4.21), (4.24) and (4.25).

A straightforward computation gives

(A (0u®), 0, Gur)|

(4.26) .,

< ely/psdnwn 3 + S €2 (1 4 ¢ 2) o2
and

‘(aoulaatéul>‘
2

(2r)  <elymon i+ < { Lo+ w3}

< el + € {16113 + LDer(wn) |
for any € > 0.

Taking € > 0 suitably small, we see from (4.15)-(4.18),
(4.26) and (4.27) that

4(De(wn) + J(w)) + 51y/ps0w |3
2 712
< c{Zlol + 55 (ol +lolp)
v+)?
+EE (1 + ¢ P)lof?
(7 2 peton).
Adding (4.28) to (1 + %) x (4.9) with suitably large by >

by, we obtain the desired estimate. This completes the
proof. O

N|—=

(4.28)

We next derive a dissipative estimate for 0, ¢1, which
also controls |¢1 ]2 by Poincaré’s inequality as mentioned in
Remark 4.5.

Proposition 4.9. There exists a constant wy > 0 such
that if |w| < wo, then

l/+l/

y+\f|)

@m\

<o (v 2 4 1
(4.29) = {( N
+yi9|\/pisatwl|2

+EEZIE 2 (|0 2 + o) }
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Proof. The first row of equation (4.8) is written as
A1 +i&1vydr + v psi€’ - wi + 20, (pswl)
+i10t 0 4+ 2 p it ow )
~[QoBe (0u'® + u1)]p® = 0.

Differentiating this in x,, we have

(4.30) 0; 0y, $1 + 1610205, 1 + 72 ps02 wi = HY,
where
H = —{i& (00, 0)01 +7*0u,, (psi€’ - w))
1720, 5O, WY + V20, (W Dy, ps)
+i&10 (0, (V20D + 428, (psw 1))
~[QoBer(0u® + )]0y, 60 }.
We next rewrite the n th row of equation (4.8) as
(4.31) AL P’Q(ps) By b = 3
s Y2 ps
where
= —{ow +itiwlep + L¢Pt

— g Oy wh + $10%, (13 ’2(”‘“‘))

Y Ps

fp%zfla@xnw(o)’l} .

Adding T pi x (4.31) to (4.30), we have
(4.32) 040y, 1 + i€ 010, b1 + i( )8%9251
where 2

H=H"+ e =41

We take the inner product of (4.32) with P
Then the real part of the resulting equation gwes

aansl

D 2 P/ 2
%%712 Pz(pS)aa:nQSl + Vi’; Pégs)aanslt
2
— P(ps)
= Re (H e 81n¢1)
1_1 2 v | 1 gr]?
< ivis e, ‘24—0% ij27
and, hence,
1d 1 J2% (pg o 2
2dt v2ps xnd) + 4y+y Tn 9
< 0% 74 "75 ‘2'
By Proposition 2.1, p; = 1+ O(w) and 7}5/,553) =1+ 0(w).

2
Using these facts and Lemma 4.6, we can estimate ‘%H‘
=2
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to obtain the desired estimate. This completes the proof.
O

We finally derive a dissipative estimate for o.

Proposition 4.10. There exist constants vy > 0 and vy >
then

$W+%ﬁMMMMMﬁ
(4.33) < C{(,Y—”2+”72) 1+ 1€1)] 6113

+L | /PO 2+ (1 + ) De (wl)}
with some positive constant &y.
Proof. Since
[QoBeruPo+it [v)é1]+7°[psi€-wi],

we see from (4.7) that

[QoBer (oul” +up)] =

(4.34) 9,0 + [QuBeuD)o + 42 [pait’ - w)] = —i&i[vl¢n].
On the other hand, since %(b(o) = o, we have

P (ps)

Bl = &’
& 72ps

(;S =ifay.

Here and in what follows, Be: denotes the (n—1) x (n+1)

matrix operator defined by

Eé, = ( ié‘/ﬁl(ps)

el S Y 0)-

This, together with (4.8), gives

(435) (I =02, )wh = —=Yig'op, + ).
Here
hy = {3#111 + Coul 5 (i€ - wy 4 O, wi)

"‘Bé/Ul + O'Mé,ug )
~[QoBer (ou® + ul)]ww),lell} ,

where Mé, and 5(’) are (n — 1) x
defined by

(n + 1) matrix operators

M = ( 0 ZgT¢ —Zigd, )+§g,,

Co=(—=4€ 0 (9a,vl)ef ).

7 Tn s

We next introduce an operator A on L%(0,1) with do-
main of definition D(A). We define A by Ap = —02 ¢ for
¢ € D(A) = H2(0,1) N HE(0,1). By (4.35) we have

Qo .
(€ + Ay’ = ~“Lig'op, + 1.
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It then follows that
Qo . _ _
w' = ——2ig'o(|€'? + ) po + (€7 + A) 7 s

Substituting this into (4.34) we have
(4.36)

010+ [QuBeuVlo + 5 [pu (¢ + A) 7 pull€' o = 1,
where

h® = —i&i[ve1] —22lpsi€’ - (117 + A)TMRY).
We multiply (4.36) by @. Then since [Q()Eg/u(o)] € iR, the

real part of the resulting equation yields

1d| 2 4
2dt

Since

€12 (1€'? +A4)~

2
Q0 (€' + A) 1 p,]I€'lo]? = Re (Fh0).

ps — ps in L*(0,1) as |¢'] — oo
and
(I +A4)~1

= AT = AP R (DNEPN AN for [¢f] < 1,
and since [ps(|€']2+ A)Lps] = |(|€']2 + A)~2 ps|2 is contin-
uous in &', we see that there exists a constant &g > 0 such
that

5 2
aoy? aoy”
T lps (€7 + A7l 2 = min {1, ¢/}
for all f’.
Furthermore, since
712 -1
+A ,

a direct calculation gives
|Re (Gh°)]
~2
S%( +(V+V) )mln{l 1€"1%}
2
+C{(%+2) Q+IgPlor3 + L Iy/padrunl3
+ 2 3+ LJi€’ - w] + Oy, w13}
We thus find the desired estimate provided that (”:75)2 +
% < % This completes the proof. O
We are now in a position to prove Proposition 4.2.

Proof of Proposition 4.2. For a given R > 0 we assume
§'| < R.

Let by be a positive number (to be determined later) and
define Fs(u) by

E2 (u) =

%|O’|2 + EO(ul) + Vljil;El(U)
_ 2
P’ (ps)

2

229,61

1
+4
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We add (4.9)

x (4.14) to (4.29). Then

%&<>(wa+&mﬁﬁaM>
+ot2 | /psOnn |, + 7
<O {(“2wl + A5 (E+1€)) Delwn)

+oa v 0w 3
+ (52 + &) @+ 1P+ 1€ PIoP) )
10 {(&+ 1+ 2) 103 + Bl Plen
+ (5 + 1+ &) Pl + L ol

Take by > 0 so that C < 2. Then |w| is taken so small
that C“2|w[? < 1; and v and % are taken so large that

C b bibs 72 ~
T < % and CR? < < 2227 Then the terms Dg (w;) and

|\/psOrw1|3 on the right are absorbed into the left. Since
-, 2

|13 § C ‘P ('205)3%%’ for some C; > 0, we take v2, v

L)+ R) < 3k

and CC1b2 {(’YT + ; + ,7;) + %} < i

|#1]3 on the right are absorbed into the left. We thus arrive
at

-, 2
P,$§S)azn¢1‘2

V+V

and - ﬁ so large that CCy (

Then the terms

b1b
%EQ(U‘) (1 + 1/+V Vlujjl//))
1 b 1
+2 l/jl/ ‘ V psatwl‘Q + 2 v+o

<C <u+u

(4.37)

Tn ‘

V@ﬂ+$ymu+wnM?

Let b3 be a positive number (to be determined later) and
define Fs5(u) by

E3(’u,) = EQ(U) + W|g|2
We add —¢2i5 x (4.33) to (4.37). Then
2B (u) + (1 + b g bubey ) D (wy)
dt u+u v(v+70) 3 1
%ylfﬁ |\/ﬁ736tw1’2
P 2
1505 | Z4L0,, 01+ 82 min {1, ¢/} of?
<O (2 + ik + &) [€PA+1EP)oP

2
+C { (5 + 1) 1+ 1EP)loi3
+ 2| ypuen B+ T (14 2) D (wn) }
We may assume v > 1 and 7% < 1. We take b3 so small that
Cb; < 1, Cbs < 2 and 2CC1b3(1 + R?) < 1. Then the

terms 55/ (w1), |\/psOywi]3 and |¢1]3 on the right are ab-
sorbed into the left. We finally take Vfﬁ and v so large that
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C (42 + o5ty + &) (14 B2 max {1, R} < gt We
then arrive at
4B+ 1 (14 ;% 5151%)
1 b
(438) +4 V—Qfll |\/pisatw1}2 + 4 IJ+l/ Tn ‘
+2(y+1/) Hlln{l |€/| }|0|2
<0

for all ¢ with |¢'| < R.
Since

Tn

2
‘2 +|o? > coE3(u)

for some constant cg > 0, we see that there exists a constant
Co > such that

4 By(u) + e min {1,1€/1?} Bx(w) < 0.

It then follows

Eg(u)(t) < e—Co min{17|§/|2}(t—1)E3(u)(1).

(4.39)

Let uw = T(&E, W) be the solution of problem (4.1)-(4.5).
Since E5(u) > c1|u|gr for some constant ¢; > 0, we see
from (4.39) that

&' [*Ffa(e’
< C|§/‘2k6760 min{1,\5’\2}(t71)E3(a(§/’ 5 1))

ol
(4.40)

for & with |¢'| < R. Integrating this over |£/| < R, we
obtain

Haﬁ/Ul(t>u0||i2(R7L71;H1(071))
supje<p B3(a(¢’, -, 1))

But, similarly to the proof of Theorem 3.1 (see [12]), we
can show that

(4.41) )
<Ct—1)""7 -

sup E3(a(£l7 K 1)) < C”uO”%l(Rn—l;Lz(O,l))'
[€/|<R

This, together with (4.41), gives the desired estimate in
Proposition 4.2. This completes the proof. O

5. OUTLINE OF PROOF OF THEOREM 3.3

Once the estimate (4.40) is established for the bounded
frequency part, Theorem 3.3 can be proved in a similar
manner to the case of the plane Couette flow [12]. So we
here give an outline of the proof.

To prove Theorem 3.3 we further decompose Ui (t)ug into
two parts. Let 0 < r < R. We define x(9(¢') by

XY =1if || <r, XOE)=0if |¢] >

o1

We decompose Uy (t)ug as
U1 (t)uo = Up(t)uo + Ut 00 (t)uo,

where

UO(t)'U,O = f_l (X(O)X(l)eftigla@
and
o —1

We have the following estimates.

X(O))X(l)e—tLé/ao) .

Proposition 5.1. (i) For each r and R satisfying 0 < r <
R there exist vy > 0, v > 0 and wg > 0 such that if v > vy,
V2 /(v +7) > ¢ and |w| < wo, then Uy oo (t)ug satisfies the
estimate (3.5) in Theorem 3.3 (ii) with %(Oo)(t)uo replaced
by U1,00(t)ug for a constant d = d(r) > 0.

(ii) There exist ro > 0, 1o > 0, v0 > 0 and wy > 0 such
that if r <ro, v > vy, ¥?/(v+ 1) >3 and |w| < wy, then
Uo(t)ug is written as

Uy (t)uo = %(0) (t)uo + %(0)(15)’110,

where %(O)G)uo has the properties in Theorem 3.3 (i) and
7 (t)ug satisfies the estimate (3.5) in Theorem 3.3 (ii)
with %(w)(t)uo replaced by %(O)G)uo

Theorem 3.3 immediately follows from Proposition 4.1
and Proposition 5.1 with » = rg and R = Ry by setting
U (tyug = B (t)uo + Ur.oo(t)ug + Uso(t)ug. So we
will give an outline of the proof of Proposition 5.1.

Proposition 5.1 (i) follows from (4.40); if we integrate
(4.40) over 0 < r < |¢'| < R, then

U (t)uol| g < Ce™ DU (1) uo]|

with d = 1 min {1,72} > 0. Applying Theorem 3.1 to

estimate ||%/ (D)ug|| g1, we have the desired estimate.
Proposition 5.1 (ii) follows from Lemma 5.4, Theorems

5.5 and 5.6 below. To prove Proposition 5.1 (ii) we first in-

vestigate the spectrum of 720, and, then, by perturbation

argument, we analyze the spectrum of —Lg for |¢/| < 1.
We consider the resolvent problem

(5.1) /\u—i—igzu = f,

where \ € C is the resolvent parameter; u = T (¢, w’, w™)
is an unknown function of z,, € [0,1]; and f =7 (f°,¢',¢")
is a given function of x, € [0,1]. To investigate problem
(5.1) we write Eg/ in the following form:

1 2
Le —Lo+2@ LY + Z &G LY

k=1
where ¢ =T(&1,--+ ,&,-1), and
0 0 7?0z, (ps *)
Lo = ] 502 -1 (Os,v:)€h
O, (Fded ) 0 R
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ivldy; iv2ps Te;- 0
~0y_ | .p . .
L' =1 7(5 )e; Ty I fzge;a% ,
0 —':T ’8 Z"U;(Slj
0 0 0
Ef) =1 0 Féjplna+ fe’Tegc 0
0 0 5

Ps
Here e;» denotes the unit vector of R"™! in &;-direction.

We will treat ZE’ as a perturbation from EO. As for the
case £’ = 0 we have the following result.

Lemma 5.2. There exists a constant wg > 0 such that if
|w| < wo, then the following assertions hold.

(i) There exist positive numbers ng and 0y with 6y €
(5, m) such that X(—no,00) \ {0} C p(—Lo). Furthermore,
the following estimates hold uniformly for \ € p(—ZO) N

X (=m0, 00) \ {0}

‘()\+Lo)71f‘Hl Lo < %LﬂHlezy

zné()‘ + E0)71f’2 <C <|,1\ + lz> [flr <2

(|>\\+1)1’2
C (1| +

The same assertion also holds for —ES.

forl=1,2,

2 Qolr+ Lo) 7 ] < ;) i

N S
(IAl+1)2

(ii) A = 0 is a simple eigenvalue of ~Lo and ,ES; and
the associated eigenprojections are given by the ones given
in Lemma 4.3 (iii).

Proof. Lemma 5.2 can be proved by the energy method
as in section 4 and the proof of [14, Proposition 3.15], or
by a perturbation argument from the case w = 0. We here
give an outline of the latter argument.

Since Ly depends on w through py (recall that p, =1+
O(w)), we introduce the notation L.

Zw = A\O + Eo.
Then we have
Eozgo-&-éo-l-ao:/jw-i-ao-

Although éo also depends on w, we keep the same notation
for it. In terms of L, problem (5.1) is written as

Au + Ewu =f- éou,
namely,
w") = f°,

(5.2) Ao + 720y, (ps
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(63) Aw' =& 8%71 — Oy, vHurel,
(5.4) Mt = E292 w40, (E46) = g

with the boundary condition

w

@n=0,1 = 0.

We see from (5.2) and (5.4) that ¢ and w™ do not couple
with w’ and they are determined by f° and ¢™. Once ¢
and w" are known, then w’ is obtained by inverting (5.3).
In view of this observation, we have

(5.5) w=(\+Ly,)" f—CoA+ L) f.

Here we have used QN+ L) = A+ L£,)"'Q and
Co = Q'Co = Co(Qo + Qn), where Q" =T — (Qo + Qn).
Therefore, estimates on ()\ + L)~ will lead to the desired
estimates on u = (A + L)L .

We regard £ as_a perturbation from Eo to estimate
(A+ L,,)". As for Ly we have the following result.

Lemma 5.3. (i) There exist positive numbers 19 and O
with 6y € (Z,7) such that X(—no,0) \ {0} C p(—Lo).

2
Furthermore, the following estimates hold uniformly for

A€ p(ffo) N X (=m0, 00) \ {0}

O+ 27|, < Gl e @=0,1),

2

L QO+ Lo,

<< (1+
(IAl+1)' "2

(ii) A =0 is a simple eigenvalue of —Eo.

i) Wl (1=1,2).

Lemma 5.3 was given in [12], which can be proved in a
similar manner to the proof of [10, Lemmas 3.1 and 3.2].

We continue the proof of Lemma 5.2. Since p; is smooth,
strictly positive, and p; = 1 + O(w), we have

EO)“‘Hlm < Clw|u| g x .
This, together with Lemma 5.3, implies that if |w| < 1,
then X (=", 600) N {|A| > B} C p(—L,) and

‘()\ + Zw)‘lf‘

R < |%|f\H1xL2,

<Clp+—r—
<C < | + (|)\|+1)lé> |f‘H1><L2

for [ = 1,2. Furthermore, in view of the proof of Lemma
4.3, one can find that A = 0 is a simple eigenvalue; and
o(=Ly,)N{|A] < B} = {0}. Lemma 5.2 now follows from

(5.5), except the estimate on 02 Qo(\ + Lo)~'f.

L QO+ L)
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Let us estimate 02 Qo(\ + Lo)~'f. As in the proof of
(4.32), one can obtain

2y, o+ PPy oy
v+

where

H = *7269671938377,,“’“ - 'Yza??n (w"@mn’ps) + amnfo
_’szg n ﬁl(ﬂs)) _ n}
22 w4 60, (Z422) — gn )

It follows that

()\+ Ufﬂ) o0 = 2 (1 - %Q(P)) Op, 6+ H.
Since ps = 14+0(w) and 42 = P’(1), we obtain, for |w| < 1,
|02, 912
< i Lwl82, 8le + @l + 0., Hlo }
< 5107, ¢l

+|,\\C+1 {@lm + [wlgz + [Al|lwlm + [flazxm }

IN

1192 1 1
119 oL, 1
210, 02 ¥ (A' BT

) Pl

from which the desired estimate on 82 Qo(\ + Lo)~Lf fol-
lows. This completes the proof. O

Based on Lemma 5.2, we can obtain the following esti-
mates on (A4 Lg) ! for |¢'| < 1, by changing 7y and 6y
suitably if necessary.

Lemma 5.4. Let wy be the number given in Lemma 5.2.
Then if |w| < wyg, then there exists a positive number ro =
ro(no,6o) such that the set 2(—no,00) N {A; |\ = 2} is in
p(—fg) for|&'| < rg. Furthermore, the following estimates
hold uniformly in A € X(—no,00) N {X; [A| =2} and &
with || <rp:

’(AJrEg/)*lf’ S‘%|f|Hle27

Hlx L2

L QA E,—1‘<c SIS S
n @A L), < ('A'+(A|+1)1%

) Flasers

forl=1,2,

2 At Le)—L ‘ < 1 1
02, Qo(A + Le') f20<| ‘+(|>\\+1)%

) Pl

~

The same assertion also holds for —Lg,.

The proof of Lemma 5.4 is the same as that of [12, The-
orem 5.2].

As for the spectrum of —ng near A = 0, we have the
following result.

93

Theorem 5.5. There exist positive numbers vy, vy, wo
and ro such that if v > vy, v?/(v +7) > 7¢ and |w| < wo,
then for each & with |'| < rq it holds that

o(=Le) N I < B} = (@)},

where \o(§') is a simple eigenvalue of ,Eg/ that has the
form

Mo(€') = —iro — k1&T — k2l€”]? + O(I€'P)
as |§'| = 0. Here &’ = (&, ,&n—1); and k; (j =0,1,2)

are some positive numbers having the properties given in

Theorem 3.3 (i).

Proof. Theorem 5.5 is proved by applying the analytic
perturbation theory [15]. We here derive the asymptotics
of Ao(¢’) only.

We proceed as in [12]. Since Ao(§’) is simple, we can see
that A\g(¢’) and ﬁ(f’) are expanded as

n—1
3 gan? + o),

k=1

n—1
(&) =A@+ 36 +
j=1

n—1
H(fl) = H(O) + Zg]ﬂj(l) 4 O(|f/‘2)
j=1
with A(®©) = 0 and
XY = (L, u®) = —QoL{ul®,

2
AP =

= —[Qoiﬁ)u(o)] + [Qofﬁl)gfg)u(o)},

—(Eﬁ)u(o), u(0*) 4 <E§1)§E,(€l)u(o), u(0*)

ow — _gozMg _ gz o
J J i ’
~ PPN N -1
where S = ((I— H(O))LO(]_ ]](0))) )
Since %qb(o) = ayp, we have
030315 + 72 psw 14y,

(5.6) f;l)u(o) =i ape); + viw(0)15 e
29, w15,
It follows that
)‘gl) = —{Qof?)u(m] = —i[vi¢@681; + y?paw 16y
= (% + O(w)) 61
We next compute )\ﬁ). Since Qoiﬁ) =0, we have
(L@, u®%) = (L] = 0,
Let j > 2. Then it follows from (5.6) that
0
i52(=03,) " psej

0

STV =



o4

We thus find that if k& # j, then

0
TSI = | . |,
*

which implies that

<L(1)SL(1)U(O) u(O > [Q L(l)SL(l)u(O)} 0.

Therefore, )\fé) =0 for j > 2and k # j.
Furthermore, we have

—28p(<02,) 7 p
LB = . ,
*
and, hence,
<E§1)§E§1)u(0), u(o)*> _ [Q0E§1)§E§1)u(°)]

_ _[ao’Y

2
S (=02, ) sl
= —20 (L2 ) =3p 3 <0,

Since —O‘OT’YzK—Bgn)’%pS@ = —%(1 + O(w)), we obtain

2
(2) _ _
Ajj = —hKa, k2= @(1 +O(w)) >0
for j > 2.
We next consider Api. Let us compute SLPU(O). We
first note that (I — ﬁ(o))igl)u(o) = A(ll)u(o) + Egl)u(o). Let
o = T((b(l),ﬂ)(l)/,w(l)’") be a solution of

2O = (1 = FOYEM 4O 2 \Dy0) | F0,0).
Then
V20, (ps D) = A0 4 il (0 4 in? p (L,

292 o) — L ge} +

In

(8 v )w(l)n /
= AWPw@ 4 i 28 40) 1 iyl @1)ef

—22g2 0 49, (EA60) = —i 2o, w1,

@My, =01 = 0.
From the first equation we see that
@MW = 0(35)(1+ Ow)),

and, then, by the third equation,

oV = (0(5#) +0(%)) (1+0w)).
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Since #pf)qb(o) = «p, it follows from the second equation

that

@V =% (=02 )7 p,el+(0(4) + O(;4)) (1+0(w)).

In terms of a(), §E§1)u(0) is given by
§Z§1)u(0) = (I — ITa® = g™ — [$M]u0),
Therefore,
<Z§1)§E§”u(0), u(0)*)
= [QOE§1)§E§1>u<0>]

2 1
= =2 |(=02,) "7 pslh

We thus conclude

MY = k1, w1 = (5 +0(22) + 0(1)) (14 0(w).

vi7 L and w are sufficiently

One can see that k1 > 0 if vy
small, and the desired asymptotics of Ag(£’) is obtained.

This completes the proof. O

We finally give estimates on the eigenprojection 11 (&) for
Ao(&"), which can be obtained exactly in a similar manner
to the proof of [12, Theorem 5.4].

Theorem 5.6. (i) Let I1(¢') be the eigenprojection asso-
ciated with A\o(&'). Then there exists a positive number 1
such that for any & with |€'| < ro the projection ﬁ(&’) 18
written in the form

o~ 1 o~
(€ = /0 T, 0, g )ulyn) dy

with

n—1
H(gla Tn, yn) = H(O) + Z SjHj(l) (xnv yn) +H(2) (5,7 Tn, yn)

Jj=1
Here 1100 = Qo; and ﬁj(l)(xnayn) (G=1-,n~-1) and
ﬁ(@(g’)xmyn) satisfy
al ﬁ(l) .- ’ <C
TnTYn "] (5°) Le(0.)x(0,1) —
o ol o2 1@ ) ‘ <Ol
Tn yn (§, ) L>=((0,1)x(0,1)) — <1

for 0 < k,l < 1 and any multi-index o' uniformly in &
with |€'] < rg.

(ii) If Qotulz,=0,1 =0, then ﬁ(f’) satisfies

T(€) (02, ) = = (9, 71(€) ) w
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1 (8,,u) =0,
ﬁj(I) (axnu) == (8y’ﬂ ﬁ](l)) U

0O(E) (0r,0) = = (0, () ) u.

Proposition 5.1 (ii) now follows from Lemma 5.4, Theo-
rems 5.5 and 5.6 in the following way.
By Lemma 5.4, Uy(t)uop is written as

[ @O0+ L) an).
r

where I' = {\ = n + se*; s > 0} with some n > 0 and
0e(5,m).

By Lemma 5.4 and Theorem 5.5, we can deform the con-
tour I" into I'y U I' and a suitable circle around 0, where

Uo(thuo = F ' (1

2w

o = {\ = —no+is; |s| < so}, I'={\=n+set™; s >3}

Here we choose positive numbers sg and S0 so that Iy con-
nects with I" at the end points of I. It then follows from
Theorems 5.5, 5.6 and the residue theorem that Uy (t)ug is
written as

(5.7) Uo(tyuo = U (tyuo + 2 (t)uo,
where

U (tyug = F " (XO MO ), )
and

1

2mi

A (tyug = F! ( / ~ MO\ + Zgl)_lﬂo d/\) .
Iour

The desired estimate for % (O)(t)uo follows from Lemma
5.4.
As for 7 (t)ug, we further write it as

(5.8)
UMy = Gyrg TOug+ U0 (W)uo + %Y (t)ug
+ U (o + X (t)uo,
where

Gy oy T Oy = F 1 (67<mogl+msf+m|s”\2>t ﬁ(omo) ’

= Z 7 (- 1)e—<mosl+mﬁ+m|s”|2>tﬁ<o>ao) ,

MO
=
—~
~
~—
N

0= 7! (X<o>67<mosl+mgf+m|§"\2>tﬁ(l)(5/)%) 7

%1(30) (tyug = ﬁ_l (X(O)e*(iﬁo§1+n1§f+n2\5”|2)tﬁ(2) (5/),@0)

— ! (X(O)(BAo(é’)t _ e*(iﬁo§1+n1£f+ﬁz|§”|2)t)ﬁ(§’)a0>
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with
n—1
M) =Y.
j=1

Applying Theorem 5.5 and Theorem 5.6 to (5.8), we see

that 2" (t)uo has the desired properties. We thus con-
clude that (5.7) gives the desired decomposition of Uy(t)
as described in Proposition 5.1.
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