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Abstract

Starting froman egg, the multicell becomes a set of cells comprising a variety of types to

serve functions. This phenomenon brings us a bio-inspired Lindenmayer system. To inves-

tigate conditions for a variety of cell types, we have constructed a stochastic model over

Lindenmayer systems. This model also considers interactive behaviors among cells, yield-

ing complicated nonlinear polynomials. Using symbolic computation, we have derived the

explicit relations between cell-type diversity and cell-type ratio constraint. These relations

exhibit elliptic curve- and Fibonacci number-related patterns. This is the first example of

elliptic curves to appear in the Lindenmayer context. A survey of the rational points and the

quadratic irrational numbers on the derived curves has revealed Fibonacci-related periodic

and quasiperiodic patterns. Further, we have found that in some region, there are only two

elliptic curve-related periodic patterns.
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1 Intr oduction

The multicell is thought to form according to specific rules, wherein the first cell

type transforms into one different cell type or into two or more different cell types.

Such cell-type transformation rules can be described by a tree diagram, termed a

cell lineagediagram, whereas the developmental process of multicells is termed

cell differentiation[8]. In 1968, such a cell differentiation process was modeled as

rewriting rules by Lindenmayer [13, 14].

Here, we analyze a bio-inspired Lindenmayer system (L-system), where the rewrit-

ing rules are based on cell lineage diagrams. L-system models for developmental

systems with cell lineages and for biological tissues such as blood vessels of the

eye have been studied in past decades [10, 21, 22]. In these L-systems, theinterac-

tionsamong cells have been ignored because of the complexity or difficulty of the

analysis. By contrast, in this paper, we present a symbolic computation, the quan-

tifier elimination method, for the derivation of algebraic equations in an L-system

with interactions (“IL-system” hereafter). Further, the stochastic aspects can be in-

troduced into an L-system, termed a stochastic L-system [4, 5]. We studied the IL-

system giving nonlinear compositions of extra cellular matrices in green algae [26].

Apart from L-system models, we studied compatible conditions for self-replication

and high cell-type diversity by modeling the interaction of cells having chaotic

dynamics [24, 25]. Chaotic dynamics yielded stochastic behavior. These previous

studies let us know that interactive and stochastic behaviors play an important role

in multicells.

In this paper, we extend our previous studies to a stochastic IL-system model (“sIL-

system” hereafter) using algebraic equations between cell-type diversity and cell-

type ratio constraint on the cell chain. To devise the basic cell differentiation rules,

we consider three cell lineage diagrams: (i) the branching cell lineageA⇒ {B,C}
without the cell-type order conservation rule, (ii) the linear diagramA ⇒ B⇒ C

with the conservation rule, and (iii) the linear diagram without the rule. Using sym-

bolic computation exhaustively, we have obtained five equations includingelliptic

curveswhich appears in the Lindenmayer context, for the first time.

Throughout this paper, we present the derived algebraic numbers or equations in-

stead of approximate values. The reason is illustrated by a simple example. Con-

sider the algebraic number (1+
√

5)/2 andits approximate value 1.618. The former

is one root ofx2 − x − 1 = 0 in x, which can also be expressed as a continued
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fraction: [1;1,1,1, . . . ]. The appearance of only 1 reveals the relationship between

(1 +
√

5)/2 andself-similarity (quasiperiodicity) of the corresponding sequence

[11, 16]. By contrast, from the latter value, 1.618, we cannot submit such a strong

proposal. This is why we made the extra effort to obtain the exact algebraic num-

bers or equations, to allow us to analyze the periodicity and quasiperiodicity of

produced patterns.

2 Model: Bio-inspired Lindenmayer System

We study two basic subgraphs extracted from biological cell lineage diagrams:

branchingand linear cell differentiation rules of three cell types. This model is

described by an sIL system for three cell types,A,B, andC.

We first define the following two basic cell differentiation graphs,branching A⇒
{B,C} and linear A ⇒ B ⇒ C. The proliferation of a type is denoted byA →
AA,B→ BBor C→ CC, while the transition between types is denoted byA→ B,
A → C (in the branching diagram), orA → B, B → C (in the linear diagram).
We next define the proliferation and transition rates (probabilities) of the branching
diagram as follows:

A→



AA p1,1,

B p1,2,

C p1,3,

A 1− p1,1 − p1,2 − p1,3,

B→



BB p2,2,

B 1− p2,2,

C→



CC p3,3,

C 1− p3,3

(1)

with 0 < pi, j < 1 (1≤ i ≤ j ≤ 3) andp1,1+ p1,2+ p1,3 < 1. The ruleA→ A,B→ B,

or C→ C shows that the type does not change.

Likewise, the rates of the linear diagram are defined as:

A→



AA p1,1,

B p1,2,

A 1− p1,1 − p1,2,

B→



BB p2,2,

C p2,3,

B 1− p2,2 − p2,3,

C→



CC p3,3,

C 1− p3,3

(2)

with 0 < pi, j < 1 (1 ≤ i ≤ j ≤ 3) and pi,i + pi,i+1 < 1 (1 ≤ i ≤ 2). The

one-dimensional cell chain becomes longer as these rules are applied. In addition
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to therewriting rules mentioned above, we adopt another rewriting rule, termed a

cell-type order conservation rule:

AC→ ABC, CA→ CBA, (3)

which guarantees the contiguity of cell types. When we adopt the above conserva-

tion rule, this rule is applied after each application of the branching or linear rewrit-

ing rules. This cell-type order conservation rule originates from the “intercalary

regeneration” phenomenon in insect legs, as illustrated in Fig. 1. When portions

of the legs with noncontiguous positional values are grafted together, new tissue

is intercalated to fill the gap so that the noncontiguous positional values disappear

[1, 6, 7]. Such a regeneration phenomenon occurs in our previous model of chaotic

elements [24, 25] as well as in the actual wound repair in the early stages of the cell

lineage diagram [2]. This is why we analyze the effect of the conservation rule. In

this paper, we analyze the three diagrams: (i) a branching cell lineage diagram with-

out the cell-type order conservation rule, (ii) a linear cell lineage diagram without

the rule, and (iii) a linear diagram with the rule. We have not analyzed a branching

diagram with the rule because we have not found a corresponding phenomenon in

the actual cell-lineage diagrams.

Using these three models, we calculate the following composition in the cell chain:

AA,AB, BA,(AC,CA),BB, BC,CB,CC, (4)

where (AC,CA) does not exist when the cell-type order conservation rule is adopted

and applied during the elongation of a cell chain. In this paper, we adopt the above

“two” contiguous composition instead of the “one” compositionA,B,C because

we do not aim to regard, for instance,AAAAABBBBBCCCCC= A5B5C5 as a se-

quence with high cell-type diversity. In other words, we aim to evaluate the pattern-

dependent diversity. Of course, we could adopt a more than two contiguous com-

position, but such composition gives an intractable calculation. For this reason, we

have adopted the two contiguous composition (4).

Further, we assume the following constraint:

gN(AA) = N(BB) = N(CC) ∧ gN(AB) = N(BC), (5)

where∧ denotes “And,”g designates the parameter in this constraint, andN(XY)

denotes the number of the two contiguous cell typesXY in the cell chain.N(AB) =

N(BA) andN(BC) = N(CB) hold always because of the mirror symmetry of the

4



rewriting rules.

Under the constraint (5), we have calculated the maximum value ofN(AB)/N(AA)(=

N(BC)/N(BB)), which represents the ratio of junctions to nonjunctions between

different cell types. Here, we have adopted this maximum as the measure ofcell-

type diversityin the sense that the appearance frequencies of two contiguous cell

types become uniform as the ratioN(AB)/N(AA) approaches 1 under the constraint

(5). Notice that the large value ofN(AB)/N(AA) prevents us from regardingAnBnCn

as a high-diversity pattern.

3 Method

3.1 Estimation of cell-type composition

We calculate thegrowth matrixof the two contiguous cell types based on [17,

23]. This matrix enables us to estimate its composition aftern applications of the

branching or linear rewriting rules (and the cell-type order conservation rule). In

this paper, we have calculated three growth matrices for the branching cell lineage

without the cell-type order conservation rule, and the linear diagram with and with-

out the conservation rule, as shown in Table 1.

Let M be the growth matrix of the two contiguous cell types under some con-

dition. Here, we start withAA; that is, the axiom isAA, therefore, the compo-

sition at stepn can be calculated by (1,0, 0, . . .)Mn. We study the composition

asn approaches infinity—in other words, for a sufficiently long cell chain. First,

we derive the conditions for coexistence of the two contiguous cell types from

the eigenvalues and the eigenvectors of the growth matrices. Second, under the

constraint (5) and the coexistence condition, we estimate the composition using

the growth matrix. Last, we derive the equation between the maximum value of

N(AB)/N(AA)(= N(BC)/N(BB)) and the constraint parameterg in (5) using the

quantifier elimination method.

3.2 Quantifier Elimination Method

In this paper, we investigate the maximum value ofN(AB)/N(AA)(= N(BC)/N(BB)).

For this purpose, we have used the quantifier elimination (QE) method. QE is one
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of themain subjects in computer algebra [3, 15]. QE deals with first-order formu-

las comprising polynomial equations, inequalities, quantifiers (∃,∀), and boolean

operators such as∧(And), ∨(Or), and¬(Negation). QE computes an equivalent

quantifier-free formula for a given first-order formula over the real field. For in-

stance, for the input∀x(x2 + bx+ c > 0), QE outputs the equivalent quantifier-free

formulab2 − 4c < 0. QE obtains the relations between the unquantified variables

that make the input formula true. We obtain the maximum value of an objective

polynomial under some constraints by adding one extra variable, which is assigned

to the objective polynomial [23]. For instance, to calculate the maximum value of

x/(p + y) under the constraintsx2 + py2 ≤ 1 ∧ y ≤ x2, we provide QE with the

following input, adding an extra variableh:

∃y∃x
(
x2 + py2 ≤ 1∧ y ≤ x2 ∧ h(p+ y) == x

)
.

For this formula, the QE output isp < 0 ∨ h2p3 − p − h2 < 0, which indicates

that the maximum value ofx/(p + y) is
√

p/(p3 − 1) when p > 1 and that this

value does not exist (+∞) when p ≤ 1. Thus, even when parameters exist, we

can obtain the maximum value; in other words, QE gives the equation between the

maximum value and parameters. We can use QEPCAD-B or Mathematica Ver. 6/7

as QE-implemented software.

4 Results

4.1 Equations derived by QE

We first derive the coexistence condition of two contiguous cell types for the branch-

ing cell-lineage diagram. Analysis of the eigenvalues and their corresponding eigen-

vectors of the growth matrix reveals the coexistence condition: 2p1,1− p1,2− p1,3 >

0∧ 2p1,1− p1,2− p1,3 > 2p2,2∧ 2p1,1− p1,2− p1,3 > 2p3,3
1 . Under this condition and

the constraint (5), the following relations hold:

N(AB)
N(AA)

=
p1,2(g(1− p1,2 − p1,3) − p1,3)

2p1,3 + g(p1,2 + p1,3)
,

p1,1=
−(1− p1,2 − p1,3)(2p1,3 + g(p1,2 + p1,3))

2(p1,3 − g(1− p1,2 − p1,3))
,

1 See also[23, Section 5.2] for details.
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p2,2= (g(−2+ p1,2 + p1,3)(p1,3(p
2
1,2 + 2p1,3) + g(p3

1,2 + p2
1,2(−1+ p1,3) + p1,2(6)

p1,3 + p2
1,3)))/(2(p1,3 + g(−1+ p1,2 + p1,3))(g

2(p2
1,2 + p1,2(−2+

p1,3) − p1,3) + p1,2p1,3 + g(−1+ p1,2)(p1,2 + 2p1,3))),

p3,3= (gp1,3(−2+ p1,2 + p1,3)(p1,3(2+ p1,3) + g(p1,2 + p1,2p1,3 + p2
1,3)))/

(2(p1,3 + g(−1+ p1,2 + p1,3))(g
2(p2

1,2 + p1,2(−2+ p1,3) − p1,3) + p2
1,3

+gp1,3(−3+ 2p1,2 + p1,3))). (7)

To obtain the maximum value ofN(AB)/N(AA) by QE, the following input is used:

∃p1,3
∃p1,2

(
ψ(p1,2, p1,3,g)∧ h == N(AB)/N(AA)∧ p1,2 > 0∧

p1,3 > 0∧ p1,1 > 0∧ p2,2 > 0∧ p3,3 > 0∧ p1,1 + p1,2 + p1,3 < 1
)
,

whereψ(p1,2, p1,3,g) is a formula derived by combining conjunctively all equa-

tions and inequalities appearing in the coexistence condition and the constraint (5).

However, one cannot obtain the maximum if one provides the QE command of

QEPCAD-B 1.48 or Mathematica 6.0.1 with the above formula as it is. This is be-

cause the computation requires too much memory and time. Therefore, we have

transformed the above formula into the equivalent formulas in reduced form as

follows.

Via factorization, we have derived the formulas:

∃p1,3
∃p1,2

(
0 < p1,2 ∧ 0 < p1,3∧
− h(2p1,3 + g(p1,2 + p1,3)) == p1,2(p1,3 + g(−1+ p1,2 + p1,3)∧

e1 < 0∧ e2 < 0∧ e3 < 0∧ e4 < 0∧ e5 < 0∧ e6 < 0
)

with:

e1 := p1,3 + g(−1+ p1,2 + p1,3),

e2 := (g2(p2
1,2 + p1,2(−2+ p1,3) − p1,3) + p1,2p1,3 + g(−1+ p1,2)(p1,2 + 2p1,3))

(p1,3(p
2
1,2 + 2p1,3) + g(p3

1,2 + p2
1,2(−1+ p1,3) + p1,2p1,3 + p2

1,3)),

e3 := (g2(p2
1,2 + p1,2(−2+ p1,3) − p1,3) + p2

1,3 + gp1,3(−3+ 2p1,2 + p1,3)),
e4 := (4p1,3 + g(−2+ 3p1,2 + 3p1,3)),

e5 := g2(p2
1,2 + p1,2(−2+ p1,3) − p1,3) + p1,2p1,3 + g(−1+ p1,2)(p1,2 + 2p1,3),

e6 := g2(p2
1,2 + p1,2(−2+ p1,3) − p1,3) + p2

1,3 + gp1,3(−3+ 2p1,2 + p1,3),

under the physiological condition: 0< h < 1,g > 0. Mathematica 6.0.1 outputs:

0 < h < (
√

8g+ 5g2 − g)/(2(2+ g)). This shows that the equation betweeng and
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the maximumvalue f of N(AB)/N(AA)(= h) is (g+ 2) f 2 + g f − g = 0.

Likewise, for thelinear cell-lineage diagram without and with the cell-type order

conservation rule, we have also used the QE method to derive the algebraic equa-

tions betweenf (the maximum ofN(AB)/N(AA)) andg. The procedure for deriving

these equations follows.

The eigenvalues of the growth matrix in the middle row of Table 1 are:

1− p1,2,1+ 2p1,1 − p1,2, (1− p1,2)
2,1− p2,3, 1+ 2p2,2 − p2,3,

(1− p1,2)(1− p2,3), (1− p2,3)
2,1+ 2p3,3.

Therefore, the coexistence condition for the linear cell-lineage diagram without the

rule is:

2p1,1 > p1,2 ∧ 2p1,1 − p1,2 > 2p2,2 − p2,3 ∧ 2p1,1 − p1,2 > 2p3,3.

Under the constraint and the coexistence condition, we obtain the following rela-

tions:

N(AB)/N(AA)=
(1− p1,2)p1,2

2p1,1 + (1− p1,2)p2,3
,

p2,2= (p1,1(2p1,1 − p1,2 + p2,3)(p
2
1,2(−2p1,1 − (−1+ p1,2)(−2+ p2,3))g

(4p2
1,1 + −2p1,1((−3+ p2,3)p2,3 + p1,2(1+ p2,3)) + p2,3(p

2
1,2 − (−

2+ p2,3)p2,3 + p1,2(−1− 2p2,3 + p2
2,3)))))/((−1+ p1,2)p1,2(−4

p2
1,1 + (−1+ p1,2)p1,2p2,3 − 2p1,1(p1,2(−1+ p2,3) + p2,3))2gp1,1(

4p2
1,1 − 2p1,1((−3+ p2,3)p2,3 + p1,2(1+ p2,3)) + p2,3(p

2
1,2 − (−2+

p2,3)p2,3 + p1,2(−1− 2p2,3 + p2
2,3)))),

p3,3= ((1+ 2p1,1 − p1,2)(−1+ p1,2)p
2
1,2p2

2,3 + gp1,1(8p3
1,1 − 4p2

1,1((−2+

p2,3)p2,3 + p1,2(2+ p2,3)) + 2p1,1(−p2
2,3 + p2

1,2(1+ 2p2,3) + p1,2p2,3

(−3+ p2
2,3)) + p2,3(−p3

1,2 + (−2+ p2,3)p
2
2,3 + p2

1,2(1+ p2,3 − p2
2,3) −

p1,2p2,3(1− 3p2,3 + p2
2,3))))/((2p1,1 + p2,3 − p1,2p2,3)(−(−1+ p1,2

)p1,2p2,3 + 2gp1,1(2p1,1 − p1,2 + 2p2,3 − p2
2,3))).

To obtain the maximum value ofN(AB)/N(AA), we provided QE with the following

input:

∃p1,1
∃p1,2

∃p2,3

(
ψ′(p1,1, p1,2, p2,3, g) ∧ h == N(AB)/N(AA)∧ 0 < p1,2 < 1∧

0 < p2,3 < 1∧0 < p1,1∧0 < p2,2∧0 < p3,3 < 1∧ p1,1+ p1,2 < 1∧ p2,2+ p2,3 < 1
)
,

8



whereψ′(p1,1, p1,2, p2,3,g) isa formula derived by combining conjunctively all equa-

tions and inequalities appearing in the coexistence condition and the constraint.

Again, the above formula was too complicated to analyze by the QE program

(QEPCAD-B or Mathematica).

Therefore, we transform the formula in the following manner.

• Fromh = N(AB)/N(AA),

p1,1 =
(1− p1,2)(p1,2 − hp2,3)

2h
(8)

holds. Using(8), we eliminate one variable,p1,1.

• Next, via factorization, the inequalities withp1,1 eliminated, can be transformed

into the following formulas:

e′1 < 0∧ e′2 < 0∧ e′3 > 0∧ e′4 < 0∧ e′5 < 0∧ e′6 < 0∧ e′7 < 0 (9)

with:

e′1 :=−p1,2 + hp2,3,

e′2 := (1− h− p1,2 + hp2,3)(−2h2p1,2 + gp1,2 − hgp1,2 − hp2
1,2 − gp2

1,2 + hgp2,3 + 2h2

p1,2p2,3 + hgp1,2p2,3 − hgp2
2,3)(−hp2

1,2 + h2p2
1,2 − gp2

1,2 + hgp2
1,2 + hp3

1,2 + gp3
1,2

+h2p1,2p2,3 − 2h3p1,2p2,3 − h2gp1,2p2,3 − 3h2p2
1,2p2,3 − 2hgp2

1,2p2,3 + h2gp2
2,3

+2h3p1,2p2
2,3 + hgp1,2p2

2,3 + h2gp1,2p2
2,3 − h2gp3

2,3),

e′3 := gp3
1,2 − 2hgp3

1,2 + h2gp3
1,2 − 2gp4

1,2 + 2hgp4
1,2 + gp5

1,2 − 2hgp2
1,2p2,3 + 3h2gp2

1,2

p2,3 − h3gp2
1,2p2,3 + 5hgp3

1,2p2,3 − 4h2gp3
1,2p2,3 − 3hgp4

1,2p2,3 − 2h4p1,2p2
2,3

−h2gp1,2p2
2,3 − h3gp1,2p2

2,3 − 2h3p2
1,2p2

2,3 − hgp2
1,2p2

2,3 − 3h2gp2
1,2p2

2,3 + 2h3

gp2
1,2p2

2,3 + hgp3
1,2p2

2,3 + 3h2gp3
1,2p2

2,3 + 2h3gp3
2,3 + 2h4p1,2p3

2,3 + 3h2gp1,2p3
2,3

−2h2gp2
1,2p3

2,3 − h3gp2
1,2p3

2,3 − 2h3gp4
2,3 + h3gp1,2p4

2,3,

e′4 :=−2h2p2
1,2 + 2h3p2

1,2 − 2hgp2
1,2 + 2h2gp2

1,2 + 2h3p3
1,2 + gp3

1,2 + h2gp3
1,2 − hp4

1,2

+3h2p4
1,2 − 2gp4

1,2 + 2hgp4
1,2 + hp5

1,2 + gp5
1,2 + 2h3p1,2p2,3 − 4h4p1,2p2,3 − 2h3

gp1,2p2,3 + 2h2p2
1,2p2,3 − 6h3p2

1,2p2,3 − 2h4p2
1,2p2,3 + 2hgp2

1,2p2,3 − 5h2gp2
1,2

p2,3 − h3gp2
1,2p2,3 + h2p3

1,2p2,3 − 7h3p3
1,2p2,3 + hgp3

1,2p2,3 − 4h2gp3
1,2p2,3 − 4

h2p4
1,2p2,3 − 3hgp4

1,2p2,3 + 2h3gp2
2,3 − 2h3p1,2p2

2,3 + 8h4p1,2p2
2,3 + h2gp1,2p2

2,3

+5h3gp1,2p2
2,3 + 4h3p2

1,2p2
2,3 + 4h4p2

1,2p2
2,3 − hgp2

1,2p2
2,3 + 5h2gp2

1,2p2
2,3 + 2h3

gp2
1,2p2

2,3 + 5h3p3
1,2p2

2,3 + hgp3
1,2p2

2,3 + 3h2gp3
1,2p2

2,3 − 4h3gp3
2,3 − 4h4p1,2p3

2,3

−h2gp1,2p3
2,3 − 4h3gp1,2p3

2,3 − 2h4p2
1,2p3

2,3 − 2h2gp2
1,2p3

2,3 − h3gp2
1,2p3

2,3 + 2

h3gp4
2,3 + h3gp1,2p4

2,3,
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e′5 :=−1+ h+ p1,2 − hp2,3,

e′6 :=−hp2
1,2 + h2p2

1,2 − gp2
1,2 + hgp2

1,2 + hp3
1,2 + gp3

1,2 + h2p1,2p2,3 − 2h3p1,2p2,3 − h2

gp1,2p2,3 − 3h2p2
1,2p2,3 − 2hgp2

1,2p2,3 + h2gp2
2,3 + 2h3p1,2p2

2,3 + hgp1,2p2
2,3 +

h2gp1,2p2
2,3 − h2gp3

2,3,

e′7 :=−gp2
1,2 + hgp2

1,2 + gp3
1,2 − h2p1,2p2,3 − h2gp1,2p2,3 − 2hgp2

1,2p2,3 + h2gp2
2,3 +

hgp1,2p2
2,3 + h2gp1,2p2

2,3 − h2gp3
2,3.

Notice that in the above formulas, we show only those inequalities that maximize

N(AB)/N(AA); it is relatively easy to find these via polynomial factorization and

confirmation by QE input for fixed values ofg.

• Furthermore, the equalitygN(AB) = N(BC) in the constraint condition yields:

0=−4gp2
1,1p1,2 + 2gp1,1p2

1,2 + 4gp2
1,1p2

1,2 − 2gp1,1p3
1,2 + 4gp2

1,1p2,3 − 2gp1,1p1,2

p2,3 + p2
1,2p2,3 + 2p1,1p2

1,2p2,3 + 2gp1,1p2
1,2p2,3 − 2p3

1,2p2,3 − 2p1,1p3
1,2p2,3 + p4

1,2

p2,3 + 2gp1,1p2
2,3 − 4gp2

1,1p2
2,3 − 2gp1,1p1,2p2

2,3 − 2gp1,1p3
2,3 + 2gp1,1p1,2p3

2,3.

Substituting (8) into the above equality yields:

g =
hp1,2p2,3(−h− p1,2 + hp2,3)

(−p1,2 + hp2,3)(p1,2 − hp1,2 − p2
1,2 − p2,3 + hp1,2p2,3 + p2

2,3)
. (10)

We therefore eliminate one more variable,g.

• By eliminatingg from the equalities and inequalities and factorizing, we obtain

the following reduced formulas suitable for QEPCAD-B:

∃p2,3
∃p1,2
(
0 < h < 1∧g> 0∧0 < p1,2 < 1∧0 < p2,3 < 1∧ep0 == 0∧ep1 < 0∧ep2 < 0

)

with:

ep0 := hp1,2p2,3(−h− p1,2 + hp2,3) − g(−p1,2 + hp2,3)(p1,2 − hp1,2 − p2
1,2

−p2,3 + hp1,2p2,3 + p2
2,3)

ep1 := 2hp2
1,2 − 2h2p2

1,2 + p3
1,2 − 3hp3

1,2 − p4
1,2 − 3hp1,2p2,3 − h2p1,2p2,3 +

2h3p1,2p2,3 − 2p2
1,2p2,3 − hp2

1,2p2,3 + 7h2p2
1,2p2,3 + p3

1,2p2,3 + 4hp3
1,2

p2,3 + h2p2
2,3 + 5hp1,2p2

2,3 − 4h3p1,2p2
2,3 + p2

1,2p2
2,3 − 2hp2

1,2p2
2,3 − 5h2

p2
1,2p2

2,3 − 2h2p3
2,3 − 2hp1,2p3

2,3 + h2p1,2p3
2,3 + 2h3p1,2p3

2,3 + h2p4
2,3,

ep2 :=−p1,2 + hp1,2 + p2
1,2 + hp2,3 + 2h2p2,3 − hp1,2p2,3 + hp2

2,3.

• Last, because of the RAM limitation (up to 4 GB) of 32-bit software, we pro-

vided the above formulas for the QE program (we usedQEPCAD-B Ver. 1.48 with

measure-zero-error and+N670000000 option. It took from 4.5 to 12 hours
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and 3.7 GB RAM with anIntel Xeon CPU 2.33 GHz processor), withg-space

divided into (0,1/7], (1/7,1/4], (1/4,1), [1,2],(2,∞).

After all, with respect to thelinear cell-lineage diagram without the rule, we ob-

tained the following equivalent quantifier-free formulas as QE outputs:



g ≥ root−1 h3g2 − 2h2g2 − hg2 + 2g2 + 2h4g+ h3g− 5h2g+ 2h4 For (0,1/7],

(1/7,1/4], (1/4,1),


h3g2 − 2h2g2 − hg2 + 2g2 + 2h4g+ h3g− 5h2g+ 2h4 ≥ 0

∧6h2g+ 3hg− 3g− 2h2 − h ≤ 0
For [1,2],

6h2g+ 3hg− 3g− 2h2 − h ≤ 0 For (2,∞),

(11)

whereroot−1 denotes the largest real root of the equationh3g2−2h2g2−hg2+2g2+

2h4g+h3g−5h2g+2h4 = 0 in g. The equations for the linear diagram with the rule

is the same as in [23]. The equations obtained betweenf andg are summarized in

Table 2.

5 Discussion
So far, we have derived the algebraic equations between the cell-type diversity mea-

suref and the parameterg under the constraint (5). We summarize in Table 2 and il-

lustrate in Fig. 2 the equations betweeng and f in the three diagrams: the branching

and linear cell lineage diagrams with and without the cell-type order conservation

rule (3).

Let us look closely at the values of the natural numberg that makef a rational num-

ber. The rational numbers of the maximum value ofN(AB)/N(AA) show that the

pattern becomes periodic with respect to the two contiguous cell types as the cell

chain becomes sufficiently long. We have searched forg ∈ N with corresponding

rational f on the three curves (Table 2 and Fig. 2). Only on the curve of the branch-

ing diagram without the rule (g+ 2) f 2 + g f − g = 0 does there exist a pair that

satisfies{(g, f ) | g ∈ N, f ∈ Q}. The proof is given in Appendix A. On this curve,

f is rational wheng is in the following set:{2, 18,128,882,6050,41472, . . .} =
{gn|gn+2 = 7gn+1 − gn + 4, g0 = 0,g1 = 2,n ≥ 1}. The pair (gn, fn) can be described

as
(
2F2

2n, F2n/F2n+1

)
, whereFn are Fibonacci numbers defined as{Fn | Fn+2 =

Fn+1 + Fn, F0 = 0, F1 = 1, n ≥ 1} = {1,1,2,3,5,8,13,21,34,55,89, . . .}. The

g ∈ N and their corresponding values off are summarized as follows.
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(a) Wheng = 1, for the branching diagram without the rule,f is (
√

13− 1)/6 ∼
0.434259; forthe linear without the rule,f is −1/2 + {(9 + ı

√
687)1/3 + (9 −

ı
√

687)1/3}/122/3 ∼ 0.557454; andfor the linear with the rule,f is (1+
√

17)/8 ∼
0.640388.

(b) Wheng > 1 andg ∈ N, for the branching diagram without the rule,f is a

rational number ifg is in {2F2
2n | n ≥ 1}, otherwisef is a quadratic irrational

number. For the linear diagram without and with the rule,f is always a quadratic

irrational number (see also Appendix A). A quadratic irrational number is a so-

lution to the quadratic equationax2 + bx + c = 0, wherea,b,c are integers,

and b2 − 4ac is positive and not a perfect square. The cell chain associated

with a quadratic irrational number is quasiperiodic [11, 16]. Further, based on

[9], we can reconstruct the rewriting rules that produce the pattern associated

with a given quadratic irrational or rational numberf via its continued fraction.

We have constructed the sequences in the case ofg = 1, f = (1 +
√

17)/8 =

[0; 1,1,1,3,1,1,3,1, 1, 3,1,1,3, . . . ] in the linear diagram with the rule; and

g = 2, f = 1/2 in the branching diagram, respectively, as shown in Fig. 3. In

this figure, we laid the two-dimensional space with 40,000 colored spiral cells,

where the red, green, and blue boxes denoteA−, B−, andC− cell types. Figures

3 (B) and (C) show the quasiperiodic and periodic patterns, respectively.

Further, let us consider the region of smallg < 1,1/g ∈ N. The curve‡ in Ta-

ble 2 is transformed into the minimal modely2 + xy = x3 − 7x + 9 by birational

transformation:


f = (x− 2)/(x+ 2),

g = (2− x)(3+ y)/(2x(2+ x)),


x = 2(1+ f )/(1− f ),

y = (−3 f + 3 f 2 − 4g− 4 f g)/((1− f ) f ).

Likewise, the curve† is transformed intoy2 + xy+ y = x3 − x2 − 9x+ 9 by:


f = (3x+ y− 1)/(x+ y− 3),

g = (3x+ y− 1)2(x2 − 4x+ 3− 2y)/(2(x+ y− 3)(x− y+ 5)(2x+ y− 2)),


x = ( f 2(3 f + 1)+ 2( f + 1)( f − 2)g)/(f 2( f − 1)),

y = 2( f + 1)(2f 2 − ( f − 2)( f − 3)g)/(f 2( f − 1)2).
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These curves areelliptic curves[18, Ch. 3]. These two curves have Mordell–Weil

rank= 1 and no torsion points overQ. Concerning points such that 1/g ∈ N and

f ∈ Q (g > 0,0 < f < 1), we have proved that such a point does not exist in

the branching diagram and that only (g,f ) = (1/7,1/4) and (1/4,1/3) exist on the

curve† (the linear diagram without the rule) and the curve‡ (the linear diagram

with the rule), respectively. The finiteness of these points follows from Siegel’s

theorem on the finiteness of integral points [18, Ch. 9]. In the above curves† and‡,
we transformed the curves into quartic elliptic equations in which one can compute

all integral points based on [19, 20].

We have summarized in Table 3 the relations betweenf andg, showing that there

are Fibonacci-related periodic and quasiperiodic patterns in theg > 1, g ∈ N region

and that there are only two elliptic curve-related periodic patterns ing < 1,1/g ∈ N.

6 Conclusion

In this paper, using symbolic computation, we have derived relations between the

measure of cell-type diversity and the cell-type ratio constraint over the bio-inspired

Lindenmayer-system model. We have obtained the five equations between the mea-

sure and the constraint. Analysis of points on these equations has revealed frequent

quasiperiodicity; and Fibonacci- and elliptic curve-related periodicity.
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Appendix A:Proof of the existence or non-existence of rational numbers f

• For the branching cell-lineage diagram without the cell-type order conservation

rule, we obtain the equation betweenf andg:

(g+ 2) f 2 + g f − g = 0. (12)

The discriminant of the above equation isD = 5g2 + 8g. We survey (gn, fn) such

thatgn and fn are natural and positive rational numbers, respectively. If and only

if D = m2,m ∈ N, f is rational.D = m2 yields (5g + 4)2 − 5m2 = 42. Let X

be 5g+ 4. Then the equationX2 − 5m2 = 42 is a Pell’s equation. It follows that

X+
√

5m= ±4
(
(3+

√
5)/2
)n
, n = 0,1,2, · · · yields a pair{(X,m)|X ∈ Z,m ∈ Z}.

Therefore, fromX = 5g+4,g+
√

5m′ = 4
{(

(3+
√

5)/2
)2n
− 1
}
/5,n = 1,2, 3, . . .

yields a natural number sequence{gn | gn ∈ N}. Moreover,gn can more explicitly

be described as 2
{(

(3+
√

5)/2
)2n
+
(
(3−

√
5)/2
)2n
− 2
}
/5. It follows from the

golden ratioϕ = (1+
√

5)/2 thatgn is 2
(
ϕ4n + ϕ−4n− 2

)
/5. BecauseFibonacci

numberFn can be described as(ϕn − (−ϕ)−n) /
√

5, gn = 2F2
2n �

The recurrenceformula ofgn can be derived as follows:

gn+2= 2F2
2(n+2) = 2(F2n+3 + F2(n+1))

2

= 2(2F2(n+1) + F2n+1)
2

= 2(3F2(n+1) − F2n)
2

= 2(9F2
2(n+1) + F2

2n − 6F2(n+1)F2n)

From the formula 3F2(n+1)F2n = F2
2(n+1) + F2

2n − 1,

= 2(7F2
2(n+1) − F2

2n + 2)
= 7gn+1 − gn + 4. �

The correspondingfn with respect togn on the curve (12) is calculated as:

fn =
F2n

(√
4+ 5F2

2n − F2n

)

2(1+ F2
2n)

.

The formulasonFibonacciandLucasnumbersFn andLn [12, Ch. 5]:

Fn+1Fn−1 − F2
n = (−1)n,5F2

n − L2
n = 4(−1)n+1, Fn + Ln = 2Fn+1

reveal thatfn = F2n/F2n+1 �

• With respect to the cell-lineage diagram without the rule, we obtain:

2(3g− 1) f 2 + (3g− 1) f − 3g= 0. (13)
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The discriminantof the above equation isD = 81g2−30g+1. We survey (gn, fn)

such thatgn and fn are natural and positive rational numbers, respectively. If and

only if D = m2,m ∈ N, f is rational.D = m2 yields (27g− 5)2 − (3m)2 = 42,

which can be factorized as (27g+ 3m− 5)(27g− 3m− 5) = 42. From g ≥ 1

andm ≥ 1, 27g+ 3m− 5 ≥ 52. Therefore, there exists no rationalfn for natural

numbergn �

• For the linear diagram with the rule, we obtain:

2g f2 + (g− 1) f − g = 0. (14)

We survey (gn, fn) such thatgn and fn are natural numbers (g> 0) and positive

rational numbers (0< f < 1), respectively.

We prove the non-existence of such pairs in 0< g,0 < f < 1. Assume that

f = n/m, gcd(m,n) = 1, m ∈ N, n ∈ N because it is a positive rational number.

Then, the equation (14) can be transformed into:

g(2n−m)(m+ n) = mn. (15)

From 0< g and 0< f < 1, it follows thatm/2 < n < m. Furthermore, from

(15), 2n2g ≡ 0 (modm) andm2g ≡ 0 (modn). It follows from gcd(m,n) = 1

that 2g≡ 0 (modm) andg ≡ 0 (modn), revealing 2g ≡ 0 (modmn). This fact,

together withg = mn/((2n− m)(m+ n)),m/2 < n < m, implies that the only

possible value ofg is mn/2.g = mn/2 yields an equation (2n−m)(m+ n) = 2,

which has a single solutionm= n = 1, contradicting the assumptionf = n/m<

1 �
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Figure captions
Fig. 1. Intercalary regeneration in cockroach legs [1]. When mismatched portions of

the growing legs are grafted together, new tissue is intercalated to fill the gap so that

the noncontiguous positional values disappear. In this figure, we exemplify the rule:

I8I4→ I8I7I6I5I4.

Fig. 2. The equations betweeng and f . The gray line denotes the equation in the branch-

ing cell lineage diagram without the cell-type order conservation rule. The black and bro-

ken lines denote the equations in the linear diagram with and without the rule, respec-

tively. The derivative discontinuities are nearly 1.14254 (g0) and 1.29661 (g1). The inter-

section of the broken and gray lines is nearly 3.28773 (g2), and that of the black and gray

lines is nearly 3.83118 (g3). The f -value of the broken and black lines approaches 1/2

as g → ∞, whereas that of the gray line approaches the reciprocal of the golden ratio

1/ϕ ∼ 0.61803
(
ϕ = (1+

√
5)/2
)

asg→ ∞.

Fig. 3. Spiral tiling of cells. (A) Schematic illustration of spiral tiling of one-dimensional

cell chain. (B)g = 1, f = (1+
√

17)/8 inthe linear diagram with the rule. (C)g = 2, f = 1/2

in the branching diagram.
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Table1
The three growth matrices. We have calculated the matrices to estimate the composition
of two contiguous cell types at stepn. The top and middle matrices are of 9× 9 form
(AA,AB, BA,AC,CA,BB, BC,CB,CC) because of the nonexistence of the cell-type con-
servation rule, whereas the bottom matrix is of 7× 7 form (AA,AB, BA, BB, BC,CB,CC)
with the rule.

Branching diagramwithout the cell-type order conservation rule


m1,1 m1,2 m1,3 m1,2 p2
1,2 p1,2p1,3 m1,3 p1,2p1,3 p2

1,3

p1,1 m2,2 0 0 p1,2 + p2,2 0 0 p1,3 0

p1,1 0 m2,2 0 0 p1,2 0 0 p1,3 + p3,3

p1,1 0 0 m2,2 p1,2 + p2,2 p1,3 0 0 0

0 0 0 0 1+ 2p2,2 0 0 0 0

0 0 0 0 p2,2 1 0 0 p3,3

p1,1 0 0 0 0 0 m2,2 p1,2 p1,3 + p3,3

0 0 0 0 p2,2 0 0 1 p3,3

0 0 0 0 0 0 0 0 1+ 2p3,3



with m1,1 = 2p1,1 + (1− p1,2 − p1,3)2,m1,2 = p1,2(1− p1,2 − p1,3),

m1,3 = p1,3(1− p1,2 − p1,3),m2,2 = 1− p1,2 − p1,3.

Linear diagramwithout the rule


m′1,1 m′1,2 0 m′1,2 p2
1,2 0 0 0 0

p1,1 m′2,2 p2,3 − p1,2p2,3 0 m′2,5 p1,2p2,3 0 0 0

p1,1 0 1− p1,2 0 0 p1,2 0 0 p3,3

p1,1 0 0 m′2,2 m′2,5 0 p2,3 − p1,2p2,3 p1,2p2,3 0

0 0 0 0 m′5,5 m′5,6 0 m′5,6 p2
2,3

0 0 0 0 p2,2 1− p2,3 0 0 p2,3 + p3,3

p1,1 0 0 0 0 0 1− p1,2 p1,2 p3,3

0 0 0 0 p2,2 0 0 1− p2,3 p2,3 + p3,3

0 0 0 0 0 0 0 0 1+ 2p3,3



with m′1,1 = p1,1 + (1− p1,2)2,m′1,2 = p1,2(1− p1,2),m′2,2 = (1− p1,2)(1− p2,3),

m′2,5 = p1,2 + p2,2 − p1,2p2,3,m′5,5 = 2p2,2 + (1− p2,3)2,m′5,6 = p2,3(1− p2,3).

Linear diagramwith the rule


m′′1,1 m′′1,2 m′′1,2 p2
1,2 0 0 0

p1,1 1− p1,2 0 m′′2,4 p2,3 0 0

p1,1 0 1− p1,2 m′′2,4 0 p2,3 0

0 0 0 m′′3,4 m′′3,5 m′′3,5 p2
2,3

0 0 0 p2,2 1− p2,3 0 p2,3 + p3,3

0 0 0 p2,2 0 1− p2,3 p2,3 + p3,3

0 0 0 0 0 0 1+ 2p3,3



with m′′1,1 = 2p1,1 + (1− p1,2)2,m′′1,2 = (1− p1,2)p1,2,m′′2,4 = p1,2 + p2,2 − p1,2p2,3,

m′′3,4 = 2p2,2 + (1− p2,3)2,m′′3,5 = (1− p2,3)p2,3.
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Table2
The algebraic equations betweeng and f ; g denotes the parameter in the constraint (5) and
f the measure of cell-type diversity.root−1 denotes the largest real root of the equation
2(g+1) f 4+g(g+1) f 3−g(2g+5) f 2−g2 f +2g2 = 0 in g. g1 and is nearly 1.29661, which
is exactly the intersection of the two curves within 0< g,0 < f < 1, the largest real root of
1− 67g+ 1224g2 − 4008g3 + 4599g4 − 1701g5 = 0. Likewise,g0 is nearly 1.14254 and is
exactly the real root of 1− 3g+ 11g2 − 8g3 = 0.

Branching withoutthe cell-type order conservation rule

(g+ 2) f 2 + g f − g = 0

Linear withoutthe rule


g = root−12(g+ 1) f 4 + g(g+ 1) f 3 − g(2g+ 5) f 2 − g2 f + 2g2 †, (0 ≤ g < g1)

2(3g− 1) f 2 + (3g− 1) f − 3g = 0 (g ≥ g1)

Linear withthe rule


2(g− 1) f 3 − g(g+ 3) f 2 + g f + g2 = 0 ‡, (0 ≤ g < g0)

2g f2 + (g− 1) f − g = 0 (g ≥ g0)

20



Table3
The sequences ing < 1 andg > 1 regions.g < 1 andg > 1 correspond to the early devel-
opmental and mature stages, respectively.Fn denotes Fibonacci numbers.‡‡We should note
that because of the mathematical difficulty, we have not completed the survey of quadratic
irrational numbers (quasiperiodic patterns) off in g < 1,1/g ∈ N in the linear diagram
without the rule, but we guess that such a number does not exist in this region.

g < 1,1/g ∈ N g > 1,g ∈ N

Branching withoutrule Quasiperiodic Periodic (g∈ {2F2
2n}), Quasiperiodic (others)

Linear without rule Periodic (g = 1/7), Indefinite (others‡‡) Quasiperiodic

Linear with rule Periodic (g = 1/4), Quasiperiodic (g = 1/3), Indefinite (others) Quasiperiodic
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