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Abstract

Starting froman egg, the multicell becomes a set of cells comprising a variety of types to
serve functions. This phenomenon brings us a bio-inspired Lindenmayer system. To inves-
tigate conditions for a variety of cell types, we have constructed a stochastic model over
Lindenmayer systems. This model also considers interactive behaviors among cells, yield-
ing complicated nonlinear polynomials. Using symbolic computation, we have derived the
explicit relations between cell-type diversity and cell-type ratio constraint. These relations
exhibit elliptic curve- and Fibonacci number-related patterns. This is the first example of
elliptic curves to appear in the Lindenmayer context. A survey of the rational points and the
guadratic irrational numbers on the derived curves has revealed Fibonacci-related periodic
and quasiperiodic patterns. Further, we have found that in some region, there are only two
elliptic curve-related periodic patterns.
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1 Intr oduction

The multicell is thought to form according to specific rules, wherein the first cell
type transforms into one fllerent cell type or into two or more défent cell types.

Such cell-type transformation rules can be described by a tree diagram, termed a
cell lineagediagram, whereas the developmental process of multicells is termed
cell differentiation[8]. In 1968, such a cell dierentiation process was modeled as
rewriting rules by Lindenmayer [13, 14].

Here, we analyze a bio-inspired Lindenmayer system (L-system), where the rewrit-
ing rules are based on cell lineage diagrams. L-system models for developmental
systems with cell lineages and for biological tissues such as blood vessels of the
eye have been studied in past decades [10, 21, 22]. In these L-systemrthe
tionsamong cells have been ignored because of the complexity or difficulty of the
analysis. By contrast, in this paper, we present a symbolic computation, the quan-
tifier elimination method, for the derivation of algebraic equations in an L-system
with interactions (“IL-system” hereafter). Further, the stochastic aspects can be in-
troduced into an L-system, termed a stochastic L-system [4, 5]. We studied the IL-
system giving nonlinear compositions of extra cellular matrices in green algae [26].
Apart from L-system models, we studied compatible conditions for self-replication
and high cell-type diversity by modeling the interaction of cells having chaotic
dynamics [24, 25]. Chaotic dynamics yielded stochastic behavior. These previous
studies let us know that interactive and stochastic behaviors play an important role
in multicells.

In this paper, we extend our previous studies to a stochastic IL-system model (“slIL-
system” hereafter) using algebraic equations between cell-type diversity and cell-
type ratio constraint on the cell chain. To devise the basic c@érdintiation rules,

we consider three cell lineage diagrams: (i) the branching cell linéage{B, C}
without the cell-type order conservation rule, (ii) the linear diagrar» B = C

with the conservation rule, and (iii) the linear diagram without the rule. Using sym-
bolic computation exhaustively, we have obtained five equations includlipgc
curveswhich appears in the Lindenmayer context, for the first time.

Throughout this paper, we present the derived algebraic numbers or equations in-
stead of approximate values. The reason is illustrated by a simple example. Con-
sider the algebraic number{1V5)/2 andits approximate value.618. The former

is one root ofx> — x — 1 = 0 in x, which can also be expressed as a continued



fraction: [1;1,1,1,...]. The appearance of only 1 reveals the relationship between
(1 + V5)/2 andself-similarity (quasiperiodicity) of the corresponding sequence
[11, 16]. By contrast, from the latter value, 1.618, we cannot submit such a strong
proposal. This is why we made the extra effort to obtain the exact algebraic num-
bers or equations, to allow us to analyze the periodicity and quasiperiodicity of
produced patterns.

2 Model: Bio-inspired Lindenmayer System

We study two basic subgraphs extracted from biological cell lineage diagrams:
branchingandlinear cell differentiation rules of three cell types. This model is
described by an slIL system for three cell typ&s3, andC.

We first define the following two basic cellfiérentiation graphdyranching A=

{B,C} andlinear A = B = C. The proliferation of a type is denoted ¥y —
AA,B - BBorC — CC, while the transition between types is denotedy B,

A — C (in the branching diagram), & — B, B — C (in the linear diagram).

We next define the proliferation and transition rates (probabilities) of the branching
diagram as follows:

AA pr1,
B pu2, BB 2, CC m3,
A—- B— C- Q)
C pms B 1-p2o, C 1-p33
A 1-p11—pP12- P13

withO< pj<1(1<i<j<3)andpyii+pi2+piz<1.TheruleA— A B— B,
or C — C shows that the type does not change.

Likewise, the rates of the linear diagram are defined as:

AA pl-,l’ BB pZ,Z,
CC 3,
A—-{ B PL2, B—-<{ C P23, C-o (2)
C 1-ps3
A l-p11-p12 B 1-p22— P23,

withO < pj <1 (@<i<j<3andp;+pi1<1@<ic<?2).The
one-dimensional cell chain becomes longer as these rules are applied. In addition



to therewriting rules mentioned above, we adopt another rewriting rule, termed a
cell-type order conservation rule

AC — ABC, CA— CBA 3)

which guarantees the contiguity of cell types. When we adopt the above conserva-
tion rule, this rule is applied after each application of the branching or linear rewrit-
ing rules. This cell-type order conservation rule originates from the “intercalary
regeneration” phenomenon in insect legs, as illustrated in Fig. 1. When portions
of the legs with noncontiguous positional values are grafted together, new tissue
is intercalated to fill the gap so that the noncontiguous positional values disappear
[1, 6, 7]. Such a regeneration phenomenon occurs in our previous model of chaotic
elements [24, 25] as well as in the actual wound repair in the early stages of the cell
lineage diagram [2]. This is why we analyze tHEeet of the conservation rule. In

this paper, we analyze the three diagrams: (i) a branching cell lineage diagram with-
out the cell-type order conservation rule, (ii) a linear cell lineage diagram without
the rule, and (iii) a linear diagram with the rule. We have not analyzed a branching
diagram with the rule because we have not found a corresponding phenomenon in
the actual cell-lineage diagrams.

Using these three models, we calculate the following composition in the cell chain:
AA AB,BA,(AC,CA),BB,BC,CB,CC, 4)

where AC, CA) does not exist when the cell-type order conservation rule is adopted
and applied during the elongation of a cell chain. In this paper, we adopt the above
“two” contiguous composition instead of the “one” compositiarB, C because

we do not aim to regard, for instancRAAAABBBBBCCCCG A°B°C® as a se-
guence with high cell-type diversity. In other words, we aim to evaluate the pattern-
dependent diversity. Of course, we could adopt a more than two contiguous com-
position, but such composition gives an intractable calculation. For this reason, we
have adopted the two contiguous composition (4).

Further, we assume the following constraint:
gN(AA) = N(BB) = N(CC) A gN(AB) = N(BC), (5)

whereA denotes “And,’g designates the parameter in this constraint, l[d(dY)
denotes the number of the two contiguous cell ty}i&sn the cell chainN(AB) =
N(BA) andN(BC) = N(CB) hold always because of the mirror symmetry of the



rewriting rules.

Under the constraint (5), we have calculated the maximum valéAB) /N(AA)(=
N(BC)/N(BB)), which represents the ratio of junctions to nonjunctions between
different cell types. Here, we have adopted this maximum as the meastel- of
type diversityin the sense that the appearance frequencies of two contiguous cell
types become uniform as the rablgAB)/N(AA) approaches 1 under the constraint
(5). Notice that the large value bi{AB)/N(AA) prevents us from regardidgB"C"

as a high-diversity pattern.

3 Method

3.1 Estimation of cell-type composition

We calculate thegrowth matrixof the two contiguous cell types based on [17,
23]. This matrix enables us to estimate its composition aftepplications of the
branching or linear rewriting rules (and the cell-type order conservation rule). In
this paper, we have calculated three growth matrices for the branching cell lineage
without the cell-type order conservation rule, and the linear diagram with and with-
out the conservation rule, as shown in Table 1.

Let M be the growth matrix of the two contiguous cell types under some con-
dition. Here, we start withAA; that is, the axiom iA, therefore, the compo-
sition at stepn can be calculated by (0,0, ...)M". We study the composition

asn approaches infinity—in other words, for afcaiently long cell chain. First,

we derive the conditions for coexistence of the two contiguous cell types from
the eigenvalues and the eigenvectors of the growth matrices. Second, under the
constraint (5) and the coexistence condition, we estimate the composition using
the growth matrix. Last, we derive the equation between the maximum value of
N(AB)/N(AA)(= N(BC)/N(BB)) and the constraint parametgiin (5) using the
guantifier elimination method.

3.2 Quantifier Elimination Method

In this paper, we investigate the maximum valu®&loAB)/N(AA)(= N(BC)/N(BB)).
For this purpose, we have used the quantifier elimination (QE) method. QE is one



of themain subjects in computer algebra [3, 15]. QE deals with first-order formu-
las comprising polynomial equations, inequalities, quantifier§)3and boolean
operators such as(And), v(Or), and—(Negation). QE computes an equivalent
quantifier-free formula for a given first-order formula over the real field. For in-
stance, for the inputx(x? + bx+ ¢ > 0), QE outputs the equivalent quantifier-free
formulab? — 4c < 0. QE obtains the relations between the unquantified variables
that make the input formula true. We obtain the maximum value of an objective
polynomial under some constraints by adding one extra variable, which is assigned
to the objective polynomial [23]. For instance, to calculate the maximum value of
x/(p + y) under the constraint& + py> < 1 Ay < x?, we provide QE with the
following input, adding an extra variable

X (C+pyY <1Ay< X Ah(p+y)==X).

For this formula, the QE output ip < 0V h?p® — p - h? < 0, which indicates

that the maximum value af/(p + y) is y/p/(p® — 1) whenp > 1 and that this
value does not existHoo) whenp < 1. Thus, even when parameters exist, we
can obtain the maximum value; in other words, QE gives the equation between the
maximum value and parameters. We can use QEPCAD-B or Mathematicg®er. 6
as QE-implemented software.

4 Results
4.1 Equations derived by QE

We first derive the coexistence condition of two contiguous cell types for the branch-
ing cell-lineage diagram. Analysis of the eigenvalues and their corresponding eigen-
vectors of the growth matrix reveals the coexistence conditipgy 2 p12 — P13 >

OA 2P11— Pr2— P13 > 2P22A 2P11 — Pr2— P13z > 2ps3 . Under this condition and

the constraint (5), the following relations hold:

N(AB) _ P2(9(1 - Pr2 — Pr3) — PL3)

N(AA) 2p13 + g(P12 + P13)

_ —(1—p12— P13)(2P13 + 9(P12 + P13))
PLi= 2(p13 — 9(1— P2 — P13))

1 See als¢23, Section 5.2] for details.

b



P22=(9(-2+ pro + Pra)(Pra(Pl, + 2P1s) + 9(PT, + PLo(—1+ Pu3) + Pr2(6)
P13+ pig)))/ (2(p13+9(-1+ pr2 + pl,g))(gz(piz + Pr2(-2+
P13) — Pr3) + P12P13 + 9(=1 + Pr2)(P12 + 2P13))),

P33 =(9P13(=2 + P12 + P13)(P13(2 + Pr3) + I(Pr2 + Pr2P13 + Dig)))/
(2(P13 + 9(=1+ pr2+ Pra))(@*(PL, + Pra(=2+ P1a) — Pra) + Pis
+0pP13(=3 + 2p12 + Pr3)))- (7)

To obtain the maximum value ®§(AB)/N(AA) by QE, the following input is used:

Tp1a7Pr2 (lﬂ(pl,z, P13, 9) A h == N(AB)/N(AA) A p12 > OA

P13>0APL1>0AP22>0AP33>0APL1+ Pro+ Pr3< 1),

wherey(p12, P13, 9) is a formula derived by combining conjunctively all equa-
tions and inequalities appearing in the coexistence condition and the constraint (5).
However, one cannot obtain the maximum if one provides the QE command of
QEPCAD-B 1.48 or Mathematica 6.0.1 with the above formula as it is. This is be-
cause the computation requires too much memory and time. Therefore, we have
transformed the above formula into the equivalent formulas in reduced form as
follows.

Via factorization, we have derived the formulas:

P13’ P2 (0 < Pr2 A0 < pisA

—h(2pyz + g(P12 + P13)) == Pr2(Prz + (=1 + Pr2 + P13)A
e1<O/\e2<0/\%<0/\e4<0Ae5<0/\eB<0)

with:

€= P13+ 9(-1+ P2 + Pra),

€ = (gz(piz + Pr2(=2 + P13) = P13) + Pr2P13 + 9(=1+ p12)(Pr2 + 2P13))
(PLa(Pi, + 2Prs) + 9(P3, + PIo(—1+ Pra) + Pr2Pis + Pfa)),

€3:= (Qz(piz + Pr2(=2 + p13) — Pr3) + pis +9pLa(=3+ 2p12 + P13))s

€= (4p13 + 9(—2+ 3p12 + 3Pra)),

6= gz(piz + Pr2(=2+ P13) — Pr3) + Pr2Pr3 + (=1 + Pr2)(Pr2 + 2P13),

€= gz(piz + Pr2(=2+ p13) — Pr3) + pis +9p3(=3+ 2p12 + Pra),

under the physiological condition: € h < 1,g > 0. Mathematica 6.0.1 outputs:
0 < h < (4/8g+5¢ - g)/(2(2 + g)). This shavs that the equation betwegrand



the maximumvalue f of N(AB)/N(AA)(= h)is @+ 2)f?+gf —g = 0.

Likewise, for thelinear cell-lineage diagram without and with the cell-type order
conservation rule, we have also used the QE method to derive the algebraic equa-
tions betweerf (the maximum oN(AB)/N(AA)) andg. The procedure for deriving
these equations follows.

The eigenvalues of the growth matrix in the middle row of Table 1 are:

1= P12, 1+2p11— Pr2s (1= Pr2)s 1— oz, 1+ 2p22 — Paa,
(1= p12)(L = p23), (1 — p23)% 1+ 2ps3.

Therefore, the coexistence condition for the linear cell-lineage diagram without the
rule is:

2p11 > Pr2 A 2P11 — P2 > 2P22 — P23 A 2P11 — Pr2 > 2Paa.

Under the constraint and the coexistence condition, we obtain the following rela-
tions:

(- p2)pr2
N(AB)/N(AA)= 2P11 + (1 - pro)Pes’

P22=(P11(2P11 — Pr2 + P23)(P2(—2P11 — (1 + Pr2)(—2 + P23))g
(4pi1 + =2p11((=3 + P23) P23 + Pr2(1 + P23)) + p2,3(pi2 - (-
2+ P23)P2s + Pra(-1 - 2p23 + P53)))/ (-1 + pr2)pra(—4
pil + (=1 + pr2)Pr2P23 — 2P11(P12(=1 + P23) + P23))29Pra(
4pi1 = 2p11((=3 + P23) P23 + Pr2(1 + P23)) + pz,s(piz - (-2+
P23)P23 + Pra(—1— 2P23 + P32)))),

Paa=((1+ 2p11 — Pr2)(—1+ Pr2)PioP55 + 9PLa(8PY, — 4P2.((-2+
P23) P23 + PL2(2 + P23)) + 2P11(—P55 + PLo(1+ 2P23) + Pr2oP2s
(=3 + P323)) + P2a(—Pi, + (-2 + P2a)Pos + Pio(1+ Pz — Pog) —
P12P23(1 — 3p2s + P5.3))))/((2P11 + P23 — Pr2P2s)(—(—1+ P2
)P12P23 + 20P11(2P11 — P12 + 2P23 - pg,e)))-

To obtain the maximum value &f(AB)/N(AA), we provided QE with the following
input:

P11 PL2’Paa (W(pl,l, P12, P23.9) A h == N(AB)/N(AA)A 0 < p12 < 1A
0<pP23<IANO0<pPran0<pPoAO0< P33 <IAPL1I+PL2<1AP+P23< 1),



wherey’(p11, P12, P23, 9) isa formula derived by combining conjunctively all equa-
tions and inequalities appearing in the coexistence condition and the constraint.
Again, the above formula was too complicated to analyze by the QE program
(QEPCAD-B or Mathematica).

Therefore, we transform the formula in the following manner.

e Fromh = N(AB)/N(AA),

_ (1= pr2)(pr2 — hp23)

P11 N (8)

holds. Using8), we eliminate one variablgy ;.
¢ Next, via factorization, the inequalities wifty ; eliminated, can be transformed
into the following formulas:

€E<0NE,<O0NE;>0AE, <0NEL<0NE<O0NE <O 9)
with:

€ '=—P12+hps,

€& :=(1—-h— puz+hps)(-20°prz + gprz2 — hgpz — hpl, — 9P, + hgpes + 217
Pr2P23 +hgp2p23 — hg p%,s)(—hpiz +h? piz - gpiz +hg piz + hpiz +4 piz
+h?prapas — 20°P1op2s — hPgpLapas — 30°Pl,P2s — 2hg K ,P23 + 05
+2°p12p 5 + hgpaps s + h*gpiaps; — WP R ),

&:=9p;, - 2hgl, + h°gp}, - 290, + 2hgd, + 9p;, — 2hg .25 + 3HPQRE,
P2z — W’ ,P23 + 5hO R ,P23 — 4HPQP; L P25 — 3hg P25 — 2h*p12ps,
~h?gp12pss — h’gpLap3s — 20°P2,p5 5 — hg 055 — 3n’g P, P35 + 2
9P P53 + hap P25 + 3PgP; .55 + 2R3 ; + 2 praps 5 + 3h°gPLaps s
-2htg piz pg,s’ - h’g piz pg,s - 2h’g pg,3 +hgpr, p‘2153,

€ :=—-2IPpf, + 2h°p, - 2hgif, + 2hPgpi, + 2h°p3, + gpi, + hPgp;, — hpl,
+31Pp1, — 2gp, + 2hgp, + hpp, + 9Py, + 20 propas — 4H'propos — 21°
OPL2P2s + 2P P2 P05 — 6P P2, pas — 20 P2, P03 + 2hgE L P23 — SHPQRE,
P23 — h°gR% 2 P23 + W23, P25 — 7P 025 + hg B, P25 — 40P}, P2 — 4
h?pi2P23 — 3hgH 2 P23 + 205 3 — 2h°praps,; + 8M'p1ops s + h*gpPLaps
+5I°gpL2P3 5 + 4h°pl, P55 + 4h*pi, P55 — hg % ,p5 5 + 5P RE , P35 + 2h°
9P P55 + 5h°Ps P55 + hapl P55 + 3h°gP; P55 — 4°g P 5 — 4h*p1aps ,
—h?gpiaps ;s — 40°gp1aps 3 — 2h*pT,p5 5 — 2P P, P55, — h*g P, P35 + 2
h’g pg,3 +hgpr, pg,3’



&:=—1+h+pi2—hps,

& :=—hp, + h*pl, — gp, + hgp, + hpl, + P35 + WP prapos — 2°props — P
gpL2P2z — 3P piz P23 — 2hg piz P23 + h’g p§,3 +2h°py, p%,g +hgpi2 p%,g +
Wgp2pss - Waps,

€= -0, + hap, + 9P}, — hPp12P2s — h?gpP1apP2s — 2R L P25 + MR 5 +
hgp.2p3; + PgpL2ps s - h'gpss.

Notice that in the above formulas, we show only those inequalities that maximize
N(AB)/N(AA); it is relatively easy to find these via polynomial factorization and
confirmation by QE input for fixed values gf

e Furthermore, the equalityN(AB) = N(BC) in the constraint condition yields:

0=-4g pil P12+ 209PL1 piz + 49@,1 piz —209pL1 piz +49 pil P23 — 20PL1P12
P23+ PP + 2PL1Pl P23 + 20PL1PloP2s — 2P3 P23 — 2PL1Ps oP23 + Plo
P23+ 20PL1P5s — 40051 P55 — 20PL1P12P55 — 20PL1Pss + 20PL1PraPas:

Substituting (8) into the above equality yields:

hp2P23(—h— P12+ hpy3)

- . (10
9= Cpuz+ Np2a)(prz— hpus - P2, — P23+ hpLapos + P35) (10)

We therefore eliminate one more varialde,
e By eliminatingg from the equalities and inequalities and factorizing, we obtain
the following reduced formulas suitable for QEPCAD-B:

Ip237pr2(0 < h < 1Ag> 0A0 < pro < 1A0 < poz < 1Aey == 0AEy < 0AEy, < 0)
with:

€p0:=hp2p23(—h = pr2 + hp3) — 9(=Pr2 + hp23)(Pr2 — hprz — Dig
—P23+ hpiopos + p%,g)

en = 2hg, — 2h’p, + pi, - 3hp, - pi, — 3hpLapos — hPpiapas +
201223 — 2P%,P23 — Pl ,P2s + THPPE P23 + Pl oP2s + 40P,
P23+ h° pg,s +5hp;2 p%,s - 4y pg,s + piz p%,s —2h piz p%,s - 5
PLoP3s = 20°P35 — 2hpLapss + PP12pss + 200 p1aps s + Wpss,

€2 :=—Pr2+ hpo + pl, + hps + 2P pos — hpopos + s

e Last, because of the RAM limitation (up to 4 GB) of 32-bit software, we pro-
vided the above formulas for the QE program (we UZERICAD-B Ver. 1.48 with
measure-zero-error and+N670000000 option. It took from 4.5 to 12 hours

10



and 37 GB RAM with anIntel Xeon CPU 2.33 GHz processor), wititspace
divided into (0,1/7], (1/7,1/4], (1/4,1), [1, 2],(2, ).

After all, with respect to thdinear cell-lineage diagram without the rule, we ob-
tained the following equivalent quantifier-free formulas as QE outputs:
g > root_; h®g? — 2hPg? — hg? + 2¢? + 2h*g + h3g — 5h?g + 2h* For (Q 1/7],
(1/7,1/4],(1/4.1),
h3g? — 2rPg? — hg? + 207 + 2h*g + h3g — 5hPg+ 2h* > 0

For [1, 2],
A6hPg+3hg-3g-2-h<0

6h°g+3hg-3g-2¥-h<0 For (2 ),

(11)
whereroot_; denotes the largest real root of the equatidgf — 2°g? — hg? + 2¢f +
2h*g+ h3g—5h?g+ 2h* = 0 in g. The equations for the linear diagram with the rule
is the same as in [23]. The equations obtained betweamdg are summarized in
Table 2.

5 Discussion

So far, we have derived the algebraic equations between the cell-type diversity mea-
suref and the parametgrunder the constraint (5). We summarize in Table 2 and il-
lustrate in Fig. 2 the equations betweagand f in the three diagrams: the branching
and linear cell lineage diagrams with and without the cell-type order conservation
rule (3).

Let us look closely at the values of the natural nundiérat makef a rational num-

ber. The rational numbers of the maximum value\§AB)/N(AA) show that the
pattern becomes periodic with respect to the two contiguous cell types as the cell
chain becomes sufficiently long. We have searched forlN with corresponding
rational f on the three curves (Table 2 and Fig. 2). Only on the curve of the branch-
ing diagram without the rule (g 2)f2 + gf — g = 0 does there exist a pair that
satisfies(g,f) | g € N, f € Q}. The proof is given in Appendix A. On this curve,

f is rational wheng is in the following set:{2, 18,128 882,6050,41472,..} =
{OnlOni2 = 701 — On + 4, 9o = 0,91 = 2,n > 1}. The pair §,, f,) can be described

as (2F§n, FZn/Fzm), where F,, are Fibonacci numbers defined ad-, | Fn.2 =
Foi+ Fn,Fo = 0,F; =1, n> 1} = {1,1,2,3,5,8,13,21,34,55,89, ...}. The

g € N and their corresponding values bare summarized as follows.

11



(a) Wheng = 1, for the branching diagram without the rulejs (V13- 1)/6 ~
0.434259; forthe linear without the rulef is —=1/2 + {(9 + 1 V687)/3 + (9 —
1V687)/3}/122/3 ~ 0.557454; andor the linear with the rulef is (1+ V17)/8 ~
0.640388.

(b) Wheng > 1 andg € N, for the branching diagram without the rulg,is a
rational number ifg is in {2F5 | n > 1}, otherwisef is a quadratic irrational
number. For the linear diagram without and with the rdilés always a quadratic
irrational number (see also Appendix A). A quadratic irrational number is a so-
lution to the quadratic equatiomx + bx + ¢ = 0, wherea,b,c are integers,
and b? — 4ac is positive and not a perfect square. The cell chain associated
with a quadratic irrational number is quasiperiodic [11, 16]. Further, based on
[9], we can reconstruct the rewriting rules that produce the pattern associated
with a given quadratic irrational or rational numblevia its continued fraction.

We have constructed the sequences in the cage=ofl, f = (1 + V17)/8 =
[0;1,1,1,3,1,1,3,1,1,3,1,1,3,...] in the linear diagram with the rule; and

g = 2, f = 1/2 in the branching diagram, respectively, as shown in Fig. 3. In
this figure, we laid the two-dimensional space with 40,000 colored spiral cells,
where the red, green, and blue boxes dereteB—, andC- cell types. Figures

3 (B) and (C) show the quasiperiodic and periodic patterns, respectively.

Further, let us consider the region of smglk 1,1/g € N. The curvet in Ta-
ble 2 is transformed into the minimal modgl + xy = x3 — 7x + 9 by birational
transformation:

9= (2-XB+y)/((2 + X)),

x= 2(1+f)/@1-f),
y= (=3f +3f2—4g-4fg)/((1 - f)f).

{f = (X=2)/(x+2),

Likewise, the curve is transformed intg? + xy +y = X3 — x> — 9x + 9 by:

= (Bx+y-1)/(x+y-3),
g= (Bx+y-12(x%-4x+3-2y)/2K+y-3)(X-y+5)2x+y-2)),

x= (f23f + 1)+ 2(f + 1)(f - 2)g)/(F(f - 1)),
y=2(f+1)(2f2 - (f - 2)(f - 3)g)/(f*(f - 1)%).
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These cures areelliptic curves[18, Ch. 3]. These two curves have Mordell-Weil
rank= 1 and no torsion points ové&p. Concerning points such thatd € N and
feQ(@>00< f < 1), we have proved that such a point does not exist in
the branching diagram and that only {§,= (1/7,1/4) and (14, 1/3) exist on the
curvet (the linear diagram without the rule) and the cuivé&he linear diagram

with the rule), respectively. The finiteness of these points follows from Siegel’s
theorem on the finiteness of integral points [18, Ch. 9]. In the above ciiaed:,

we transformed the curves into quartic elliptic equations in which one can compute
all integral points based on [19, 20].

We have summarized in Table 3 the relations betwkeandg, showing that there
are Fibonacci-related periodic and quasiperiodic patterns ig th&, g € N region
and that there are only two elliptic curve-related periodic pattergsdri,1/g € N.

6 Conclusion

In this paper, using symbolic computation, we have derived relations between the
measure of cell-type diversity and the cell-type ratio constraint over the bio-inspired
Lindenmayer-system model. We have obtained the five equations between the mea-
sure and the constraint. Analysis of points on these equations has revealed frequent
guasiperiodicity; and Fibonacci- and elliptic curve-related periodicity.
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Appendix AProof of the existence or non-existence of rational numbers f

e For the branching cell-lineage diagram without the cell-type order conservation
rule, we obtain the equation betweémndg:

(9+2)f?+gf-g=0. (12)

The discriminant of the above equatiors= 5¢ + 8g. We survey g, f,) such
thatg, and f, are natural and positive rational numbers, respectively. If and only
if D=nm?me N, fisrational.D = n? yields (59 + 4)> — 5n? = 42, Let X
be 5y + 4. Then the equatioX? — 5n? = 4? is a Pell’s equation. It follows that
X+ V5m= ¢4((3 + \/3)/2)”, n=0,1,2,--- yields a paif(X,m)X € Z,me Z}.
Therefore, fronX = 5g+4, g+ V5 = 4{((3 + VB)2)" - 1} /5n=123,...
yields a natural number sequergg| g, € N}. Moreover,g, can more explicitly
be described as {:{(3 + \/5)/2)2n + ((3 - \/5)/2)2n — 2} /5. It follows from the
golden ratiop = (1 + V5)/2 thatg, is 2(904” + N — 2) /5. Becauséibonacci
numberF, can be described 48" — (—¢)™) / V5, gn = 2F2 O

The recurrencéormula ofg, can be derived as follows:

On2= 2F§(n 2 = 2(Fonia + Fomen)’
= 2(2F 1) + Foner)®
= 2(3F2ne1) — Fan)?
= 2(F 31 + Fin — BF2ne1)F2n)
From the formula Bans1)Fon = F3.q) + F2, — 1,
= 2(7F§(n+1) -F5,+2)
=701 —0On+4. O

The corresponding, with respect tay, on the curve (12) is calculated as:

Fan ( Ja+sF2 - FZn)

2(1+F3)

fn =
The formulason FibonacciandLucasnumbersF, andL, [12, Ch. 5]:
FreaFn1 — Ff = (-1)",5FF — L3 = 4(-1)"", Fy + Ly = 2Fn

reveal thatf,, = Fon/Fon1 O
¢ With respect to the cell-lineage diagram without the rule, we obtain:

2(3g- 1)f? + (3g— 1)f —3g=0. (13)
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The discriminanbf the above equation B = 81¢f — 30g+ 1. We survey gy, f,)
such thag, and f, are natural and positive rational numbers, respectively. If and
only if D = m>, me N, f is rational.D = n? yields (27g- 5)> — (3my = 42,
which can be factorized as (24g3m - 5)(27g—- 3m-5) = 4. Fromg > 1
andm > 1, 279 + 3m- 5 > 52, Therefore, there exists no rationflfor natural
numberg, O

For the linear diagram with the rule, we obtain:

29f2+(g-1)f —g=0. (14)

We survey (g, f,) such thaig, and f,, are natural numbers (g 0) and positive
rational numbers (& f < 1), respectively.

We prove the non-existence of such pairs ik @,0 < f < 1. Assume that
f =n/m,gcd(mn) =1, me N,n € N because it is a positive rational number.
Then, the equation (14) can be transformed into:

g(2n—m)(m+ n) = mn. (15)

FromO< gand O< f < 1, it follows thatm/2 < n < m. Furthermore, from
(15), 2rfg = 0 (modm) andm?g = 0 (modn). It follows from gcdfm,n) = 1
that 2g= 0 (modm) andg = 0 (modn), revealing 8 = 0 (modmn). This fact,
together withg = mn/((2n— m)(m+ n)),m/2 < n < m, implies that the only
possible value ofy is mn/2.g = mn/2 yields an equation (2am)(m+ n) = 2,
which has a single solutiom = n = 1, contradicting the assumptidn= n/m <
1o
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Figure captions

Fig. 1. Intercalary regeneration in cockroach legs [1]. When mismatched portions of
the growing legs are grafted together, new tissue is intercalated to fill the gap so that
the noncontiguous positional values disappear. In this figure, we exemplify the rule:
Iglg — Igl7lgls5la.

Fig. 2. The equations betwegrand f. The gray line denotes the equation in the branch-
ing cell lineage diagram without the cell-type order conservation rule. The black and bro-
ken lines denote the equations in the linear diagram with and without the rule, respec-
tively. The derivative discontinuities are nearly 1.14254) @nd 1.29661 (g). The inter-
section of the broken and gray lines is nearly 3.28%53, @nd that of the black and gray
lines is nearly 3.83118 ). The f-value of the broken and black lines approaché2 1
asg — oo, whereas that of the gray line approaches the reciprocal of the golden ratio
1/¢~ 0.61803(p = (1+ V5)/2) asg — co.

Fig. 3. Spiral tiling of cells. (A) Schematic illustration of spiral tiling of one-dimensional
cell chain. (B)g = 1, f = (1+ V17)/8 inthe linear diagram with the rule. (@)= 2, f = 1/2
in the branching diagram.
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Tablel

The three growth matrices. We have calculated the matrices to estimate the composition
of two contiguous cell types at step The top and middle matrices are ofx® form
(AA,AB, BA AC,CA,BB, BC,CB,CC) because of the nonexistence of the cell-type con-
servation rule, whereas the bottom matrix is of 7 form (AA AB, BA BB, BC,CB,CC)

with the rule.

Branching diagramvithout the cell-type order conservation rule

M1 M2 M3 M2 piz P12P13 M3 P12P13 pi3
Pra M2 0 0 pia+p22 O 0  pu3 0
pa 0 m O 0 P2 O 0 piz+pss
pa 0 O mp2 pro+p22 Pz O 0 0

0 0 0 0 142pm2 O 0 O 0

0O 0 0 o P22 1 0 P33
ppa O O O 0 0 myz pi2 P13+ P33

0O 0O 0 ©O P22 0 0 1 P33

0 0 0 0 0 0 0 0 - 2p33

with my1 = 2p11 + (1 - pr2 — Pr3)2 M2 = pr2(l - P12 — Pra),

My3 = Pra(l— P12 — P13),Mp2 =1-p12— p13.

Linear diagranwithout the rule

m, M, 0 m, P, 0 0 0 0
PL1 My, P23—P12P23 0 NGy P12pP23 0 0 0
pa O 1-p2 0 0 pw2 0 0 P33
poi O 0 m, My 0 p23—P12P23 Pr2P23 0

0 0 0 0 my Mge 0 M6 P2s

0 0 0 0 p22 1-p23 0 0 p23+Ppsa3
pi O 0 0 0 0 1-p12 P12 P33

0 0 0 0 p2 O 0 1-p23 P23+ P33

0 0 0 0 0 0 0 0 - 2p33

with m’; = pr1 + (1 - pr2)® M, = pr2(l - pr2), My, = (1 - pr2)(1 - p2a),

M, = P12+ P22 — P12P23. Mg = 2P22 + (1 = P23)% M ¢ = P23(1 - P23)-

Linear diagranwith the rule

myom, m, p, O 0 0
Pri l-p2 0 m, p23 0 0
pri 0 1l-pomy, O P23 0
0 0 0 my, My Mg Pa
0 0 0 pe21-p23 O p23+pss
0 0 0 p2 0 1-p23 P23+Ps3
0 0 0 0 0 0 1+ 2p33

with m/; = 2p11 + (1 - pr2)% M/, = (1 - PL2)P12, My, = P12 + P22 — P12P23,
My, = 2p22 + (1 - p23)’ M5 = (1 - P23) P23
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Table2

The algebraic equations betwegand f; g denotes the parameter in the constraint (5) and
f the measure of cell-type diversitsoot_; denotes the largest real root of the equation
2(g+1)f*+g(g+1)f3-g(2g+5)f2 - g?f + 2¢° = 0ing.g; and is nearly 29661, which

is exactly the intersection of the two curves withir@, 0 < f < 1, the largest real root of
1- 679+ 1224¢ — 40080 + 4599¢ — 1701g° = 0. Likewise,gq is nearly 1.14254 and is
exactly the real root of  3g+ 11g° — 8¢® = 0.

Branching withouthe cell-type order conservation rule

(g+2)f2+gf-g=0

Linear withoutthe rule
g=root_12(g+ 1)f*+g(g+ 1)f3-g(2g+5)f2-g?f +20° ", (0< g < g1)
2(3g—l)f2+(3g—1)f—3g=0 (g=0q1)

Linear withthe rule
2(9-1)f3-g(g+3)f2+gf+g>=0% (0<g< Qo)
29f2+(g-1)f-g=0 (9> go)
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Table3

The sequences i< 1 andg > 1 regionsg < 1 andg > 1 correspond to the early devel-
opmental and mature stages, respectiviélydenotes Fibonacci numbefsWe should note
that because of the mathematicafidulty, we have not completed the survey of quadratic
irrational numbers (quasiperiodic patterns)foin g < 1,1/g € N in the linear diagram
without the rule, but we guess that such a number does not exist in this region.

g<1l1l/geN g>1geN
Branching withourule  Quasiperiodic Periodic (ge {2F§n}), Quasiperiodic (others)
Linear without rule Periodicy = 1/7), Indefinite (others") Quasiperiodic
Linear with rule Periodicd = 1/4), Quasiperiodicd = 1/3), Indefinite (others)  Quasiperiodic
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B g=1 (Linear with the rule) C g=2 (Branching)

Fig. 3.
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