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Abstract

We present the 7-functions for the hypergeometric solutions to the g-
Painlevé system of type Eél) in a determinant formula whose entries are
given by Rahman’s g-hypergeometric integrals. By using the symmetry
of the g-hypergeometric integral, we can construct fifty-six solutions and
describe the action of W (E{") on the solutions.

1 Introduction

Discrete Painlevé equations and their solutions have been studied from vari-
ous viewpoints. In particular, Sakai[l17] gave a natural framework for discrete
Painlevé equations by means of the geometry of rational surfaces. Each equa-
tion is defined by the group of Cremona transformations on a family of surfaces
obtained by blowing-up at nine points on P2. According to the types of rational
surfaces, those discrete Painlevé equations are classified in terms of affine root
systems. Also, their symmetries are described by means of affine Weyl groups,
the lattice part of which gives rise to difference equations.

The elliptic difference Painlevé equation, the master equation of all the con-
tinuous and discrete Painlevé equations, is a discrete dynamical system defined
on a family of rational surfaces parameterized by nine-point configurations in
general position on P2, In the previous papers [7, 10], we presented an algebraic
formulation for this system in terms of 7-functions and showed the equivalence
to the formulation proposed by Ohta, Ramani and Grammaticos [15]. Also, we
gave a geometric description of the elliptic difference Painlevé equation in terms
of plane curves.

Similarly to the Painlevé differential equations, discrete Painlevé equations
admit particular solutions expressible in terms of various hypergeometric func-
tions. In fact, we showed that the elliptic difference Painlevé equation has
special Riccati type solutions expressed by the elliptic hypergeometric function



10E9 [7]. Regarding the g¢-difference Painlevé equations, we constructed hyper-
geometric solutions to those equations by means of a geometric approach and
direct linearization of g¢-difference Riccati equations[8, 9]. In particular, the
Riccati solution to the g-difference Painlevé equation whose symmetry is affine

Weyl group W(Eé(;l)) is expressed in terms of the g-hypergeometric series

10Wy(ao; ai, ..., ar;q, 2)
1/2 1/2
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— 10¥9 1/2 1/2 s Yy
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where (a;q)r = Hi:ol (1 — aq'). However, from the viewpoint of 7-functions,
what we have done in [8, 9] is to consider the evolution equation with respect
to a certain translation and to determine the ratio of 7-functions for the hyper-
geometric solutions up to multiplication by some normalization factors.

The aim of this paper is to completely determine the 7-functions for the hy-
pergeometric solutions (hypergeometric 7-functions for short) to the ¢g-Painlevé
system of type Eél).

This paper is organized as follows. In Section 2, we give a brief review on
the formulation of the discrete Painlvé equation of type Eél) in terms of the
lattice 7-functions. Section 3 is devoted to a preparation for constructing the
hypergeometric 7-functions. We decompose the lattice on which the 7-functions
are defined into a family of seven-dimensional lattices, and explain a basic idea
for constructing hypergeometric 7-functions.

In Section 4 — 6, we construct the hypergeometric 7-functions. We find that
a discrete analogue of the double gamma function appears as the normalization
factor of the hypergeometric 7-functions in Section 4. In Section 5, we find
that a class of bilinear equations for the lattice 7-functions yields the contiguity
relations for Rahman’s g-hypergeometric integral that is expressed as a sum
of two balanced 19Wy series. As is well-known, Rahman’s ¢-hypergeometric
integral possesses W (Eg)-symmetry [13]. From that, we can construct a set of
fifty-six solutions corresponding to the coset W (E7)/W (Es), and describe the
action of W(Eél)) on the solutions. It is known that many of hypergeometric
solutions to the continuous and discrete Painlevé equations admit a determinant
expression [3, 4, 11, 6, 16]. In Section 6, we construct a determinant formula
for the hypergeometric 7-functions and show that they are expressed by a “two-
directional Casorati determinant”.

2 The discrete Painlevé system of type Eé”

In this section, we give a brief review on the formulation of the discrete Painlevé
equation of type Eél) in terms of the lattice T-functions [7, 10].



Let L = @?:0 Ze; be a lattice with basis {eg,e1,...,e9}, and define a
symmetric bilinear form (, ) : L x L — Z by

<60360> :713 <ei>ei> =1 (i:1727"'79)a

(i) =0 (i,j=0,1,...,9; i #j). @1)

Consider the affine Weyl group W(Eél)) = (80, 81,---,8g) associated with the
Dynkin diagram:
T 0

0—o0 o o o . (2.2)
1 2 3 4 5 6 7 8

The lattice L admits a natural linear action of W(Eél)) defined by

for each ¢ = 0,1,...,8, where the h; (i = 0,1,...,8) are the simple coroots
defined by

h():eo—el—eg—eg,, hi:ei—eHl (7,:1,78) (24)

The canonical central element ¢ = 3eg —e; — -+ — eg is orthogonal to all the
hi(i=0,1,...,8), and hence W(Eél))—invariant.

The parameter space for the discrete Painlevé system of type Eél) is the
ten-dimensional vector space @©}_, Ce;, whose coordinates are denoted by &; =
(es,) (1 =0,1,...,9). The root lattice Q(Eél)) = ®%_,Zq; is generated by the
simple roots

Qg =¢&pg — €1 — &2 — &3, Q; = &5 — Ei41 (izl,...,S). (25)

The affine Weyl group W(Eél)) acts on the coordinate functions ¢; in similar

way as on the basis e;. The W(Eél))—invariant element corresponding to c is
given by § = (¢,) = 3eg — &1 — - -+ — &9, which is called the null root and plays
the role of the scaling constant for difference equations in the context of discrete
Painlevé equations. For simplicity, we denote the reflection s, with respect to

a=¢gj=¢6 —€& Ol a=¢jp =60 —& —¢; —¢ep fori,j,ke{l1,2,...,9} by s;;
or s;jx, respectively.
Let us introduce a family of dependent variables 7y = 75 (), € = (&g, .. .,&9),

indexed by A € M, where M is the W(Eél))—orbit defined by
M=W(EM).e; ={AeL|(c,A) =—1,(A,A) =1} C L. (2.6)
The action of W(Eél)) on 7, is defined by

w A Tea (we W(E), A e M). (2.7)



The discrete Painlevé system of type Eél) is equivalent to the overdetermined

system defined by the bilinear equations
[ejk)[€jkt]Te; Teo—esi—er + [Eka] [ERit]Te; Teg—e;—er + [€ij][E4j1]Ter Teg—ex—es = 0 (2.8)

for any mutually distinct indices i, j, k,[ € {1,2,...,9}, as well as their W(Eél))—
transforms

g

(gjk)] [w(gjkl>]7—w~ei7—w-(00*0i701)
(eri)l[w(Erit)|Tw.e; Tw.(eo—ej—er) (2.9)

(eij)[w(€iji)] Tw.er Tw.(eo—ex—er) = 0

+
+

B

B

for any w € W(Eél)). Here, [z] is a nonzero odd holomorphic function on C
satisfying the Riemann relation

[z +yllz — ylfu + v][u — o]

= [z + u]lz — u]ly + v][ly — v] — [z + v][z — ][y + u][y — u] (2.10)

for any z,y,u,v € C. There are three classes of such functions; elliptic, trigono-
metric and rational. These three cases correspond to the three types of differ-
ence equations, namely, elliptic difference, ¢-difference and ordinal difference,
respectively. The lattice part of W(Eél)) gives rise to the difference Painlevé
equation.

In the trigonometric case, it is possible to fix the function [z] as [z] =
e™V=lr _ o=mV=1z without loss of generality. Introducing the dependent vari-
ables f and g by

f o [8112]+7_637_eo—92 —e3 [6233}4‘7—91 Te()_el —e€2
- ?
TesTeg—ez—ez — Ter Teg—er—ep

(2.11)
_ [6122]4-7—637-60—61—63 - [5133]+7—627—€0—61—62

)
T83 TE() —e;—e3 TGQ TEO —e1—en

-1z

where [z]y = €™V 71T 47 , one get an explicit expression of the g¢-

difference Painlevé equation of type Eél) [15, 14]

(gst — f)(gst — f) — (2 = 1)(s** —1)  P(f.t,mq,...,my)

g g 1 1 - P(f,t7Y,my,...,my)’
(GG () (o) e

(fst—g)(fst—g) = (s*> = 1)(s** —1)  P(g,8,my,...,m1)

f I 1 1 - P(g,s7Y,my,...,mq)
(5-9) (5-9)-(1-52) (- =)

) ) (2.12)

Here, s and ¢ are independent variables with ¢t = §'/2s and the time evolution of
the dependent variables is given by g = g(gt) and f = f(t/G). The polynomial



P(f,t,mq,...,mz) is given by

P(fat7m1a"-7m7) = f4 _mltf3 + (m2t2 -3 —tg)fz
+(mat” — mgt3 + 2mat) f (2.13)
+(t8 — met® + mgtt — mat? + 1),

where my, (k =1,2,...7) are the elementary symmetric functions of k-th degree
in the parameters b; (i = 1,2,...,8) with b1by---bg = 1. The derivation of the
equation (2.12) is discussed in Appendix A.

3 Preliminaries

As a preparation for constructing the hypergeometric 7-functions, we decompose
the lattice M defined by (2.6) into a family of seven-dimensional lattices. One

can see that the affine Weyl group W(Egl)) acts on each lattice. According to
location of the lattice T-functions, we classify the bilinear equations into four
types and discuss the relationships among them. Note that the discussion in
this section is independent of the class of function [z].

3.1 A family of seven-dimensional lattices and bilinear
equations

We decompose the lattice M defined by (2.6) into a family of seven-dimensional
lattices according to the value of the symmetric bilinear form with the coroot
vector egg = eg — €g;

M =] M., M, ={A€ M|\ es)=n}. (3.1)
nez

Parallel to this decomposition, let us consider the orthogonal complement of g9
in the root lattice Q(Eél)). Then we get the root lattice Q(E§1)) corresponding

to the Dynkin diagram:
€123
o—o—o—I—o—o—o - (3.2)

€189 €12 €23 €34 €45 E56 E67
Since we have e1g9 +2e12 + 3€23 +4e34 + 3e45 + 2656 + €67 + 26123 = 9, the same §
denotes the null root of Q(E;l)). The corresponding simple reflections generate
the affine Weyl group W(E;l)) = (8189, S12, - - - , S67, S123), Which acts transitively
on each M,,. Also, we have the finite Weyl group W (E7) = (s12,. .., S67, S123),
whose extended Dynkin diagram is given by

o—o—o—I—o—o—o . (3.3)

5189_6 €12 €23 €34 €&45 Es56 E67



(A)n (B)n (C)n (D)
Mn+1 —_————— _—
ARV T G
Mn—l A —_—

Figure 1: Types of bilinear equations

Note that the Weyl group W (Er7) includes the symmetric group Sg = (so1, 12, * * , S67)
as a subgroup, where sp; denotes a reflection with respect to €159 —9. The action
of the central element w. € W(E7), which can be defined by

We = $2354551235145501 5675167, (34)

on the variables € = (eg,...,&9) is given by

We @ EgrH> —€0+ 3(5 + &g +€9),

gi—0—¢;+eg+¢eg (i:1,2,...,7), (35)

E; =& (228,9)
Typical bilinear equations for the discrete Painlevé system of type Eél) are

given by

[Ejk][gjkl]Tez'Teo—ei—ez + [Eki][gkil]Tej Teg—ej—e; T [Eij][gijl}TekTeo_ek_el =0 (3.6)

for mutually distinct indices 4, j, k,1 € {1,2,...,9}. According to location of
the lattice 7-functions, one can classify the bilinear equations into the following
four types:

(A) Two on each of M,,_1, M,, and M, 1, respectively

n*

(B),,: Four on M, and one on M, and M, _1, respectively (3.7)
(C),,: Three on M, and M, respectively ’ '
(D),,: Six on M,
See Figure 1. Typical bilinear equations of each type are given by
(A)O : [689][€j89]7-ei7-eo_ei_ej
= [€i9][5ij9]7—887—60*8j*68 - [EiS] [EijS]TegTer)*ej*egv
Blo: [eijllEin]Tes Teo—er—es (3.8)

= [EiS][gikS]TejTegfejfek - [5j8][5jk8]TeiTeo—ei—eka
(C)o: lejkllEjro]Te; Teg—e;—eo + (i, J, k)-cyclic = 0,
(D)o [ejrllejn]Te; Teg—ei—er + (45, k)-cyclic =0
for mutually distinct indices 4, j,k,1 € {1,2,...,7}.



Lemma 3.1. All the bilinear equations of type (A)q can be obtained by W(E§1))
action on the first equation of (3.8). Also, we have a similar situation regarding
each case of type (B)o, (C)o and (D)o, respectively.

Proof. Any of the lattice 7-functions on M; can be transformed to 7., by an
action of W(Egl)). Searching for A € M_; such that (A +eg, A +eg) = 0, we
find that the lattice 7-functions on M_; which can pair with 7., are following:

Teg—e;—eg s T28078i78j76k76l7687 TC+€9+87;78]'7 Tcheiijrega T2c—e;g9+eg (39)

for mutually distinct indices 4, j, k,l € {1,2,...,7}. Any of them can be trans-
formed to Tey—e;—es Dy an action of W(Ey). Since 7o, is invariant under the
action of W(E7), we find that one of the pairs of lattice 7-functions in the bilin-
ear equations of type (A)y can be transformed to e Te,—c;—es Dy an action of

W(Egl)). Note that three pairs of lattice 7-functions in a bilinear equation have
a common barycenter. Therefore, the bilinear equations of type (A)g including
the term 7 7e,—e;—cs are reduced to the first equation of (3.8). Proofs for the
other types of bilinear equations are given in a similar way. 1

From this lemma, we immediately get the following Proposition.

Proposition 3.2. For fixed n € Z, all the bilinear equations of type (A),, can

be transformed by actions of W(Eél)) to one another. Also, we have a similar
situation regarding each case of type (B),, (C),, and (D), respectively.

Let us discuss the relationships among the four types of bilinear equations.

Proposition 3.3. If the lattice 7-functions satisfy all the bilinear equations of
type (B),, then they also satisfy those of type (A),; that is,

1. (B)n, =(A),. (3.10)
Similarly, if 7o # 0 for A € M,,_1, we have the following;:

2. (A)n, (C)p—1 = (C)p.

3. (s = (D). (8-11)

Proof. It is sufficient to verify the statement in the case of n = 0.
1. (B)o = (A)o : Let us consider the following bilinear equations of type (B)g

€ijl|€ijk|Tes Teo—ey—es — |€i8)(€ik8|Te; Teg—ej—er — |€j8]IEjK8]Te; Teg—e;—ey s
[eijlleijn] [eis][eins] lejsl[e k8]

[gij][gijk]TcsTCo*Ck*CQ = [51'9] [5ik9]7—c]‘ Teo—ej—er — [€j9] [5jk9]7—CiTGo*Ci*Ck'
(3.12)
Eliminating the term 7, 7e;—c,—c,, We get the first equation of (3.8).

2. (A)o, (C)—1 = (C)p : Let us consider the following bilinear equation of type

(C)-1

€k ][€ k8] Teo Teg—es —eo = [€59][€89]Ter Teg—ex—ecs — [Ek9)[ER80]Te; Teg—c;—es- (3:13)



Multiplying both right and left-hand sides by [ex9]7es and using the first equa-
tion of (3.8), we get

[€5k8]Teq X [€][€5k0] Tes Teo —es—eo

= [e80]7er X [E50][Ek0] Tes Teg—er—es — {4 — K}

= [gj80]Te,, X ([589} [ekso]Te, Teg—e;—ex + [€)8] [5jk8]7'e97'e0—ek—e9) (3.14)
—{j <k}

= [6jk8]7—69 X ([EjS] [5j89]7-ek7-e0—ek—e9 - [5k8] [ngQ]TejTeo—ej—eg )7
which is equivalent to the bilinear equation of type (C)g

(€ jk][Ejk0] Tes Teo—es —eo = [€8][E80]Tey, Teg—ex—eo — [5k8][5k89]7ej7'eo—ej—e9- (3.15)

3. (C)_1 = (D)o : Let us consider the following bilinear equations
[ [€h8]Te; Teo —ei—es T[eRil[ERis] Te; Teg —e; s H[E15] €178 Ter Teg—er—es = 0 (3.16)
and

[£45][€18] Tes. T2e0—ei—e; —er—e1—es (3.17)
= [5jkl] [ekiS]Teo—ei—eL Teo—ej—es — [eikl] [5_jk8]7—eo—ej —eiTeg—ei—es

of type (C)_1. Multiplying the equation (3.16) by [€;ki]Teg—e;—e,» We have

[5jlc8]7-e0—ei—eg X [Ejk][fjkl]TeiTeo—ei—el
+ewilTe; % [ejmt)[ERis]Teo—ei—eiTeo—e;—es (3.18)

+eijlTer X [€jk1][€i8]Teo—ei—e1 Teg—ex—es = O-
Applying the equation (3.17) to the second and third terms of (3.18), we get
[5jk8]7'e0—ei—e8 X [Ejk][ejkl]TeiTeo—ei—el
+eri]Te; % ([5ikl][Eij]TeofejfelTeofeifeg
+eis][€18] Ter T2eo—es—e; —ex—e1—es ) (3.19)
i ren (it lEm8]Teo —ere Tea—ei—ex
e e1sle; Taeo—ei—ey—n—er—ea ) = 0,

which is reduced to the fourth equation of (3.8). 1

3.2 The idea for constructing hypergeometric 7-functions

Let us explain the basic idea for constructing hypergeometric 7-functions. On
the basis of our previous experiences, we impose the boundary condition 74 = 0



for any A € M_;. Then, the bilinear equations of type (B)g yield the func-
tional equations for the lattice 7-functions on Mjy. By solving them, we find
that the 7-functions on M are expressed in terms of a discrete analogue of the
double gamma function. Next, we consider the bilinear equations of type (C)o.
These yield the linear equations for the 7-functions on Mj, since the 7-functions
on M, are already known. We find that these linear equations are reduced to
the contiguity relations for the corresponding hypergeometric function, such as
Rahman’s ¢g-hypergeometric integral in the case of the g-Painlevé system of type
Eél). The hypergeometric T-functions on M, (n > 2) can be constructed recur-
sively by using the bilinear equations of type (B),. Proposition 3.3 guarantees
that such hypergeometric 7-functions satisfy all the bilinear equations.

4 Construction of 7-functions on M,

Hereafter, we construct the hypergeometric 7-functions for the g-Painlevé sys-

)

tem of type Eél by imposing the following boundary condition

A, =0 forany A€ M_4 (4.1)

and 75, # 0 for any Ag € My. We fix the coefficients of the bilinear equations
as
[z] = e(33) — e(—32), e(x)= eV =T, (4.2)

In this section, we discuss construction of the 7-functions on the lattice M.
First, let us consider the following bilinear equations of type (A)g
[589] [€j89]7—8i7—60*6i*8j = [Eig][gijg]TesTE‘o*ej*es - [5i8][5ij8]7—e97—607ej7e9 (43)
for i,5 € {1,2,...,7}. The conditions Te, = Tey—c;—es = 0 and 7o, Teg—¢;—¢; # 0
lead us to [esg][ej89] =0(j =1,2,...,7). We consider the case
[589] =0 & cg=welZ (4.4)

All the bilinear equations of type (A)p hold under the boundary conditions (4.1)
and (4.4), since they can be obtained by the action of W(E;l)) = (S189, S12, - - - , S67, $123)
on (4.3) and the coefficient [egg] is W(Egl))—invariant.

Let us introduce the variables z; (i = 0,1,...,7) by

1 .
:L‘0:5— 58889, €Tr; = 55”'9 (221,27...,7)7 (45)
where we have xg + 1 + -+ + 27 = 20 + 2w. The symmetric group Gg =
(S01, 812, - - - , Se7) acts on x; as permutations of the indices. Under the condition

(4.1) and (4.4), we consider the functions 74 depending on x; (and w).

Under the boundary condition (4.1), the bilinear equations of type (B)y and
(D)o are expressed in terms of the lattice 7-functions on My. We have the
bilinear equations of type (B)g

[ei5][€ijk]Tes Teg—er—es = [€is] [5ik8]7'ej7'eo—ej—ek — [ejsllejks]Te; Teo—ei—ex s

4.6
[€ij1[Eijk] Teo Teo—er—eo = [€io][Eiko]Te; Teg—e;—er — [€j0[€jk9]Te; Teg—ei—ey (46)



for mutually distinct indices i,j,k € {1,2,...,7}, both of which are reduced to
[.’L‘o +T; = 6} [xj + mk]TeiTBO*ei*ek = [a)‘() + X — 6} [ml + ‘Tk]Tej Teg—ej—ep (47)

due t0 Tey = Tey—ep—es = 0 and egg = w € Z. The bilinear equations of type
(D)o
[zj — @k][zo + j + Tk + Tt — 0]Te, Teg—e;—es
Far — 2i][10 + Tp + i + 21 — 0]Te; Teg—e;—e; (4.8)
+lzi — z5l[wo + @i + 25 + 21 — 0] 7e, Teg—ep—er = 0
for mutually distinct indices 4, j, k,1 € {1,2,...,7} and their W(E;l))—transforms

can be derived from the equations (4.7) and their W(ES))—transforms by using
the Riemann relations for their coefficients. Then, it is sufficient to consider the

equations (4.7) and their W(Egl))—transforms for constructing the 7-functions
on Mo.

Let us consider a pair of non-zero meromorphic functions (G(x), F'(z)) sat-
isfying the difference equations

Gz +9) =¢€[z]G(z), F(z+06)=G@x)F(x) (4.9)
with a constant ¢ € C*. When Im§ > 0, a typical choice of such functions is
given by

e(=5("4"))
(45 q)oo

where u = e(z), ¢ = €(6), (u;q,q9) = [[; ;—o(1 — ugt7) and € = —1. For other
choice of (G(z), F(x),€), see Appendix B. In what follows, we fix two triplets

G(z) = . F(z) = e(=3("%) (us ¢, @) oos (4.10)

(G4(z), F1(z),€e4) and (é+(x),ﬁ+(x),e+) with the common constant factor
€+, namely we have
Gi(z+0) = e [2] Go(2), Fi(z+0) =Gy (2)Fi(a), (4.11)
Gi(z+0) =er[2]G(z), Fi(v+6)=G(v)F(2).
Also, we introduce two pairs of functions (G_(x), F_(x)) and (@_(x), F_ (x))
by the relations
F (z)=F;20+w—12), G_(2)G4(0+w—1x)=1,

. . P (4.12)
F(a)=F (20+w-2), G_(2)Gi(6+w—z)=1.

Note that these functions satisfy the difference equations

G_(o+0) = e[t G_(2), F-(z+0)=G-(a)F-(a) )
G_(2+0)=c_[2]G_(x), F_(x+0)=GC_(2)F_(w), |

where e_ = (—1)“*le,. Although the function F, (z) (resp.F_(z)) satisfies the

same difference equation as that for F, () (resp. F_(x)), they need not be the
same functions.

10



Definition 4.1. For each Ag € My, we define the fifty-six functions T,(\ib;i)(x)
by

5 (@) = Fa (2o + 2+ ({va + vp, Ao) +1)0)

x H F:I:n&iib) (‘TT + Ls + <<UT + Us, AO) + 1)6), (414)

0<r<s<7
{r/s}#{ab}
where a,b € {0,1,...,7} are mutually distinct indices, v; is the vector corre-
sponding to the variables x; given by
1 1 .
UOZC—56889, ’Uizieiig (121,2,...,7), (415)

and /-;ﬁ.jw is the sign factor defined by KE;b) = (—1)tdegin{ad}),

Proposition 4.2. The action of W(ES)) on the functions T/(\‘;b;i)(m) is de-
scribed as follows:

1. For any translation operator T' € W(E;l)), we have
ab;t ab;+
i, (@) = 70 (T (). (4.16)
2. For any permutation o € &g, we have

o(a)o(b);+ ab;+
7D (3) = 70 (o(2)). (4.17)

0
3. Take three mutually distinct indices 4,7,k € {1,2,...,7}.
(a) If a € {0,4,7,k} and b ¢ {0,4, 4, k}, then

ab;+ ab;+
7 () = 700 (5,0 (). (4.18)

S,;jk‘A() 0
(b) If either a,b € {0,4,j,k} or a,b ¢ {0,4,j,k}, then

7O (1) = 2B (g (@), (4.19)

sijk-No 0

where c and d are indices such that {a, b, c,d} = {0,4, j, k} or {a,b,c,d} =
{1,2,...,7}\{i, 4, k}, respectively.

4. The action of the central element w. € W(Er7) defined by (3.4) is given by

b; b;+
Tung (2) = 707 (we(x)). (4.20)
Proof. The first and second statements are obvious from the definition of
TI(\(;b;i)(l‘). The third statement is guaranteed by the relations (4.12). Since the
action of w. on the variables z; is given by

1 1

we(z;) = 3 0 —x; — 2w (4.21)
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one can verify the fourth statement by using the relations (4.12). 1

Let S be the label set defined by
S={(a,b;€)|a,be{0,1,...,7}, a#b, e==%1} (4.22)

under the convention (a,b; €) = (b,a; €). By using the difference equations

(4.11) and (4.13), one can verify that the family of functions {T/(\z) (@)} ageno
for each label n € S satisfies the bilinear equations (4.7). Also, the set of all

functions {T/(\z) (x)|n € S, Ag € My} is consistent with respect to the action of
W(Egl)) in the sense of Proposition 4.2. Since any bilinear equation of type
(B)o (regardless of T-functions on M7) and of type (D)o can be derived by the
W(E;l))—action on (4.7) and (4.8), respectively, we have the following Theorem.

Theorem 4.3. For each label n € S, the family of functions {T/(&Z) (@)} Age,
defined by (4.14) satisfies all the bilinear equations of type (B)g and (D).

Before discussing construction of the hypergeometric 7-functions on M,, for
n € Z>1, we mention those T-functions on M, for n € Z.y.

Lemma 4.4. For any fixed n € Z.o, we have 75, () = 0 for any A, € M,
under the conditions (4.1) and (4.4).

This lemma is proved by using the bilinear equations of type (B),.

5 Rahman’s ¢-hypergeometric integral and 7-functions
on Ml

In this section, we construct the hypergeometric 7-functions on M;. We find that
a class of bilinear equations for the lattice 7-functions yields the contiguity rela-
tions for Rahman’s g-hypergeometric integral [1]. As is well-known, Rahman’s
g-hypergeometric integral possesses W (FEg)-symmetry [13]. From that, we can
construct a set of fifty-six solutions corresponding to the coset W(E7)/W (Es),

and describe the action of W(Eél)) on the solutions.

5.1 Rahman’s ¢-hypergeometric integral and Bailey’s four-
term transformation formula

Fix a complex number ¢ with 0 < |g| < 1. Let us consider the following integral

(@ 9)oe [ (zF2 qug ' 2T, qus 2% q) o d2

I(ug;ut, ... ug;ur;q) = z >
(uo; ur 63 u73 q) dry/=1Jc  (uz®l, . ueztl @) 2 o)

under the balancing condition ugu; - - - u7 = ¢2. Here, C is a contour such that
the poles of integrand ¢*u; (i = 1,...,6; k =0,1,2,...) are located inside of it
and q*’“u{1 (i=1,...,6;k=0,1,2,...) are located outside of it. The double
sign in (uzt!; q)s denotes the product (uzt';q)ee = (uz,uz™"; q)oo-

12



Theorem 5.1 (Rahman). Under the balancing condition ugus - - - uy = ¢2, the
above integral is expressed by the sum of two g-hypergeometric series 19Wy as
follows [1, Exercise 6.7, p.169]:

H (ukul;q)oo I(uo;ulv"'vu6;u7;q)
1<k<I<6
_ Hg:1 (qui/uo, q/ukur; q)oo
(uo/u7, ¢°/ud; 4)oc

5.2
x10Wo (q/ud; q/uous, - . ., q/uoug, ¢/uour; ¢, q) (5:2)
+H2:1 (q/uouk, qui/u7; q)oo
(u'?/an QZ/U% q)oo
x10Ws (q/u%; a/uour, q/wru, ..., q/usur; g, q).
In terms of Rahman’s ¢g-hypergeometric integral I(ug;u1, ... ,us; ur; q), Bai-

ley’s four-term transformation formula for 19Wy [1, (2.12.9), p.57] is expressed
by

I(uo;us, ..., ue; ur; q) , )
= I(Uo; U, - - - , Tig; s ) [Te—1(a/votr; @)oo [ Tr—q(a/uru7; 4)oo R
H1§k<l§3(ukul§ 7)o H4§k<l§6(ukul; 7)o
where
- { ui(q/uouruzuz)t/? (i=0,1,2,3) (5.4)
‘ ui(upurusus/q) Y% = u;(q/ususueur)/? (i =4,5,6,7)

Assume that Im ¢ > 0. We relate the variables u; to x;, defined by (4.5), by
u; = e(x;), q=e(d) (i=0,1,...,7). (5.5)

Then the relation xg + 1 + -+ + 27 = 20 + 2w (w € Z) corresponds to the
balancing condition wugu; ---u; = ¢>. Since the action of s123 € W(E;) =

(s12, .-, S67, S123) on the variables x; is given by
1 .
i— 5@+ a1+ w2+ 2306 — =0,1,2,3
s125(z1) = T %(Io 1+ T2 + 23 w) (z ) 7 (5.:6)
ri+5(wo+ o1+ ra+ 23 —0—w) (i=4,506,7)
we have
(=1)“u;(q/uourusus)'/? (i =0,1,2,3)
s1za(us) = 2 g (5.7)
(=1)“ui(upurugus/q) (i=4,5,6,7)

Noticing that Ip7(—u) = Ip7(u), we see that the action of sjo3 leads us to the
change of variables in Bailey’s transformation formula (5.3), namely

s123 (L(uos ut, . . ., ugs ur)) = (o Uy, . . ., Ug; Ur), (5.8)

regardless of the parity of w.
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5.2 Contiguity relations for ¢-hypergeometric integrals
Define the g-hypergeometric integral I,;,(u) by
Lap(u) = Lap(uo,ut, - - ., ue, ur; q)

_ (@@ [ P qug' e quy 2T ) d2 (5.9)
drv—-1Jc Hogl§7;l¢a7b(ul2il§f1>oo z

for mutually distinct indices a,b € {0,1,...,7}. Note that

To7(u) = I(uos ua, - - ., ug; uz; q), (5.10)

where I(ug;u1,...,us;ur;q) is Rahman’s g-hypergeometric integral defined by
(5.1). In this subsection, we discuss two types of contiguity relations for the
g-hypergeometric integrals.

Denote the integrand of I,;(u) by
Equy 2 @)oo
Hogzgn #a,b(ulzil; q)oo

(22, qu, 'z

Hyp(u;2) = (5.11)

Then, for a translation operator Ty ,, whose action is given by T} ., u; = qu;
and Ty, uj = u; (i # j), we have

u; M (uiz) (i) 2) Hop(us; 2) (i=a,b)

Ty Hap(u; 2) = { ' (5.12)

w; (u;iz)(u; ) z) Hap(u; 2) (i #a,b) ’

—1/2 1/2

where (u) = u —u Let us introduce the “corrected ¢-hypergeometric
integrals” ®qp(x) by Pap(z) = vep(x) Lep(u) under the correspondence of the
variables (5.5) so that the function ®.,(x) behaves equally for the action of
T4.u; for any index i € {0,1,...,7}. If the correction factor vq,(z) satisfies the
difference equations

B { o(x)e(z;) vap(z) (i =a,b)
Ti—Ti+0 —

Vab () (5.13)

c(z)e(—x;) Vap(x) (i #a,b) ’

where ¢(x) is a non-zero function, then we have for flab(u; 2) = Vap (@) Hap(u; 2)
the formula

Ty Hop(u; 2) = c(@) (uiz)(ui/2) Hp(us2) (i =0,1,....7). (5.14)
A typical example of v4,(x) is given by
Vab(x) = E(Qab('x))y
Q@) =d[(4)+ (4~ > ()], (519

0<i<T; l#a,b
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where ¢(z) = 1. From the Riemann relation
(ujuy ") (ujug) (uiz™") (i) + (i, j, k)-cyclic = 0, (5.16)

we get ~
<uju];1><ujuk>Tq,uiHab(u; Z) + (ivja k)'CyChC =0. (517)

This yields the contiguity relation for ®,(z)
[z — zi][z; + k] Pab (@) | ez 6,52 -6 + (4, J, k)-cyclic = 0 (5.18)

for mutually distinct indices 4, j,k,1 € {0,1,...,7}.

Next, we derive another contiguity relation for the corrected hypergeometric
integrals ®,;(z) by using Bailey’s transformation formula. Suppose that the
functions vg,(x) satisfies

Vab(O'(I)) = Vg(a)o(b) (.17), o€ Bg= <$017 ey 867> (5.19)
and
vor(si@)) _ Tl ge (4w -z —e)[g:0+w=—mi—zr) o0
vor(z) H1§i<j§3 9+ (@i + ;) H4§¢<]§6 g+ (@i + ;) 7

where g4 () is given by

G+<x>—(ifég”jo, w=e(@), q=-e). (5.21)

For instance, these conditions are in fact satisfied by the functions defined
by (5.15), when w = 0 and gy(x) = e(—g(xéé)). Then the corrected g-
hypergeometric integral ®g7(z) = vor(x)lor(u) with (5.5) is invariant under

the action of &g = (s12, $23, - - -, S56) and satisfies
3 6
G0 tw—xg—x) [, Gi(0+tw—x; —x
@07(8123(1’)) _ Hzfl +( o 0 Z) H174 +( e % 7) @07(.%).
H1§i<j§3 +(zi + x5) H4§i<j§6 +(@i + )
(5.22)
It is easy to see that we have
> Gi(04+w—mzg—2;)GL(0 +w—x; —x7)
DPo7(51455123(x)) = + LA Yo T o (a
07(51455123(2)) g G i (o1 +20)G (2 + 20) o7()
(5.23)
On the other hand, introducing the variable y; by
%(J;O'i_xl —‘r.’IIG—‘r.’I}?)_.T»L (Z:0a1a677) (5 24)
Yi = , .
%(I2+I’3+1’4+1’5)7Ii (212,3,4,5)

we see that ®g7(s1455123()) = P16(y). Considering the more general case

.

(xo+xo+ap+a7)—z; (1=0,a,b,7)

(5.25)
(e + @i+ Te +75) —7; (i =00 d,e, f)

NI= NI
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associated with the decomposition {0,1,...,7} = {0,a,b,7} U {c,d,e, f}, we
have

Gy (wa + 27) Gy (Tr + 28)
0] = . (5.26
O7(x) ab(y) H G+(5+w—x0—xT)G+(5+w—xr—x7) ( )
re{c,d,e, f}
For mutually distinct indices 4, j,k € {0,1,...,7}, one can choose the decom-

position {0,1,...,7} = {0,a,b,7} U {c,d,e, f} such that all the indices ¢,
and k belong to either {0,a,b,7} or {c,d,e, f}. Assume that we have either
{i,4,k,1} ={0,a,b,7} or {i, j, k, 1} = {c,d,e, f} for given {3, j, k} and | # 4, j, k.
Then, we have

@07(%) zi—x;—0, xp—x+0 [ ]
T+ Ty
= Par(W)lyiyitsmom—s || st 2y = 0]
rgfigkty T (5.27)
" Gi(xgq + 2)Gi(xp + xp)
refoidie.f} Gi(0+w—x0—2,)G+(0 +w—xp —27)
Since we already have
i = yrllys + Yr]Pab (V) lyiyits, yuy—s + (4 4, k)-cyclic = 0, (5.28)
we obtain the contiguity relations
[z — @] (i + @] 11 [zi + 2 — 0] Po7(2)|wsoa, 8,010 46
0<r<T; rsi,j,k,l (5.29)

+(4, j, k)-cyclic = 0.
It is obvious that each of functions @, (z) satisfies the same contiguity relations.

Proposition 5.2. Each of the functions ®.;(x) for mutually distinct indices
a,b € {0,1,...,7} satisfies the contiguity relations

[xj - xk][x] + xk] (bab(z”xi»—mi—&-é,m»—»xl—é + (iajv k)—CyCliC =0,

zi—x;—0,x—x+5 (530)

[z; — xi][zs + 1) 11 [2i + 2 — 6] Doy ()
0<r<7; r#i,7,k,l
+(i, 74, k)-cyclic=0

for mutually distinct indices i, 5, k,1 € {0,1,...,7}.

Here, we give a remark on choice of the correction factors vg,(x). The
function vo7(z) in the form

H(xo +x7) H h(d +w —x, — xy) H h(z, + )

1<r<6 1<r<s<6
s=0,7 - -

. (5.31)

V07(.I') =
H 9+(0+w—20—2:)9+ (0 + w — 2 — 7)
1<r<6
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where h(x) and ﬁ(m) are arbitrary functions, is manifestly Sg-invariant and
satisfies the relation (5.20). Note that the function g4 (x) satisfies the difference
equation g (z + &) = —ee(—3z) g4 (x). If the functions h(z) and ﬁ(x) satisfy
the difference equations

Wz +8) = e(—La) h(z), h(z+6)=e;te(Rz— 15+ 2w)h(z), (5.32)

the function vy7(x) satisfies the difference equations

V07(1:)|1 =0 —0,Ti—xi+0 — 6(57550 71'2')7/07(93) ('L = 1727'~'76)a
oo " (5.33)
VO?(x)|:v0»—>wof§,a:7r—>x7+5 = 6(6 —up + U7) VO?(J;)’

which are consistent with (5.13). Thus, we find that the functions vg,(x) can
be given by
h(zq + xp) H h can) (zr + x5)

9§r<s§z
Vap(x) = {re)7tat) , (5.34)
H g+((5—|—w—xr—x5)

0<r<7; r#a,b
s=a,b

where hy(x) = h(z) and h_(z) = h(d + w — ). It is possible to determine
Vab(z) according to the choice of the functions hy(x), h(z) and G (z).

5.3 The fifty-six solutions

Hereafter, we denote ®,;(z) by ®@+)(x). Due to (4.21), the action of the
central element w. € W(E7) on the contiguity relations (5.30) leads us to

[z; — zg)[x; + 2K — 0] (i)(ab;+)(33)‘%._)%_5,3;“—»35[-&-5 + (i, 4, k)-cyclic = 0,

[333‘ — xg)[z; + 21 — 0] I I [z; + 2] (i)(ab;_‘—)(x)|wini+5,wszz—5
0<r<7
vk,

+(4, j, k)-cyclic = 0,
) (5.35)
where ®(@%+) (z) = ®abiH) (1, (2)). Let us introduce the function ®(%~)(z) by

(I)(ab;—)(x) =G (x) ci)(ab;+)(x)7
g;b(m) = 61'7 (xa + xb) H G_ngb) (:CT + xs), (5.36)

0<r<s<7
{r.s}#{a,b}

Noticing that the factor G_, () satisfies the difference equations

o [xl + xr]
g b(x)|zi>—>£i+5,qu—>z,_6 = e ol
) T Hg 2 + 2, — 9]

T

G () (5.37)
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for mutually distinct indices ¢, € {0,1,..., 7}, we see that each of the functions
®(@b=) (1) satisfies the contiguity relations

;= allwi @] [ i+ — 0] (a)
o;Tg7
r#i,j,k,l

+(1, §, k)-cyclic = 0,

zi—x; —8,x—x;+0

(5.38)

[z — ax][zj + 1] D) (@) a8, 21— + (i, §, k)-cyclic = 0,
which are the same as those for ®(@b+) (z).

Theorem 5.3. The fifty-six functions ®(z) = ®@%+)(z) give rise to the solu-
tions of the set of contiguity relations

[2; — xi][z; + 6] P(2)|2isai+6, apsa—s + (4, J, k)-cyclic = 0,
[2; — xp][z; + 1] H [x; + 2 — ] ()
0<r<7; r#4,7,k,l

+(1, 4, k)-cyclic =0

zi—x;—0,x—x;+0 (539)

for mutually distinct indices 4, j, k,1 € {0,1,...,7}.

From these two types of contiguity relations, one can get the g-hypergeometric
equations of the second order. The functions ®(**#)(z) coincide with the fifty-
six pairwise linearly independent solutions to the g-hypergeometric equations
constructed by Gupta and Masson [2].

By construction, we have the following Proposition.

Proposition 5.4. Under the balancing condition ugu; - --u7 = ¢2, the action
of W(E7) on the functions ®(%#) () is described as follows:

1. For any permutation o € &g, we have ®@+) (g(z)) = lo(a)o®)i) (1),
2. Take three mutually distinct indices 4, j,k € {1,2,...,7}.
(a) If a € {0,4,4,k} and b ¢ {0,4,7,k}, then

Db (5551, (x))
H Gi(0+w—axq—xy) H Gi(0+w—mz —ap)
_ rel\{a} rel\{b}
H Gi(x, + x5) H Gi(z, + x5)
r,s€I\{a} r,s€I’\{b}
r<s r<s
x @abi®) (1),

(5.40)
where I ={0,4,7,k} and I' = {0,1,...,7}\I.
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(b) If a,b € {0,4,7,k}, then
B 5, ()

P(ediF) ()
é:l: (xc + xd)G$(xa + xb) H G+ (Ir + 1'3) H G¥ (l'r + Is) 7
] o

(5.41)
where ¢ and d are indices such that {a,b,c,d} = {0,i,5,k}, and
I'={1,2,...,731\{i, 4, k}.

(c) If a,b ¢ {0,i,4,k}, then

L) (55, (x))
q>(cd;¢)(x)
Gilwe + 20)G(aa +m) [[ Gelar+2) [ Gelar+a)
r=a,b r,s€l
s=c,d r<s

(5.42)
where ¢ and d are indices such that {a,b,c,d} = {1,2,...,7}\{4, j, k},
and I = {0,4, 7, k).

3. The action of the central element w, € W(Er7) is given by

o) (2) = Gr(za+m) ][] G o (@ + 25) @0 (w, ().
0<r<s<7 "
{r,s}#{a,b}
(5.43)

The set of fifty-six functions ®(*¥+) (x) corresponds to the coset W (E7)/W (Es),
as we will see below. Note that |W(E7)/W (Eg)| = 56.

5.4 The 7-functions on M,

In this subsection, we construct the functions 74, (x) (A1 € M7) on the basis of
above discussions. The bilinear equations to be considered are of type (C)o and
(D)4, since the functions 7a,(x) (Ag € Mp) are already known.

Definition 5.5. For each A; € M, we define the fifty-six functions T/(\(ib;i)(x)

by

ab;+ ab;t ab;+

0 () = N (2) 9§10 (), (5.44)
with

N[gci,b;:t)(x) _ ﬁj:(wa +xp + <’Ua + 'Ub,A1> (s)

x [T Fapew @+ 20+ 0 + 05, A1)9),

(et g an) (5.45)
) (@) = 2D (a4 (v, A1)3),

x + <’U,A1>5 = (ZUO + <U0, A1>5, ey Iy + <’U7, A1>5)
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Theorem 5.6. The action of W(E{") on the functions T/(\?b;i)(x) is described

as follows:
1. For any translation operator T' € W(E§1)), we have

ab;+ ab;+
v (@) = 7\ (T (). (5.46)

2. For any permutation o € Gg, we have

Fo@o @)y T/(\“b‘i)(a(x)). (5.47)

0’.A1 1

3. Take three mutually distinct indices 4,5,k € {1,2,...,7}.
(a) If a € {0,4,4,k} and b ¢ {0, 4,4, k}, then

(abit) (z) = (“b;i)(sijk(x)). (5.48)

Sijr-A1 Thv
(b) If either a,b € {0,4,j,k} or a,b ¢ {0,4,4,k}, then

b;+ d;
T @) = ) (s (), (5.49)

where ¢ and d are indices such that {a, b, ¢,d} = {0,4,4,k} or {a,b,c,d} =
{1,2,...,7}\{4, 4, k}, respectively.

4. The action of the central element w. € W(Ey) is given by

ab; ab;+
7 (@) = 70 (wel@)). (5.50)

Proof. The first and second statements are obvious from the definition of
T/(\ab;i)(x). The third and fourth statements are guaranteed by Proposition 5.4
and (5.44). |

Corollary 5.7. For the particular element eg € My, the set of fifty-six functions

70 E) () = ﬁi(a:a + ) H L) (2, + x4) D) (1) (5.51)

eg
0<r<s<7
{r.s}#{a.b}

is stabilised by W(E7)!. For each label (ab;+), the isotropy subgroup of
788%%) (1) is isomorphic to W (Ey);

0T (w(z)) = 707 (2), w € W(Eg) = (s12, 23, 534, 545, S56, S123), (5.52)

for instance.

INote that eg € My is W (Ey)-invariant.
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Let us consider the bilinear equations of type (C)g
[z — xp][T) + Tk]Te; Teg—ei—ey + (4,7, k)-cyclic =0 (5.53)

for mutually distinct indices 4, j, k € {1,2,...,7}. Substituting (4.14) and (5.44)
into (5.53) and their Gg-transforms, we get for ®(@%%)(z) the linear relations

[z — ax)[x; + 2] ) ()

zi—x;+0, ry—x;—0 + (ivja k)'CyChC =0 (554>

for mutually distinct indices i, j, k, 1 € {0, 1,...,7}, which are precisely the con-
tiguity relations satisfied by the corrected hypergeometric integrals. Similarly,
the action of the central element w. € W(E?7) on the bilinear equations (5.53)
(and their Gg-transforms) lead us to

[‘Tj - zk} [IZ + xl] H [IZ + X — 5] q)(ab;i)(I)|Iu—>r1‘,—5@z'—>fﬂz+5
G (5.55)
+(4, 4, k)-cyclic =0
for mutually distinct indices 4, j, k,1 € {0,1,...,7}.

Also, the set of functions {T[(\Z) (z)|n € S, Ay € My} is consistent with re-
spect to the action of W(E;l)) in the sense of Proposition 5.6. Since any bilinear
equation of type (C)g can be derived from (5.53) by applying W(E;l)), we see
that all the bilinear equations of type (C)o and (D); hold due to Proposition
3.3.

(n)

Theorem 5.8. For each label € S, the families of functions {7, '(z)}a,enm,

and {TI(\?)({E)}AleMl defined by (4.14) and (5.44), respectively, satisfy all the
bilinear equations of type (C)g and (D);.

Remark 5.9. From the above Theorem, we see that all the bilinear equations of
type (C)o imply the contiguity relations for Rahman’s ¢-hypergeometric integral
(or sum of two ¢-hypergeometric series 10Wy). For example, let us consider the
bilinear difference equation

[e12][€120]Teg —eg—eo Tes = [€18][€189]Tes Teg—ca—eo — [€28][€289] Tey Teg—e1 —eg> (D.56)

and its w.-transform. Rewrite these equations into the relations for the function

Y(agsay,...,a7) = 10Wo(ao;a,...,as,a7;4q,q)
6
(gao, a7 /ao; q)oo (ak, qar/ar; @)oo
. (5.57)
(a0/a7,qaz/ao; @)oo = (qao/ak, aaz/ao; q)oo
x10Wo(a2/ag; araz/ag, . . ., agar/ag, az; q, q),
where the variable a; are given by a; = q/ugu; (¢ = 0,1,...,7). Then, we obtain

the well-known contiguity relations

77[1(@0; al/Q7qa27a37 cee ,CL7) - 1/}(040;041704270437 cee ,CL7)

= Vl w(q2a0;a17qa27"'7qa7)7 (5 58)
Vap(q®ag; as, qaz, qas, . . ., qaz) — V3 (q*ao; qay, az, qas, . . . , qar)

- ‘/Alw(ao;alv"'an)a
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where V; (i = 1,2,3,4) are given by

_ qao/az(1 — qaz/a1)(1 — ayaz/qag)(1 — qao)(1 — qag) szg(l —aj)
(1 - qao/a1)(1 — ¢*ao/a1)(1 — ao/as)(1 — qao/az) [1}—s(1 — qao/a;)’
a2(1 — a2) [T}_5(1 — gao/ara;)

Vo = Va = V- Sl
2= M qaoja)(1=Pagfay) 0~ Vluea

a1 (1 — az/ar) [[—5(1 — qao/a;)
(1 = qgao)(1 — g*ao)

Vy =
(5.59)

The bilinear equations of type (C)g include some other types of contiguity
relations, which may not be found in literature.

Theorem 5.10. Fix two triplets (G (), Fy(x),€4) and (@+(x),ﬁ+(x),e+),
and the correction factor v, (x). For each label ny € S, there is a unique family of

functions {TI(\")(x)}AeM such that T/(@l (x) =0(A_y € M_;), and TI(\?))(x) (Ao €

My) and 7'[(&?) (x) (A1 € My) are given by (4.14) and (5.44), respectively. By

using Proposition 3.3, the functions T[(\Z) (x) (A, € M,,) for n € Z>4 are uniquely

determined.

The next section is devoted to construction of the functions TI(\Z)({E) (A, €

M,) for n € Z>s.

6 A determinant formula for the hypergeomet-
ric 7-functions

As is well-known, many of hypergeometric solutions to the continuous and dis-
crete Painlevé equations admit a determinant expression[3, 4, 11, 6, 16]. In
this section, we show that the hypergeometric 7-functions on M, (n € Z>2)
are expressed by a “two-directional Casorati determinant” of order n. In what
follows, we denote a function f((x) (n € S) by f(n;2) for convenience.

For each n € Z>¢, we define the fifty-six functions K, (n; z) = K,(zab;i)(x) by
the following “two-directional Casorati determinant”

Ko (n; x4+ 22=105)

zi—x;—(m—1)6 (1=1,2,3,4)

2m
zdet(@(b—m,m+1—b,a—m,m+1—a)) ,
. a,b=1 (6.1)
K2m+1(n; T+ ?5) zi—x;—md (1=1,2,3,4)
2m—+1
= det <<I>(b—m—1,m+1—b,a—m—1,m—|—1—a)) by

where @(ml, mao, ms, m4) = ‘I’(’I’), I‘) zi—xi+m;d (i=1,2,3,4) and (b(’l’}, LE) is the “cor-
rected hypergeometric integral” introduced in the previous section. Some first
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members of K, (n; x) are given as follows:

(1)24($) (I)Li(x)
(I)23 (.’17) @14(33)
Bi(a) Pi(x) () (62)

—6(i=1,2,3,4) = ‘1)%(37) ®(z) ‘I’%(l’) )
oti(z) @i(x) P3i(x)

Ko(z) =1, Ki(z)=®(z), Ki(z+3)=

9

Ks(x + g)

where we omit the label 7 for simplicity, and

(I)7’1’ ’ZT (x) = <I)(x) | i x;+8 (i=i1,...,0p) « (63)

----- !
IJHZJ'— J=31s- Jr)

By using Jacobi’s identity, one can easily see that the functions K, (n; z) satisfy
the relation

K1 (g 2) K220 (52— 3)

(6.4)
= K (s = O (e — 8) — KM (e — HKEY (2 - 9),

where the superscripts denote the shift of variables, namely K,(L“"”’“)(n;x) =
K (n;2)
Definition 6.1. For each n € Z>(, we define the fifty-six functions 7,,(n; x) by

(i=t1,... i)

(15 2) = T (15 2) K (1; 7). (6.5)
Here, the normalization factor Y, (n;x) = TS{“’;i)(x) is given by
1 -~
TabE) (1) = Fi(z, —nz15
(9 0) = — Faloa + 21— 2520)
6.6
X H F (@b (JCT + x5 — 75) ( )
0<r<s<7
{r,5}#{a,b}
with
cn(x):einn b H $1—$2+16][ 3 — x4 + I, (5]
1: (6.7)
H 21+ 2o + (r — )] (25 + 2a + (r = 251)0)7,

where I,. (r =1,2,...) is the subset of Z defined by I, = {—r+1,—r+3,...,r—
3,7 —1} and [z + I.6] = [[c; [ + K]

Proposition 6.2. We have the following bilinear equations

21 — @) (23 — &) (5 2)7SE Y (3 — 8)
= [21 + 24 — 20)[w2 + 25 — 2872 (g2 — D) (- 9) (6:8)
— w2 + 24 — 30)[w1 + w5 — 33 V(7 — D (- 3.
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This Proposition is easily verified by noticing that the normalization factors
satisfy the relations

w1 — @) (23 — 2] Yo s (332) T2 (2 %)
= [21 + 24 — 28][ws + 25 — 26TV (2 — YLD (2 — ) (6.9)
= (2o + @4 — 26)[w1 + 25 — 28T (2 — gm%)( "
Definition 6.3. For each A, € M, (n € Z), we define the fifty-six functions
A, (m; ) by
n 1-
A, (M 2) = To(n; 2 + l(")é)7 lg ) = (viy An) + 1 n (6.10)

under the condition (4.1) and (4.4).

We show below that the functions 75, (1; ) are precisely the hypergeometric

7-functions on M,,. As a preparation, let us define the action of W(Eél)) =
<51893 5125 ..45567, 5123> on the label set S.

Definition 6.4. We define the action of W(E;l)) on the label n € S as follows:
1. The label is invariant under the action of any translation.

2. The action of permutations o € Gg is defined by
o : (a,b;%) — (o(a),o(b); £). (6.11)
3. Take three mutually distinct indices 4, j,k € {1,2,...,7}.
(a) If a € {0,4,4,k} and b ¢ {0,4,7,k}, then
sijk ¢ (a,b;£) — (a,b; ). (6.12)
(b) If either a,b € {0,4,7,k} or a,b ¢ {0,14, j, k}, then
sije © (a,b;£) — (¢, d; F), (6.13)

where ¢ and d are indices such that {a, b, ¢,d} = {0, 1,5, k} or {a,b,c,d} =
{1,2,...,7}\{i, 4, k}, respectively.

4. The action of central element w, is defined by

we ¢ (a,b;) — (a,b;F). (6.14)

Theorem 6.5.

1. For each n € S, the family of functions {7 (n; ) } Acas satisfies all the bilin-

ear equations for the ¢g-Painlevé system of type Eél)

(4.1) and (4.4).

under the conditions
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2. For each n € Z, the action of W(E;l)) on the set of functions {7y, (n;2) |n €
S, A, € M, } is described by

Tw, (W)ix) = 70, (s w(@), w e W(ED). (6.15)
First, let us consider the bilinear equations

[Elz][534]TL'm,1+68TL77L,71+280_91_92_53_64_68
= [5148 - ma] [6238 - m5]TLm,o+00*02*C4TLm,0+C0*01*03 (616)
- [5248 - ma] [5138 - m(s]TLm,0+60*el —eaTLp 0teg—e2—es
and
[512] [834]7er,2+0+60*269 TLym,0+c+3eg—e1—es—e3z—eqs—2es—2eg

= [5148 - mé] [5238 - m(s:lTLmyl+C+200—02—C4—C8—2C9TLmyl+C+2CO—C1—C3—CS—2C9

- [5248 - m(ﬂ [5138 - m(S]TL,,L,1+c+2egfel —eq—es—2e9 T Ly, 1+c+2eg—ex—e3—es—2eg)
(6.17)
where Ly, , = m(m+n)c+megg (m € Z), which are of type (B)ay, and (B)am+1,
respectively. Substituting (6.10), we see that these bilinear equations are satis-
fied thanks to (6.8).

Lemma 6.6. Suppose that the functions 7o, _, (;x) and 7, (; ) obey all the
bilinear equations of type (D), and (C),_1, and satisfy the relations

TwAn_1 (WM);2) = 7a, , (Mw(2)),  Twa,(Wn)iz)=7a,(Mw(z)) (6.18)

for any w € W(E7). Then the function 75, (1; ) determined by the bilinear
equation of type (B),, also satisfies

Tw. Apy1 (w(ﬂ)ﬂﬁ) = TAnt1 (ﬂ»w(x)) (619)

for any w € W(Eél)).

Proof. From the assumption, we have

1 — a][ws — 2a] {2 (3 2) 78 (s ) + (1, 2, 3)-cyelic = 0, (6.20)
[y — walfon + @5 — 2720 (g2 = ) (n; 2) + (3,4, 5)-cyclic = 0,
23 — wa][w2 + 25 — 25205 (i — $)ri™ (@) + (3,4, 5)-cyclic = 0,
(6.21)
and
o1 (w(n);2) = 71 (pw(a)),  Ta(w(n); o) = 7 (5w (x)) (6.22)

for any w € W(E7) = <812, 823,834,545, S56, S67, 8123>. What we have to do is to
show that the function 7,41(n;z) determined by the recurrence relation (6.8)
also satisfies

Tn1(w(n); ) = Topr (05 w(2)) (6.23)
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for any w € W(Ey). It is obvious that we have (6.23) for w = s12, S34, S56, S67
and s195 under the assumption. Then, it is sufficient to verify (6.23) for w = so3
and s45. Replacing x by T = so3(x) in the recurrence relation (6.8), we get

[$1 - 1‘3][.%'2 - -T4]Tn+1(777 ) ( 34)(777 5)

= w1+ 24 — §0][wn + 25 — %6]7534>(n, O e - 9) (6.24)
[ + x4 — 20][x1 + w0 — 28| (7 @ — g)r,?‘”(ﬁ;x -9,

where 77 = s23(n). Then, the bilinear equation (6.20) yields 7,41(7;2) =
Tn+1(n; ). Similarly, replacing z by T = s45(x) in the recurrence relation (6.8),
we get

21 — xo]ws — 28] (13 F) 70 (7 — §)

= o1 + @5 — 30][w2 + 73 — 23] (@ w — Dz - §) (6.25)

—[xo + x5 — 281 + 25 — 26D (T — S)F (G - 2),

where 77 = s45(n). From the bilinear equations (6.21), we get 7,41 (7;2) =
Tn+1(N; T). 1
We already have

Tw. Ao (W(N);2) = Tao (M3 w(2)),  Tw.a, (W(N);2) = Ta, (N w(T)) (6.26)

for any w € W(Egl)) from Proposition 4.2 and 5.6. Also, these functions satisfy
all the bilinear equations of type (C)o and (D);. Then we have 7, 2, (w(n);z) =
Ta, (M w(x)) for any w € W(Egl)) from Lemma 6.6. Applying Proposition 3.3

and Lemma 6.6 repeatedly, we can verify Theorem 6.5.
With respect to the g-difference equation (2.12), we have the following.
Corollary 6.7. Define the functions f,(z) and g, (z) by

R e R R s = NN CED
e Nin(@) = (uoudus/q) 7 (z+ $)mi (2 — 9)
—(uguzud/q) (@ + D (@ - 9),
Dy n(x) =%+ %)7(23) (z—9)
—T»,[LOH (x4 )Ty(bm)(a: — %),
(6.28)

Nyn(z) = (uowru/g) (@ + )i (@ — 9)

—(uouiu3/q), 70 (2 4 %)7512)(55 -9,
Dyn(w) =@+ Hr (@~ )

—m @+ Hr (@ - 4),
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where 7,71%] () = T () |2, 2y —6 (r=1,2) and (u) | = u'/? a2 Let by, (i =
1,2,...,8) be the parameters defined by

1% e3/84 71/2 3/4u;3/4,

(=1)*q
( 1) _5/8ué/2u1/4u;/4ui+1 (Z =2,... 76>7 (6 29)
—n/2+3/8, —1/2 1/4 1/4 :
= (=1)~q Ug ~ Uy U
)¢

= (-1

Then, f = fn(x) and g = gy (z) with b; = b;,, give rise to a solution of the

)

—1/2 1/4 1/4
n/2+3/8u0 / U1/ u2/ )

g-difference Painlevé equation of type Eél) given by (2.12).
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A Derivation of the difference equation (2.12)

The discrete Painlevé system can be also formulated as a discrete dynamical
system on a family of rational surfaces obtained by blowing-up at eight points
on P! x P!. The dependent variables f and g of the g-difference equation (2.12)
are the inhomogeneous coordinates of P! x P!, In this formalism, the lattice L
is denoted by L = ZH1 ® ZH> ® ZFE1 ® - - - & ZFEg. The basis is related to that

of P2-formalism by
Hi=ey—e, Hy=¢y—eq,
1 0 2 2 0 1 . (Al)
Elzeo—el—eg, Ei:ei+1(z:2,...,8)

or
eo=H+Hy—FEy, eg=H—FE, e =Hy,—Ej,

ei:Ei,1 (223,,9)

We denote the coordinate functions corresponding to the basis Hy, Hy and E;
by hi, ho and e;, respectively.

(A.2)

The ¢-Painlevé system of type Eél) is associated with the following eight

points [14]
bt L =S o198 (A.3)
f +bt glibldI»s (Zi YLyt .
on P! x IPl where s,t and b; are expressed by s = e(;(h1 — ha) — §6),t =
e(3(h1 — ) + 16) and b; = e(§(h1 + h2) — e; — £0), respectively. Consider
the translation operator with respect to ho — h1 = €3 — €1 denoted by Tb;.
Introducing the transformation pu = s934S2565278S37548519521 € W(Eél)), we see
that u? = Ty and that the action on the parameters is given by

,u’(bl) = b9_717; B’L' = U4,

- } ) (A.4)
/1,(8) = ta = qt, s =4s, q= 6(55)7



where Ty (2) = 7.
In this setting, the dependent variables f and g are expressed by

f o= A TE,TH, —E, — [2TE,TH, — B,
TE;TH—E> — TELTH,—Ey

_ [6112]4*7—637_60762763 - [5233}4*7—617—60781762

)
TegTeg—ep—es — Te; Teg—e1 —ez

_ gl TEQTHQ—EQ - 92 TElTHQ—El
TEQTHszQ - TEl TH27E1

9

_ [5122]+7—e37—eo*61*63 - [6133}4*7—627-60761762

)
TegTeg—e1—e3 — TeaTeg—e1—es

in terms of the lattice 7-functions. The action of W(Eél)) on these variables is
given by _
siz:f g, s f—f, (A.6)

where f is defined by

f—=fo f—fg—a

f-f [—-hg—g
The invariance of f (resp. g) with respect to the action of s34 (resp. so3 and s34)
is a consequence of the bilinear equations for the lattice 7-functions. Therefore,
by writing down the action of the translation operator T5; on the variables f
and g, we get the g-difference equation (2.12) [14].

(A7)

B Examples of G, (z) and F ()
(I) Let G4(z) and Fy(x) be

e(=5("4"))

L Fi(@) = e(=5(") (w4, 0)oc (B.1)
with u = e(z) and ¢ = e(d). These satisfy the difference equations
Gi(o+0) = —[2]Ga(x), Filz+0)=Gi@Fi(x). (B2

(IT) Let Gy (x) and F(x) be
)

Gy(x) = T Fi(z) =T(u"%4¢"2,¢"?)(u; ¢, 0)ox, (B.3)
where ( . )
_ pqu=tp, ) oo
0(u;q) = (U, qu ' q)oes  T(ujp,q) = 2222 B.4
R L (B.4)
Due to
O0(quiq) = —u'0(u;q), T(qusiq.q) = 0(u;q)T (u;q,q), (B.5)
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we have the difference equations
Gi(z+6) = [2]G(x), Fi(z+06)=Gy()Fy(a) (B.6)
If w is odd, we have G_(z) = G, (z), F_(z) = Fy(x) and the relations

Gi(x)Gy(0+w—2)=1, Fi(z)=Fi20+w—2x). (B.7)

(IIT) It is possible to construct the functions G4 (z) and F(x) in terms of
the multiple sine functions S, (x; w1, ..., w,) [12, 18]. These satisfy the difference
equations

S+ weywiy ey wp) = Sp_1 (@ Wi, weo1) T S (2w, w)) (B.8)
and the following relations
Sr(wr + -+ wr — 2501, wre) = Sp(Tswr, .. ,wr)(*l)rfl. (B.9)
The first two members are given by

Si(x;w1) = 2sin g,
(e(z/w1); e(wa/w1))oo (B.10)

(e((x — w1)/wa); e(—w1 /w2))oo’

where By (z;w1,ws) is the Bernoulli polynomial of degree 2 defined by

So(z;wy,ws) = e(% Ba(x;w1,ws))

) 1 9 W? + 3wiws + w3
By (z;wy,wa) = Yoo (ac (w1 +wa)z + 5 . (B.11)
Let G4 (x) and F(x) be
1
=—F, F = i1 . B.12
Gi0) = gy Frla) = Salail80) (B.12)
Then, we have the difference equations
Gz +9)=—-V-1[z]G(z), F(z+9)=G(x)F(z). (B.13)

It is possible to define the functions G_(x) and F_(z) by (4.12) for any w € Z.
If w =1, we see that G_(z) = G4 (x) and F_(z) = Fy(x) due to the relations

Gi(@)Go(1+6—2)=1, Fy(z)=F(1+25—x). (B.14)
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