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Abstract

We present the τ -functions for the hypergeometric solutions to the q-
Painlevé system of type E

(1)
8 in a determinant formula whose entries are

given by Rahman’s q-hypergeometric integrals. By using the symmetry
of the q-hypergeometric integral, we can construct fifty-six solutions and
describe the action of W (E

(1)
7 ) on the solutions.

1 Introduction

Discrete Painlevé equations and their solutions have been studied from vari-
ous viewpoints. In particular, Sakai [17] gave a natural framework for discrete
Painlevé equations by means of the geometry of rational surfaces. Each equa-
tion is defined by the group of Cremona transformations on a family of surfaces
obtained by blowing-up at nine points on P2. According to the types of rational
surfaces, those discrete Painlevé equations are classified in terms of affine root
systems. Also, their symmetries are described by means of affine Weyl groups,
the lattice part of which gives rise to difference equations.

The elliptic difference Painlevé equation, the master equation of all the con-
tinuous and discrete Painlevé equations, is a discrete dynamical system defined
on a family of rational surfaces parameterized by nine-point configurations in
general position on P2. In the previous papers [7, 10], we presented an algebraic
formulation for this system in terms of τ -functions and showed the equivalence
to the formulation proposed by Ohta, Ramani and Grammaticos [15]. Also, we
gave a geometric description of the elliptic difference Painlevé equation in terms
of plane curves.

Similarly to the Painlevé differential equations, discrete Painlevé equations
admit particular solutions expressible in terms of various hypergeometric func-
tions. In fact, we showed that the elliptic difference Painlevé equation has
special Riccati type solutions expressed by the elliptic hypergeometric function
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10E9 [7]. Regarding the q-difference Painlevé equations, we constructed hyper-
geometric solutions to those equations by means of a geometric approach and
direct linearization of q-difference Riccati equations [8, 9]. In particular, the
Riccati solution to the q-difference Painlevé equation whose symmetry is affine
Weyl group W (E(1)

8 ) is expressed in terms of the q-hypergeometric series

10W9(a0; a1, . . . , a7; q, z)

= 10φ9

(
a0, qa

1/2
0 , −qa1/2

0 , a1, . . . , a7

a
1/2
0 ,−a1/2

0 , qa0/a1, . . . , qa0/a7

; q, z
)

=
∞∑

k=0

1− q2ka0

1− a0

(a0; q)k
(q; q)k

7∏

i=1

(ai; q)k
(qa0/ai; q)k

zk,

(1.1)

where (a; q)k =
∏k−1
i=0 (1 − aqi). However, from the viewpoint of τ -functions,

what we have done in [8, 9] is to consider the evolution equation with respect
to a certain translation and to determine the ratio of τ -functions for the hyper-
geometric solutions up to multiplication by some normalization factors.

The aim of this paper is to completely determine the τ -functions for the hy-
pergeometric solutions (hypergeometric τ -functions for short) to the q-Painlevé
system of type E(1)

8 .
This paper is organized as follows. In Section 2, we give a brief review on

the formulation of the discrete Painlvé equation of type E(1)
8 in terms of the

lattice τ -functions. Section 3 is devoted to a preparation for constructing the
hypergeometric τ -functions. We decompose the lattice on which the τ -functions
are defined into a family of seven-dimensional lattices, and explain a basic idea
for constructing hypergeometric τ -functions.

In Section 4 – 6, we construct the hypergeometric τ -functions. We find that
a discrete analogue of the double gamma function appears as the normalization
factor of the hypergeometric τ -functions in Section 4. In Section 5, we find
that a class of bilinear equations for the lattice τ -functions yields the contiguity
relations for Rahman’s q-hypergeometric integral that is expressed as a sum
of two balanced 10W9 series. As is well-known, Rahman’s q-hypergeometric
integral possesses W (E6)-symmetry [13]. From that, we can construct a set of
fifty-six solutions corresponding to the coset W (E7)/W (E6), and describe the
action of W (E(1)

7 ) on the solutions. It is known that many of hypergeometric
solutions to the continuous and discrete Painlevé equations admit a determinant
expression [3, 4, 11, 6, 16]. In Section 6, we construct a determinant formula
for the hypergeometric τ -functions and show that they are expressed by a “two-
directional Casorati determinant”.

2 The discrete Painlevé system of type E
(1)
8

In this section, we give a brief review on the formulation of the discrete Painlevé
equation of type E(1)

8 in terms of the lattice τ -functions [7, 10].
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Let L =
⊕9

i=0 Z ei be a lattice with basis {e0, e1, . . . , e9}, and define a
symmetric bilinear form 〈 , 〉 : L× L→ Z by

〈e0, e0〉 = −1, 〈ei, ei〉 = 1 (i = 1, 2, . . . , 9),
〈ei, ej〉 = 0 (i, j = 0, 1, . . . , 9; i 6= j).

(2.1)

Consider the affine Weyl group W (E(1)
8 ) = 〈s0, s1, . . . , s8〉 associated with the

Dynkin diagram:

1 2 3 4 5 6 7 8

0

d d d d d d d d

d

. (2.2)

The lattice L admits a natural linear action of W (E(1)
8 ) defined by

si.Λ = Λ− 〈hi,Λ〉hi (Λ ∈ L) (2.3)

for each i = 0, 1, . . . , 8, where the hi (i = 0, 1, . . . , 8) are the simple coroots
defined by

h0 = e0 − e1 − e2 − e3, hi = ei − ei+1 (i = 1, . . . , 8). (2.4)

The canonical central element c = 3e0 − e1 − · · · − e9 is orthogonal to all the
hi (i = 0, 1, . . . , 8), and hence W (E(1)

8 )-invariant.
The parameter space for the discrete Painlevé system of type E(1)

8 is the
ten-dimensional vector space ⊕9

i=0 C ei, whose coordinates are denoted by εi =
〈ei, ·〉 (i = 0, 1, . . . , 9). The root lattice Q(E(1)

8 ) = ⊕8
i=0 Zαi is generated by the

simple roots

α0 = ε0 − ε1 − ε2 − ε3, αi = εi − εi+1 (i = 1, . . . , 8). (2.5)

The affine Weyl group W (E(1)
8 ) acts on the coordinate functions εi in similar

way as on the basis ei. The W (E(1)
8 )-invariant element corresponding to c is

given by δ = 〈c, ·〉 = 3ε0 − ε1 − · · · − ε9, which is called the null root and plays
the role of the scaling constant for difference equations in the context of discrete
Painlevé equations. For simplicity, we denote the reflection sα with respect to
α = εij = εi − εj or α = εijk = ε0 − εi − εj − εk for i, j, k ∈ {1, 2, . . . , 9} by sij
or sijk, respectively.

Let us introduce a family of dependent variables τΛ = τΛ(ε), ε = (ε0, . . . , ε9),
indexed by Λ ∈M , where M is the W (E(1)

8 )-orbit defined by

M = W (E(1)
8 ). e1 = {Λ ∈ L | 〈c,Λ〉 = −1, 〈Λ,Λ〉 = 1} ⊂ L. (2.6)

The action of W (E(1)
8 ) on τΛ is defined by

w : τΛ 7→ τw.Λ (w ∈W (E(1)
8 ), Λ ∈M). (2.7)
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The discrete Painlevé system of type E(1)
8 is equivalent to the overdetermined

system defined by the bilinear equations

[εjk][εjkl]τeiτe0−ei−el + [εki][εkil]τejτe0−ej−el + [εij ][εijl]τekτe0−ek−el = 0 (2.8)

for any mutually distinct indices i, j, k, l ∈ {1, 2, . . . , 9}, as well as their W (E(1)
8 )-

transforms
[w(εjk)][w(εjkl)]τw.eiτw.(e0−ei−el)

+[w(εki)][w(εkil)]τw.ejτw.(e0−ej−el)

+[w(εij)][w(εijl)]τw.ekτw.(e0−ek−el) = 0
(2.9)

for any w ∈ W (E(1)
8 ). Here, [x] is a nonzero odd holomorphic function on C

satisfying the Riemann relation

[x+ y][x− y][u+ v][u− v]
= [x+ u][x− u][y + v][y − v]− [x+ v][x− v][y + u][y − u]

(2.10)

for any x, y, u, v ∈ C. There are three classes of such functions; elliptic, trigono-
metric and rational. These three cases correspond to the three types of differ-
ence equations, namely, elliptic difference, q-difference and ordinal difference,
respectively. The lattice part of W (E(1)

8 ) gives rise to the difference Painlevé
equation.

In the trigonometric case, it is possible to fix the function [x] as [x] =
eπ
√−1x − e−π

√−1x without loss of generality. Introducing the dependent vari-
ables f and g by

f =
[ε112]+τe3τe0−e2−e3 − [ε233]+τe1τe0−e1−e2

τe3τe0−e2−e3 − τe1τe0−e1−e2

,

g =
[ε122]+τe3τe0−e1−e3 − [ε133]+τe2τe0−e1−e2

τe3τe0−e1−e3 − τe2τe0−e1−e2

,

(2.11)

where [x]+ = eπ
√−1 x + e−π

√−1 x, one get an explicit expression of the q-
difference Painlevé equation of type E(1)

8 [15, 14]

(gst− f)(gst− f)− (s2t2 − 1)(s2t2 − 1)(
g

st
− f

)( g
st
− f

)
−
(

1− 1
s2t2

)(
1− 1

s2t2

) =
P (f, t,m1, . . . ,m7)
P (f, t−1,m7, . . . ,m1)

,

(fst− g)(fst− g)− (s2t2 − 1)(s2t2 − 1)(
f

st
− g
)(

f

st
− g
)
−
(

1− 1
s2t2

)(
1− 1

s2t2

) =
P (g, s,m7, . . . ,m1)
P (g, s−1,m1, . . . ,m7)

.

(2.12)
Here, s and t are independent variables with t = q̃1/2s and the time evolution of
the dependent variables is given by g = g(q̃t) and f = f(t/q̃). The polynomial
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P (f, t,m1, . . . ,m7) is given by

P (f, t,m1, . . . ,m7) = f4 −m1tf
3 + (m2t

2 − 3− t8)f2

+(m7t
7 −m3t

3 + 2m1t)f
+(t8 −m6t

6 +m4t
4 −m2t

2 + 1),
(2.13)

where mk (k = 1, 2, . . . 7) are the elementary symmetric functions of k-th degree
in the parameters bi (i = 1, 2, . . . , 8) with b1b2 · · · b8 = 1. The derivation of the
equation (2.12) is discussed in Appendix A.

3 Preliminaries

As a preparation for constructing the hypergeometric τ -functions, we decompose
the lattice M defined by (2.6) into a family of seven-dimensional lattices. One
can see that the affine Weyl group W (E(1)

7 ) acts on each lattice. According to
location of the lattice τ -functions, we classify the bilinear equations into four
types and discuss the relationships among them. Note that the discussion in
this section is independent of the class of function [x].

3.1 A family of seven-dimensional lattices and bilinear
equations

We decompose the lattice M defined by (2.6) into a family of seven-dimensional
lattices according to the value of the symmetric bilinear form with the coroot
vector e89 = e8 − e9;

M =
∐

n∈Z
Mn, Mn = {Λ ∈M | 〈Λ, e89〉 = n}. (3.1)

Parallel to this decomposition, let us consider the orthogonal complement of ε89

in the root lattice Q(E(1)
8 ). Then we get the root lattice Q(E(1)

7 ) corresponding
to the Dynkin diagram:

c c c c c c c
c

ε189 ε12 ε23 ε34 ε45 ε56 ε67

ε123

. (3.2)

Since we have ε189 +2ε12 +3ε23 +4ε34 +3ε45 +2ε56 +ε67 +2ε123 = δ, the same δ
denotes the null root of Q(E(1)

7 ). The corresponding simple reflections generate
the affine Weyl groupW (E(1)

7 ) = 〈s189, s12, . . . , s67, s123〉, which acts transitively
on each Mn. Also, we have the finite Weyl group W (E7) = 〈s12, . . . , s67, s123〉,
whose extended Dynkin diagram is given by

c c c c c c c
c

ε189 − δ ε12 ε23 ε34 ε45 ε56 ε67

ε123

. (3.3)
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Figure 1: Types of bilinear equations

Note that the Weyl groupW (E7) includes the symmetric group S8 = 〈s01, s12, · · · , s67〉
as a subgroup, where s01 denotes a reflection with respect to ε189−δ. The action
of the central element wc ∈W (E7), which can be defined by

wc = s23s45s123s145s01s67s167, (3.4)

on the variables ε = (ε0, . . . , ε9) is given by

wc : ε0 7→ −ε0 + 3(δ + ε8 + ε9),
εi 7→ δ − εi + ε8 + ε9 (i = 1, 2, . . . , 7),
εi 7→ εi (i = 8, 9).

(3.5)

Typical bilinear equations for the discrete Painlevé system of type E(1)
8 are

given by

[εjk][εjkl]τeiτe0−ei−el + [εki][εkil]τejτe0−ej−el + [εij ][εijl]τekτe0−ek−el = 0 (3.6)

for mutually distinct indices i, j, k, l ∈ {1, 2, . . . , 9}. According to location of
the lattice τ -functions, one can classify the bilinear equations into the following
four types:

(A)n : Two on each of Mn−1,Mn and Mn+1, respectively
(B)n : Four on Mn, and one on Mn+1 and Mn−1, respectively
(C)n : Three on Mn+1 and Mn, respectively
(D)n : Six on Mn

. (3.7)

See Figure 1. Typical bilinear equations of each type are given by

(A)0 : [ε89][εj89]τeiτe0−ei−ej

= [εi9][εij9]τe8τe0−ej−e8 − [εi8][εij8]τe9τe0−ej−e9 ,

(B)0 : [εij ][εijk]τe8τe0−ek−e8

= [εi8][εik8]τejτe0−ej−ek − [εj8][εjk8]τeiτe0−ei−ek ,

(C)0 : [εjk][εjk9]τeiτe0−ei−e9 + (i, j, k)-cyclic = 0,

(D)0 : [εjk][εjkl]τeiτe0−ei−el + (i, j, k)-cyclic = 0

(3.8)

for mutually distinct indices i, j, k, l ∈ {1, 2, . . . , 7}.
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Lemma 3.1. All the bilinear equations of type (A)0 can be obtained byW (E(1)
7 )

action on the first equation of (3.8). Also, we have a similar situation regarding
each case of type (B)0, (C)0 and (D)0, respectively.

Proof. Any of the lattice τ -functions on M1 can be transformed to τe8 by an
action of W (E(1)

7 ). Searching for Λ ∈ M−1 such that 〈Λ + e8,Λ + e8〉 = 0, we
find that the lattice τ -functions on M−1 which can pair with τe8 are following:

τe0−ei−e8 , τ2e0−ei−ej−ek−el−e8 , τc+e9+ei−ej , τc+eijk+e9 , τ2c−ei89+e9 (3.9)

for mutually distinct indices i, j, k, l ∈ {1, 2, . . . , 7}. Any of them can be trans-
formed to τe0−ei−e8 by an action of W (E7). Since τe8 is invariant under the
action of W (E7), we find that one of the pairs of lattice τ -functions in the bilin-
ear equations of type (A)0 can be transformed to τe8τe0−ej−e8 by an action of
W (E(1)

7 ). Note that three pairs of lattice τ -functions in a bilinear equation have
a common barycenter. Therefore, the bilinear equations of type (A)0 including
the term τe8τe0−ej−e8 are reduced to the first equation of (3.8). Proofs for the
other types of bilinear equations are given in a similar way.

From this lemma, we immediately get the following Proposition.

Proposition 3.2. For fixed n ∈ Z, all the bilinear equations of type (A)n can
be transformed by actions of W (E(1)

7 ) to one another. Also, we have a similar
situation regarding each case of type (B)n, (C)n and (D)n, respectively.

Let us discuss the relationships among the four types of bilinear equations.

Proposition 3.3. If the lattice τ -functions satisfy all the bilinear equations of
type (B)n, then they also satisfy those of type (A)n; that is,

1. (B)n ⇒(A)n. (3.10)

Similarly, if τΛ 6= 0 for Λ ∈Mn−1, we have the following:

2. (A)n, (C)n−1 ⇒ (C)n.
3. (C)n−1 ⇒ (D)n.

(3.11)

Proof. It is sufficient to verify the statement in the case of n = 0.

1. (B)0 ⇒ (A)0 : Let us consider the following bilinear equations of type (B)0

[εij ][εijk]τe8τe0−ek−e8 = [εi8][εik8]τejτe0−ej−ek − [εj8][εjk8]τeiτe0−ei−ek ,

[εij ][εijk]τe9τe0−ek−e9 = [εi9][εik9]τejτe0−ej−ek − [εj9][εjk9]τeiτe0−ei−ek .
(3.12)

Eliminating the term τejτe0−ej−ek , we get the first equation of (3.8).

2. (A)0, (C)−1 ⇒ (C)0 : Let us consider the following bilinear equation of type
(C)−1

[εjk][εjk8]τe9τe0−e8−e9 = [εj9][εj89]τekτe0−ek−e8 − [εk9][εk89]τejτe0−ej−e8 . (3.13)
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Multiplying both right and left-hand sides by [εjk9]τe8 and using the first equa-
tion of (3.8), we get

[εjk8]τe9 × [εjk][εjk9]τe8τe0−e8−e9

= [εj89]τek × [εj9][εjk9]τe8τe0−ek−e8 − {j ↔ k}
= [εj89]τek ×

(
[ε89][εk89]τejτe0−ej−ek + [εj8][εjk8]τe9τe0−ek−e9

)

−{j ↔ k}
= [εjk8]τe9 ×

(
[εj8][εj89]τekτe0−ek−e9 − [εk8][εk89]τejτe0−ej−e9

)
,

(3.14)

which is equivalent to the bilinear equation of type (C)0

[εjk][εjk9]τe8τe0−e8−e9 = [εj8][εj89]τekτe0−ek−e9 − [εk8][εk89]τejτe0−ej−e9 . (3.15)

3. (C)−1 ⇒ (D)0 : Let us consider the following bilinear equations

[εjk][εjk8]τeiτe0−ei−e8+[εki][εki8]τejτe0−ej−e8+[εij ][εij8]τekτe0−ek−e8 = 0 (3.16)

and

[εij ][εl8]τekτ2e0−ei−ej−ek−el−e8

= [εjkl][εki8]τe0−ei−elτe0−ej−e8 − [εikl][εjk8]τe0−ej−elτe0−ei−e8

(3.17)

of type (C)−1. Multiplying the equation (3.16) by [εjkl]τe0−ei−el , we have

[εjk8]τe0−ei−e8 × [εjk][εjkl]τeiτe0−ei−el

+[εki]τej × [εjkl][εki8]τe0−ei−elτe0−ej−e8

+[εij ]τek × [εjkl][εij8]τe0−ei−elτe0−ek−e8 = 0.
(3.18)

Applying the equation (3.17) to the second and third terms of (3.18), we get

[εjk8]τe0−ei−e8 × [εjk][εjkl]τeiτe0−ei−el

+[εki]τej ×
(

[εikl][εjk8]τe0−ej−elτe0−ei−e8

+[εij ][εl8]τekτ2e0−ei−ej−ek−el−e8

)

+[εij ]τek ×
(

[εijl][εjk8]τe0−ek−elτe0−ei−e8

+[εik][εl8]τejτ2e0−ei−ej−ek−el−e8

)
= 0,

(3.19)

which is reduced to the fourth equation of (3.8).

3.2 The idea for constructing hypergeometric τ-functions

Let us explain the basic idea for constructing hypergeometric τ -functions. On
the basis of our previous experiences, we impose the boundary condition τΛ = 0
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for any Λ ∈ M−1. Then, the bilinear equations of type (B)0 yield the func-
tional equations for the lattice τ -functions on M0. By solving them, we find
that the τ -functions on M0 are expressed in terms of a discrete analogue of the
double gamma function. Next, we consider the bilinear equations of type (C)0.
These yield the linear equations for the τ -functions on M1, since the τ -functions
on M0 are already known. We find that these linear equations are reduced to
the contiguity relations for the corresponding hypergeometric function, such as
Rahman’s q-hypergeometric integral in the case of the q-Painlevé system of type
E

(1)
8 . The hypergeometric τ -functions on Mn (n ≥ 2) can be constructed recur-

sively by using the bilinear equations of type (B)n. Proposition 3.3 guarantees
that such hypergeometric τ -functions satisfy all the bilinear equations.

4 Construction of τ-functions on M0

Hereafter, we construct the hypergeometric τ -functions for the q-Painlevé sys-
tem of type E(1)

8 by imposing the following boundary condition

τΛ−1 = 0 for any Λ−1 ∈M−1 (4.1)

and τΛ0 6= 0 for any Λ0 ∈ M0. We fix the coefficients of the bilinear equations
as

[x] = e( 1
2x)− e(− 1

2x), e(x) = e2π
√−1 x. (4.2)

In this section, we discuss construction of the τ -functions on the lattice M0.
First, let us consider the following bilinear equations of type (A)0

[ε89][εj89]τeiτe0−ei−ej = [εi9][εij9]τe8τe0−ej−e8 − [εi8][εij8]τe9τe0−ej−e9 (4.3)

for i, j ∈ {1, 2, . . . , 7}. The conditions τe9 = τe0−ej−e8 = 0 and τeiτe0−ei−ej 6= 0
lead us to [ε89][εj89] = 0 (j = 1, 2, . . . , 7). We consider the case

[ε89] = 0 ⇔ ε89 = ω ∈ Z. (4.4)

All the bilinear equations of type (A)0 hold under the boundary conditions (4.1)
and (4.4), since they can be obtained by the action ofW (E(1)

7 ) = 〈s189, s12, . . . , s67, s123〉
on (4.3) and the coefficient [ε89] is W (E(1)

7 )-invariant.
Let us introduce the variables xi (i = 0, 1, . . . , 7) by

x0 = δ − 1
2
ε889, xi =

1
2
εii9 (i = 1, 2, . . . , 7), (4.5)

where we have x0 + x1 + · · · + x7 = 2δ + 2ω. The symmetric group S8 =
〈s01, s12, . . . , s67〉 acts on xi as permutations of the indices. Under the condition
(4.1) and (4.4), we consider the functions τΛ depending on xi (and ω).

Under the boundary condition (4.1), the bilinear equations of type (B)0 and
(D)0 are expressed in terms of the lattice τ -functions on M0. We have the
bilinear equations of type (B)0

[εij ][εijk]τe8τe0−ek−e8 = [εi8][εik8]τejτe0−ej−ek − [εj8][εjk8]τeiτe0−ei−ek ,

[εij ][εijk]τe9τe0−ek−e9 = [εi9][εik9]τejτe0−ej−ek − [εj9][εjk9]τeiτe0−ei−ek

(4.6)
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for mutually distinct indices i, j, k ∈ {1, 2, . . . , 7}, both of which are reduced to

[x0 + xj − δ][xj + xk]τeiτe0−ei−ek = [x0 + xi − δ][xi + xk]τejτe0−ej−ek (4.7)

due to τe9 = τe0−ek−e8 = 0 and ε89 = ω ∈ Z. The bilinear equations of type
(D)0

[xj − xk][x0 + xj + xk + xl − δ]τeiτe0−ei−el

+[xk − xi][x0 + xk + xi + xl − δ]τejτe0−ej−el

+[xi − xj ][x0 + xi + xj + xl − δ]τekτe0−ek−el = 0
(4.8)

for mutually distinct indices i, j, k, l ∈ {1, 2, . . . , 7} and theirW (E(1)
7 )-transforms

can be derived from the equations (4.7) and their W (E(1)
7 )-transforms by using

the Riemann relations for their coefficients. Then, it is sufficient to consider the
equations (4.7) and their W (E(1)

7 )-transforms for constructing the τ -functions
on M0.

Let us consider a pair of non-zero meromorphic functions (G(x), F (x)) sat-
isfying the difference equations

G(x+ δ) = ε [x]G(x), F (x+ δ) = G(x)F (x) (4.9)

with a constant ε ∈ C∗. When Im δ > 0, a typical choice of such functions is
given by

G(x) =
e(− δ2

(
x/δ
2

)
)

(u; q)∞
, F (x) = e(− δ2

(
x/δ
3

)
) (u; q, q)∞, (4.10)

where u = e(x), q = e(δ), (u; q, q) =
∏∞
i,j=0(1 − uqi+j) and ε = −1. For other

choice of (G(x), F (x), ε), see Appendix B. In what follows, we fix two triplets
(G+(x), F+(x), ε+) and

(
Ĝ+(x), F̂+(x), ε+

)
with the common constant factor

ε+, namely we have

G+(x+ δ) = ε+[x]G+(x), F+(x+ δ) = G+(x)F+(x),

Ĝ+(x+ δ) = ε+[x] Ĝ+(x), F̂+(x+ δ) = Ĝ+(x)F̂+(x).
(4.11)

Also, we introduce two pairs of functions (G−(x), F−(x)) and
(
Ĝ−(x), F̂−(x)

)

by the relations

F−(x) = F+(2δ + ω − x), G−(x)G+(δ + ω − x) = 1,

F̂−(x) = F̂+(2δ + ω − x), Ĝ−(x)Ĝ+(δ + ω − x) = 1.
(4.12)

Note that these functions satisfy the difference equations

G−(x+ δ) = ε−[x]G−(x), F−(x+ δ) = G−(x)F−(x),

Ĝ−(x+ δ) = ε−[x] Ĝ−(x), F̂−(x+ δ) = Ĝ−(x)F̂−(x),
(4.13)

where ε− = (−1)ω+1ε+. Although the function F+(x) (resp.F−(x)) satisfies the
same difference equation as that for F̂+(x) (resp. F̂−(x)), they need not be the
same functions.
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Definition 4.1. For each Λ0 ∈ M0, we define the fifty-six functions τ (ab;±)
Λ0

(x)
by

τ
(ab;±)
Λ0

(x) = F̂±(xa + xb + (〈va + vb,Λ0〉+ 1)δ)

×
∏

0≤r<s≤7
{r,s}6={a,b}

F±κ(ab)
rs

(xr + xs + (〈vr + vs,Λ0〉+ 1)δ), (4.14)

where a, b ∈ {0, 1, . . . , 7} are mutually distinct indices, vi is the vector corre-
sponding to the variables xi given by

v0 = c− 1
2

e889, vi =
1
2

eii9 (i = 1, 2, . . . , 7), (4.15)

and κ
(ab)
ij is the sign factor defined by κ(ab)

ij = (−1)]({i,j}∩{a,b}).

Proposition 4.2. The action of W (E(1)
7 ) on the functions τ (ab;±)

Λ0
(x) is de-

scribed as follows:

1. For any translation operator T ∈W (E(1)
7 ), we have

τ
(ab;±)
T.Λ0

(x) = τ
(ab;±)
Λ0

(T (x)). (4.16)

2. For any permutation σ ∈ S8, we have

τ
(σ(a)σ(b);±)
σ.Λ0

(x) = τ
(ab;±)
Λ0

(σ(x)). (4.17)

3. Take three mutually distinct indices i, j, k ∈ {1, 2, . . . , 7}.
(a) If a ∈ {0, i, j, k} and b /∈ {0, i, j, k}, then

τ
(ab;±)
sijk.Λ0

(x) = τ
(ab;±)
Λ0

(sijk(x)). (4.18)

(b) If either a, b ∈ {0, i, j, k} or a, b /∈ {0, i, j, k}, then

τ
(ab;±)
sijk.Λ0

(x) = τ
(cd;∓)
Λ0

(sijk(x)), (4.19)

where c and d are indices such that {a, b, c, d} = {0, i, j, k} or {a, b, c, d} =
{1, 2, . . . , 7}\{i, j, k}, respectively.

4. The action of the central element wc ∈W (E7) defined by (3.4) is given by

τ
(ab;∓)
wc.Λ0

(x) = τ
(ab;±)
Λ0

(wc(x)). (4.20)

Proof. The first and second statements are obvious from the definition of
τ

(ab;±)
Λ0

(x). The third statement is guaranteed by the relations (4.12). Since the
action of wc on the variables xi is given by

wc(xi) =
1
2
δ − xi − 1

2
ω, (4.21)
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one can verify the fourth statement by using the relations (4.12).

Let S be the label set defined by

S = {(a, b ; ε) | a, b ∈ {0, 1, . . . , 7}, a 6= b, ε = ±1} (4.22)

under the convention (a, b ; ε) = (b, a ; ε). By using the difference equations
(4.11) and (4.13), one can verify that the family of functions {τ (η)

Λ0
(x)}Λ0∈M0

for each label η ∈ S satisfies the bilinear equations (4.7). Also, the set of all
functions {τ (η)

Λ0
(x) | η ∈ S, Λ0 ∈ M0} is consistent with respect to the action of

W (E(1)
7 ) in the sense of Proposition 4.2. Since any bilinear equation of type

(B)0 (regardless of τ -functions on M1) and of type (D)0 can be derived by the
W (E(1)

7 )-action on (4.7) and (4.8), respectively, we have the following Theorem.

Theorem 4.3. For each label η ∈ S, the family of functions {τ (η)
Λ0

(x)}Λ0∈M0

defined by (4.14) satisfies all the bilinear equations of type (B)0 and (D)0.

Before discussing construction of the hypergeometric τ -functions on Mn for
n ∈ Z≥1, we mention those τ -functions on Mn for n ∈ Z<0.

Lemma 4.4. For any fixed n ∈ Z<0, we have τΛn(x) = 0 for any Λn ∈ Mn

under the conditions (4.1) and (4.4).

This lemma is proved by using the bilinear equations of type (B)n.

5 Rahman’s q-hypergeometric integral and τ-functions
on M1

In this section, we construct the hypergeometric τ -functions onM1. We find that
a class of bilinear equations for the lattice τ -functions yields the contiguity rela-
tions for Rahman’s q-hypergeometric integral [1]. As is well-known, Rahman’s
q-hypergeometric integral possesses W (E6)-symmetry [13]. From that, we can
construct a set of fifty-six solutions corresponding to the coset W (E7)/W (E6),
and describe the action of W (E(1)

7 ) on the solutions.

5.1 Rahman’s q-hypergeometric integral and Bailey’s four-
term transformation formula

Fix a complex number q with 0 < |q| < 1. Let us consider the following integral

I(u0;u1, . . . u6;u7; q) =
(q; q)∞
4π
√−1

∫

C

(z±2, qu−1
0 z±1, qu−1

7 z±1; q)∞
(u1z±1, . . . , u6z±1; q)∞

dz

z
(5.1)

under the balancing condition u0u1 · · ·u7 = q2. Here, C is a contour such that
the poles of integrand qkui (i = 1, . . . , 6 ; k = 0, 1, 2, . . .) are located inside of it
and q−ku−1

i (i = 1, . . . , 6 ; k = 0, 1, 2, . . .) are located outside of it. The double
sign in (uz±1; q)∞ denotes the product (uz±1; q)∞ = (uz, uz−1; q)∞.
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Theorem 5.1 (Rahman). Under the balancing condition u0u1 · · ·u7 = q2, the
above integral is expressed by the sum of two q-hypergeometric series 10W9 as
follows [1, Exercise 6.7, p.169]:

∏

1≤k<l≤6

(ukul; q)∞ I(u0;u1, . . . , u6;u7; q)

=
∏6
k=1 (quk/u0, q/uku7; q)∞

(u0/u7, q2/u2
0; q)∞

×10W9

(
q/u2

0; q/u0u1, . . . , q/u0u6, q/u0u7; q, q
)

+
∏6
k=1 (q/u0uk, quk/u7; q)∞

(u7/u0, q2/u2
7; q)∞

×10W9

(
q/u2

7; q/u0u7, q/u1u7, . . . , q/u6u7; q, q
)
.

(5.2)

In terms of Rahman’s q-hypergeometric integral I(u0;u1, . . . , u6;u7; q), Bai-
ley’s four-term transformation formula for 10W9 [1, (2.12.9), p.57] is expressed
by

I(u0;u1, . . . , u6;u7; q)

= I(ũ0; ũ1, . . . , ũ6; ũ7; q)
∏3
k=1(q/u0uk; q)∞

∏6
k=4(q/uku7; q)∞∏

1≤k<l≤3(ukul; q)∞
∏

4≤k<l≤6(ukul; q)∞
,

(5.3)

where

ũi =
{
ui(q/u0u1u2u3)1/2 (i = 0, 1, 2, 3)
ui(u0u1u2u3/q)1/2 = ui(q/u4u5u6u7)1/2 (i = 4, 5, 6, 7)

. (5.4)

Assume that Im δ > 0. We relate the variables ui to xi, defined by (4.5), by

ui = e(xi), q = e(δ) (i = 0, 1, . . . , 7). (5.5)

Then the relation x0 + x1 + · · · + x7 = 2δ + 2ω (ω ∈ Z) corresponds to the
balancing condition u0u1 · · ·u7 = q2. Since the action of s123 ∈ W (E7) =
〈s12, . . . , s67, s123〉 on the variables xi is given by

s123(xi) =

{
xi − 1

2 (x0 + x1 + x2 + x3 − δ − ω) (i = 0, 1, 2, 3)
xi + 1

2 (x0 + x1 + x2 + x3 − δ − ω) (i = 4, 5, 6, 7)
, (5.6)

we have

s123(ui) =

{
(−1)ωui(q/u0u1u2u3)1/2 (i = 0, 1, 2, 3)

(−1)ωui(u0u1u2u3/q)1/2 (i = 4, 5, 6, 7)
. (5.7)

Noticing that I07(−u) = I07(u), we see that the action of s123 leads us to the
change of variables in Bailey’s transformation formula (5.3), namely

s123 (I(u0;u1, . . . , u6;u7)) = I(ũ0; ũ1, . . . , ũ6; ũ7), (5.8)

regardless of the parity of ω.
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5.2 Contiguity relations for q-hypergeometric integrals

Define the q-hypergeometric integral Iab(u) by

Iab(u) = Iab(u0, u1, . . . , u6, u7; q)

=
(q; q)∞
4π
√−1

∫

C

(z±2, qu−1
a z±1, qu−1

b z±1; q)∞∏
0≤l≤7; l 6=a,b(ulz±1; q)∞

dz

z

(5.9)

for mutually distinct indices a, b ∈ {0, 1, . . . , 7}. Note that

I07(u) = I(u0;u1, . . . , u6;u7; q), (5.10)

where I(u0;u1, . . . , u6;u7; q) is Rahman’s q-hypergeometric integral defined by
(5.1). In this subsection, we discuss two types of contiguity relations for the
q-hypergeometric integrals.

Denote the integrand of Iab(u) by

Hab(u; z) =
(z±2, qu−1

a z±1, qu−1
b z±1; q)∞∏

0≤l≤7; l 6=a,b(ulz±1; q)∞
. (5.11)

Then, for a translation operator Tq,ui whose action is given by Tq,uiui = qui
and Tq,uiuj = uj (i 6= j), we have

Tq,uiHab(u; z) =

{
u−1
i 〈uiz〉〈ui/z〉Hab(u; z) (i = a, b)
ui 〈uiz〉〈ui/z〉Hab(u; z) (i 6= a, b)

, (5.12)

where 〈u〉 = u−1/2 − u1/2. Let us introduce the “corrected q-hypergeometric
integrals” Φab(x) by Φab(x) = νab(x) Iab(u) under the correspondence of the
variables (5.5) so that the function Φab(x) behaves equally for the action of
Tq,ui for any index i ∈ {0, 1, . . . , 7}. If the correction factor νab(x) satisfies the
difference equations

νab(x)|xi 7→xi+δ =

{
c(x)e(xi) νab(x) (i = a, b)
c(x)e(−xi) νab(x) (i 6= a, b)

, (5.13)

where c(x) is a non-zero function, then we have for H̃ab(u; z) = νab(x)Hab(u; z)
the formula

Tq,uiH̃ab(u; z) = c(x) 〈uiz〉〈ui/z〉 H̃ab(u; z) (i = 0, 1, . . . , 7). (5.14)

A typical example of νab(x) is given by

νab(x) = e
(
Qab(x)

)
,

Qab(x) = δ
[(
xa/δ

2

)
+
(
xb/δ

2

)−
∑

0≤l≤7; l 6=a,b

(
xl/δ

2

)]
, (5.15)
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where c(x) = 1. From the Riemann relation

〈uju−1
k 〉〈ujuk〉〈uiz−1〉〈uiz〉+ (i, j, k)-cyclic = 0, (5.16)

we get
〈uju−1

k 〉〈ujuk〉Tq,uiH̃ab(u; z) + (i, j, k)-cyclic = 0. (5.17)

This yields the contiguity relation for Φab(x)

[xj − xk][xj + xk] Φab(x)|xi 7→xi+δ,xl 7→xl−δ + (i, j, k)-cyclic = 0 (5.18)

for mutually distinct indices i, j, k, l ∈ {0, 1, . . . , 7}.
Next, we derive another contiguity relation for the corrected hypergeometric

integrals Φab(x) by using Bailey’s transformation formula. Suppose that the
functions νab(x) satisfies

νab(σ(x)) = νσ(a)σ(b)(x), σ ∈ S8 = 〈s01, . . . , s67〉 (5.19)

and

ν07(s123(x))
ν07(x)

=
∏3
i=1 g+(δ + ω − x0 − xi)

∏6
i=4 g+(δ + ω − xi − x7)∏

1≤i<j≤3 g+(xi + xj)
∏

4≤i<j≤6 g+(xi + xj)
, (5.20)

where g+(x) is given by

G+(x) =
g+(x)

(u; q)∞
, u = e(x), q = e(δ). (5.21)

For instance, these conditions are in fact satisfied by the functions defined
by (5.15), when ω = 0 and g+(x) = e(− δ2

(
x/δ
2

)
). Then the corrected q-

hypergeometric integral Φ07(x) = ν07(x)I07(u) with (5.5) is invariant under
the action of S6 = 〈s12, s23, . . . , s56〉 and satisfies

Φ07(s123(x)) =
∏3
i=1G+(δ + ω − x0 − xi)

∏6
i=4G+(δ + ω − xi − x7)∏

1≤i<j≤3G+(xi + xj)
∏

4≤i<j≤6G+(xi + xj)
Φ07(x).

(5.22)
It is easy to see that we have

Φ07(s145s123(x)) =
5∏

i=2

G+(δ + ω − x0 − xi)G+(δ + ω − xi − x7)
G+(x1 + xi)G+(xi + x6)

Φ07(x).

(5.23)
On the other hand, introducing the variable yi by

yi =

{
1
2 (x0 + x1 + x6 + x7)− xi (i = 0, 1, 6, 7)
1
2 (x2 + x3 + x4 + x5)− xi (i = 2, 3, 4, 5)

, (5.24)

we see that Φ07(s145s123(x)) = Φ16(y). Considering the more general case

yi =

{
1
2 (x0 + xa + xb + x7)− xi (i = 0, a, b, 7)
1
2 (xc + xd + xe + xf )− xi (i = c, d, e, f)

(5.25)
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associated with the decomposition {0, 1, . . . , 7} = {0, a, b, 7} ∪ {c, d, e, f}, we
have

Φ07(x) = Φab(y)
∏

r∈{c,d,e,f}

G+(xa + xr)G+(xr + xb)
G+(δ + ω − x0 − xr)G+(δ + ω − xr − x7)

. (5.26)

For mutually distinct indices i, j, k ∈ {0, 1, . . . , 7}, one can choose the decom-
position {0, 1, . . . , 7} = {0, a, b, 7} ∪ {c, d, e, f} such that all the indices i, j
and k belong to either {0, a, b, 7} or {c, d, e, f}. Assume that we have either
{i, j, k, l} = {0, a, b, 7} or {i, j, k, l} = {c, d, e, f} for given {i, j, k} and l 6= i, j, k.
Then, we have

Φ07(x)|xi 7→xi−δ, xl 7→xl+δ
= Φab(y)|yi 7→yi+δ, yl 7→yl−δ

∏

r 6∈{i,j,k,l}

[xl + xr]
[xi + xr − δ]

×
∏

r∈{c,d,e,f}

G+(xa + xr)G+(xr + xb)
G+(δ + ω − x0 − xr)G+(δ + ω − xr − x7)

.

(5.27)

Since we already have

[yj − yk][yj + yk]Φab(y)|yi 7→yi+δ, yl 7→yl−δ + (i, j, k)-cyclic = 0, (5.28)

we obtain the contiguity relations

[xj − xk][xi + xl]
∏

0≤r≤7; r 6=i,j,k,l
[xi + xr − δ] Φ07(x)|xi 7→xi−δ,xl 7→xl+δ

+(i, j, k)-cyclic = 0.
(5.29)

It is obvious that each of functions Φab(x) satisfies the same contiguity relations.

Proposition 5.2. Each of the functions Φab(x) for mutually distinct indices
a, b ∈ {0, 1, . . . , 7} satisfies the contiguity relations

[xj − xk][xj + xk] Φab(x)|xi 7→xi+δ,xl 7→xl−δ + (i, j, k)-cyclic = 0,

[xj − xk][xi + xl]
∏

0≤r≤7; r 6=i,j,k,l
[xi + xr − δ] Φab(x)|xi 7→xi−δ,xl 7→xl+δ

+(i, j, k)-cyclic = 0

(5.30)

for mutually distinct indices i, j, k, l ∈ {0, 1, . . . , 7}.
Here, we give a remark on choice of the correction factors νab(x). The

function ν07(x) in the form

ν07(x) =

ĥ(x0 + x7)
∏

1≤r≤6
s=0,7

h(δ + ω − xr − xs)
∏

1≤r<s≤6

h(xr + xs)

∏

1≤r≤6

g+(δ + ω − x0 − xr)g+(δ + ω − xr − x7)
, (5.31)
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where h(x) and ĥ(x) are arbitrary functions, is manifestly S6-invariant and
satisfies the relation (5.20). Note that the function g+(x) satisfies the difference
equation g+(x+ δ) = −ε+e(− 1

2x) g+(x). If the functions h(x) and ĥ(x) satisfy
the difference equations

h(x+ δ) = e(− 1
3x)h(x), ĥ(x+ δ) = ε−4

+ e( 2
3x− 1

2 δ + 2
3 ω) ĥ(x), (5.32)

the function ν07(x) satisfies the difference equations

ν07(x)|x0 7→x0−δ,xi 7→xi+δ = e(δ − x0 − xi) ν07(x) (i = 1, 2, . . . , 6),

ν07(x)|x0 7→x0−δ,x7 7→x7+δ = e(δ − u0 + u7) ν07(x),
(5.33)

which are consistent with (5.13). Thus, we find that the functions νab(x) can
be given by

νab(x) =

ĥ(xa + xb)
∏

0≤r<s≤7
{r,s}6={a,b}

h
κ

(ab)
rs

(xr + xs)

∏
0≤r≤7; r 6=a,b

s=a,b

g+(δ + ω − xr − xs)
, (5.34)

where h+(x) = h(x) and h−(x) = h(δ + ω − x). It is possible to determine
νab(x) according to the choice of the functions h+(x), ĥ(x) and G+(x).

5.3 The fifty-six solutions

Hereafter, we denote Φab(x) by Φ(ab;+)(x). Due to (4.21), the action of the
central element wc ∈W (E7) on the contiguity relations (5.30) leads us to

[xj − xk][xj + xk − δ] Φ̌(ab;+)(x)|xi 7→xi−δ, xl 7→xl+δ + (i, j, k)-cyclic = 0,

[xj − xk][xi + xl − δ]
∏

0≤r≤7
r 6=i,j,k,l

[xi + xr] Φ̌(ab;+)(x)|xi 7→xi+δ,xl 7→xl−δ

+(i, j, k)-cyclic = 0,
(5.35)

where Φ̌(ab;+)(x) = Φ(ab;+)(wc(x)). Let us introduce the function Φ(ab;−)(x) by

Φ(ab;−)(x) = G−ab(x) Φ̌(ab;+)(x),

G−ab(x) = Ĝ−(xa + xb)
∏

0≤r<s≤7
{r,s}6={a,b}

G−κ(ab)
rs

(xr + xs). (5.36)

Noticing that the factor G−ab(x) satisfies the difference equations

G−ab(x)|xi 7→xi+δ, xj 7→xj−δ =
∏

0≤r≤7
r 6=i,j

[xi + xr]
[xj + xr − δ] G

−
ab(x) (5.37)
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for mutually distinct indices i, j ∈ {0, 1, . . . , 7}, we see that each of the functions
Φ(ab;−)(x) satisfies the contiguity relations

[xj − xk][xi + xl]
∏

0≤r≤7
r 6=i,j,k,l

[xi + xr − δ] Φ(ab;−)(x)|xi 7→xi−δ,xl 7→xl+δ

+(i, j, k)-cyclic = 0,

[xj − xk][xj + xk]Φ(ab;−)(x)|xi 7→xi+δ, xl 7→xl−δ + (i, j, k)-cyclic = 0,

(5.38)

which are the same as those for Φ(ab;+)(x).

Theorem 5.3. The fifty-six functions Φ(x) = Φ(ab;±)(x) give rise to the solu-
tions of the set of contiguity relations

[xj − xk][xj + xk]Φ(x)|xi 7→xi+δ, xl 7→xl−δ + (i, j, k)-cyclic = 0,

[xj − xk][xi + xl]
∏

0≤r≤7; r 6=i,j,k,l
[xi + xr − δ] Φ(x)|xi 7→xi−δ,xl 7→xl+δ

+(i, j, k)-cyclic = 0

(5.39)

for mutually distinct indices i, j, k, l ∈ {0, 1, . . . , 7}.
From these two types of contiguity relations, one can get the q-hypergeometric

equations of the second order. The functions Φ(ab;±)(x) coincide with the fifty-
six pairwise linearly independent solutions to the q-hypergeometric equations
constructed by Gupta and Masson [2].

By construction, we have the following Proposition.

Proposition 5.4. Under the balancing condition u0u1 · · ·u7 = q2, the action
of W (E7) on the functions Φ(ab;±)(x) is described as follows:

1. For any permutation σ ∈ S8, we have Φ(ab;±)(σ(x)) = Φ(σ(a)σ(b);±)(x).

2. Take three mutually distinct indices i, j, k ∈ {1, 2, . . . , 7}.
(a) If a ∈ {0, i, j, k} and b /∈ {0, i, j, k}, then

Φ(ab;±)(sijk(x))

=

∏

r∈I\{a}
G±(δ + ω − xa − xr)

∏

r∈I′\{b}
G±(δ + ω − xr − xb)

∏
r,s∈I\{a}

r<s

G±(xr + xs)
∏

r,s∈I′\{b}
r<s

G±(xr + xs)

×Φ(ab;±)(x),
(5.40)

where I = {0, i, j, k} and I ′ = {0, 1, . . . , 7}\I.
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(b) If a, b ∈ {0, i, j, k}, then

Φ(ab;±)(sijk(x))

=
Φ(cd;∓)(x)

Ĝ±(xc + xd)G∓(xa + xb)
∏
r=a,b
s=c,d

G±(xr + xs)
∏
r,s∈I′
r<s

G∓(xr + xs)
,

(5.41)
where c and d are indices such that {a, b, c, d} = {0, i, j, k}, and
I ′ = {1, 2, . . . , 7}\{i, j, k}.

(c) If a, b /∈ {0, i, j, k}, then

Φ(ab;±)(sijk(x))

=
Φ(cd;∓)(x)

Ĝ±(xc + xd)G∓(xa + xb)
∏
r=a,b
s=c,d

G±(xr + xs)
∏
r,s∈I
r<s

G∓(xr + xs)
,

(5.42)
where c and d are indices such that {a, b, c, d} = {1, 2, . . . , 7}\{i, j, k},
and I = {0, i, j, k}.

3. The action of the central element wc ∈W (E7) is given by

Φ(ab;∓)(x) = Ĝ∓(xa + xb)
∏

0≤r<s≤7
{r,s}6={a,b}

G∓κ(ab)
rs

(xr + xs) Φ(ab;±)(wc(x)).

(5.43)

The set of fifty-six functions Φ(ab;±)(x) corresponds to the cosetW (E7)/W (E6),
as we will see below. Note that |W (E7)/W (E6)| = 56.

5.4 The τ-functions on M1

In this subsection, we construct the functions τΛ1(x) (Λ1 ∈M1) on the basis of
above discussions. The bilinear equations to be considered are of type (C)0 and
(D)1, since the functions τΛ0(x) (Λ0 ∈M0) are already known.

Definition 5.5. For each Λ1 ∈ M1, we define the fifty-six functions τ (ab;±)
Λ1

(x)
by

τ
(ab;±)
Λ1

(x) = N (ab;±)
Λ1

(x) Φ(ab;±)
Λ1

(x), (5.44)

with

N (ab;±)
Λ1

(x) = F̂±(xa + xb + 〈va + vb,Λ1〉 δ)

×
∏

0≤r<s≤7
{r,s}6={a,b}

F±κ(ab)
rs

(xr + xs + 〈vr + vs,Λ1〉δ),

Φ(ab;±)
Λ1

(x) = Φ(ab;±)(x+ 〈v,Λ1〉δ),
x+ 〈v,Λ1〉δ = (x0 + 〈v0,Λ1〉δ, . . . , x7 + 〈v7,Λ1〉δ).

(5.45)
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Theorem 5.6. The action of W (E(1)
7 ) on the functions τ (ab;±)

Λ1
(x) is described

as follows:

1. For any translation operator T ∈W (E(1)
7 ), we have

τ
(ab;±)
T.Λ1

(x) = τ
(ab;±)
Λ1

(T (x)). (5.46)

2. For any permutation σ ∈ S8, we have

τ
(σ(a)σ(b);±)
σ.Λ1

(x) = τ
(ab;±)
Λ1

(σ(x)). (5.47)

3. Take three mutually distinct indices i, j, k ∈ {1, 2, . . . , 7}.
(a) If a ∈ {0, i, j, k} and b /∈ {0, i, j, k}, then

τ
(ab;±)
sijk.Λ1

(x) = τ
(ab;±)
Λ1

(sijk(x)). (5.48)

(b) If either a, b ∈ {0, i, j, k} or a, b /∈ {0, i, j, k}, then

τ
(ab;±)
sijk.Λ1

(x) = τ
(cd;∓)
Λ1

(sijk(x)), (5.49)

where c and d are indices such that {a, b, c, d} = {0, i, j, k} or {a, b, c, d} =
{1, 2, . . . , 7}\{i, j, k}, respectively.

4. The action of the central element wc ∈W (E7) is given by

τ
(ab;∓)
wc.Λ1

(x) = τ
(ab;±)
Λ1

(wc(x)). (5.50)

Proof. The first and second statements are obvious from the definition of
τ

(ab;±)
Λ1

(x). The third and fourth statements are guaranteed by Proposition 5.4
and (5.44).

Corollary 5.7. For the particular element e8 ∈M1, the set of fifty-six functions

τ (ab;±)
e8

(x) = F̂±(xa + xb)
∏

0≤r<s≤7
{r,s}6={a,b}

F±κ(ab)
rs

(xr + xs) Φ(ab;±)(x) (5.51)

is stabilised by W (E7)1. For each label (ab;±), the isotropy subgroup of
τ

(ab;±)
e8 (x) is isomorphic to W (E6);

τ (07;±)
e8

(w(x)) = τ (07;±)
e8

(x), w ∈W (E6) = 〈s12, s23, s34, s45, s56, s123〉, (5.52)

for instance.

1Note that e8 ∈M1 is W (E7)-invariant.
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Let us consider the bilinear equations of type (C)0

[xj − xk][xj + xk]τeiτe0−ei−e9 + (i, j, k)-cyclic = 0 (5.53)

for mutually distinct indices i, j, k ∈ {1, 2, . . . , 7}. Substituting (4.14) and (5.44)
into (5.53) and their S8-transforms, we get for Φ(ab;±)(x) the linear relations

[xj − xk][xj + xk] Φ(ab;±)(x)|xi 7→xi+δ, xl 7→xl−δ + (i, j, k)-cyclic = 0 (5.54)

for mutually distinct indices i, j, k, l ∈ {0, 1, . . . , 7}, which are precisely the con-
tiguity relations satisfied by the corrected hypergeometric integrals. Similarly,
the action of the central element wc ∈ W (E7) on the bilinear equations (5.53)
(and their S8-transforms) lead us to

[xj − xk][xi + xl]
∏

0≤r≤7
r 6=i,j,k,l

[xi + xr − δ] Φ(ab;±)(x)|xi 7→xi−δ,xl 7→xl+δ

+(i, j, k)-cyclic = 0
(5.55)

for mutually distinct indices i, j, k, l ∈ {0, 1, . . . , 7}.
Also, the set of functions {τ (η)

Λ1
(x) | η ∈ S, Λ1 ∈ M1} is consistent with re-

spect to the action of W (E(1)
7 ) in the sense of Proposition 5.6. Since any bilinear

equation of type (C)0 can be derived from (5.53) by applying W (E(1)
7 ), we see

that all the bilinear equations of type (C)0 and (D)1 hold due to Proposition
3.3.

Theorem 5.8. For each label η ∈ S, the families of functions {τ (η)
Λ0

(x)}Λ0∈M0

and {τ (η)
Λ1

(x)}Λ1∈M1 defined by (4.14) and (5.44), respectively, satisfy all the
bilinear equations of type (C)0 and (D)1.

Remark 5.9. From the above Theorem, we see that all the bilinear equations of
type (C)0 imply the contiguity relations for Rahman’s q-hypergeometric integral
(or sum of two q-hypergeometric series 10W9). For example, let us consider the
bilinear difference equation

[ε12][ε129]τe0−e8−e9τe8 = [ε18][ε189]τe2τe0−e2−e9 − [ε28][ε289]τe1τe0−e1−e9 , (5.56)

and its wc-transform. Rewrite these equations into the relations for the function

ψ(a0; a1, . . . , a7) = 10W9(a0; a1, . . . , a6, a7; q, q)

+
(qa0, a7/a0; q)∞

(a0/a7, qa2
7/a0; q)∞

6∏

k=1

(ak, qa7/ak; q)∞
(qa0/ak, aka7/a0; q)∞

×10W9(a2
7/a0; a1a7/a0, . . . , a6a7/a0, a7; q, q),

(5.57)

where the variable ai are given by ai = q/u0ui (i = 0, 1, . . . , 7). Then, we obtain
the well-known contiguity relations

ψ(a0; a1/q, qa2, a3, . . . , a7)− ψ(a0; a1, a2, a3, . . . , a7)
= V1 ψ(q2a0; a1, qa2, . . . , qa7),

V2 ψ(q2a0; a1, qa2, qa3, . . . , qa7)− V3 ψ(q2a0; qa1, a2, qa3, . . . , qa7)
= V4 ψ(a0; a1, . . . , a7),

(5.58)
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where Vi (i = 1, 2, 3, 4) are given by

V1 =
qa0/a2(1− qa2/a1)(1− a1a2/qa0)(1− qa0)(1− q2a0)

∏7
j=3(1− aj)

(1− qa0/a1)(1− q2a0/a1)(1− a0/a2)(1− qa0/a2)
∏7
j=3(1− qa0/aj)

,

V2 =
a2

1(1− a2)
∏7
j=3(1− qa0/a1aj)

(1− qa0/a1)(1− q2a0/a1)
, V3 = V2| a1↔a2 ,

V4 =
a1(1− a2/a1)

∏7
j=3(1− qa0/aj)

(1− qa0)(1− q2a0)
.

(5.59)

The bilinear equations of type (C)0 include some other types of contiguity
relations, which may not be found in literature.

Theorem 5.10. Fix two triplets (G+(x), F+(x), ε+) and
(
Ĝ+(x), F̂+(x), ε+

)
,

and the correction factor νab(x). For each label η ∈ S, there is a unique family of
functions {τ (η)

Λ (x)}Λ∈M such that τ (η)
Λ−1

(x) = 0 (Λ−1 ∈M−1), and τ
(η)
Λ0

(x) (Λ0 ∈
M0) and τ

(η)
Λ1

(x) (Λ1 ∈ M1) are given by (4.14) and (5.44), respectively. By

using Proposition 3.3, the functions τ (η)
Λn

(x) (Λn ∈Mn) for n ∈ Z≥2 are uniquely
determined.

The next section is devoted to construction of the functions τ (η)
Λn

(x) (Λn ∈
Mn) for n ∈ Z≥2.

6 A determinant formula for the hypergeomet-
ric τ-functions

As is well-known, many of hypergeometric solutions to the continuous and dis-
crete Painlevé equations admit a determinant expression [3, 4, 11, 6, 16]. In
this section, we show that the hypergeometric τ -functions on Mn (n ∈ Z≥2)
are expressed by a “two-directional Casorati determinant” of order n. In what
follows, we denote a function f (η)(x) (η ∈ S) by f(η;x) for convenience.

For each n ∈ Z≥0, we define the fifty-six functions Kn(η;x) = K
(ab;±)
n (x) by

the following “two-directional Casorati determinant”

K2m(η;x+ 2m−1
4 δ)|xi 7→xi−(m−1)δ (i=1,2,3,4)

= det
(

Φ(b−m,m+ 1− b, a−m,m+ 1− a)
)2m

a,b=1
,

K2m+1(η;x+ m
2 δ)|xi 7→xi−mδ (i=1,2,3,4)

= det
(

Φ(b−m− 1,m+ 1− b, a−m− 1,m+ 1− a)
)2m+1

a,b=1
,

(6.1)

where Φ(m1,m2,m3,m4) = Φ(η;x)|xi 7→xi+miδ (i=1,2,3,4), and Φ(η;x) is the “cor-
rected hypergeometric integral” introduced in the previous section. Some first
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members of Kn(η;x) are given as follows:

K0(x) = 1, K1(x) = Φ(x), K2(x+ δ
4 ) =

∣∣∣∣∣
Φ24(x) Φ13(x)
Φ23(x) Φ14(x)

∣∣∣∣∣ ,

K3(x+ δ
2 )|xi 7→xi−δ (i=1,2,3,4) =

∣∣∣∣∣∣∣

Φ24
13(x) Φ4

3(x) Φ14
23(x)

Φ2
1(x) Φ(x) Φ1

2(x)
Φ23

14(x) Φ3
4(x) Φ13

24(x)

∣∣∣∣∣∣∣
,

(6.2)

where we omit the label η for simplicity, and

Φi1,...,irj1,...,jr
(x) = Φ(x) | xi 7→xi+δ (i=i1,...,ir)

xj 7→xj−δ (j=j1,...,jr)
. (6.3)

By using Jacobi’s identity, one can easily see that the functions Kn(η;x) satisfy
the relation

Kn+1(η;x)K(1234)
n−1 (η;x− δ

2 )

= K
(24)
n (η;x− δ

4 )K(13)
n (η;x− δ

4 )−K(14)
n (η;x− δ

4 )K(23)
n (η;x− δ

4 ),
(6.4)

where the superscripts denote the shift of variables, namely K
(i1,...,ir)
n (η;x) =

Kn(η;x) |xi 7→xi+δ (i=i1,...,ir).

Definition 6.1. For each n ∈ Z≥0, we define the fifty-six functions τn(η;x) by

τn(η;x) = Υn(η;x)Kn(η;x). (6.5)

Here, the normalization factor Υn(η;x) = Υ(ab;±)
n (x) is given by

Υ(ab;±)
n (x) =

1
cn(x)

F̂±(xa + xb − n−1
2 δ)

×
∏

0≤r<s≤7
{r,s}6={a,b}

F±κ(ab)
rs

(xr + xs − n−1
2 δ)

(6.6)

with

cn(x) = ε
2n(n−1)
+

n−1∏
r=1

[x1 − x2 + Irδ][x3 − x4 + Irδ]

×
n−1∏
r=1

[x1 + x2 + (r − n+1
2 )δ]r[x3 + x4 + (r − n−1

2 )δ]r,

(6.7)

where Ir (r = 1, 2, . . .) is the subset of Z defined by Ir = {−r+1,−r+3, . . . , r−
3, r − 1} and [x+ Irδ] =

∏
k∈Ir [x+ kδ].

Proposition 6.2. We have the following bilinear equations

[x1 − x2][x3 − x4]τn+1(η;x)τ (1234)
n−1 (η;x− δ

2 )

= [x1 + x4 − n
2 δ][x2 + x3 − n

2 δ]τ
(24)
n (η;x− δ

4 )τ (13)
n (η;x− δ

4 )

− [x2 + x4 − n
2 δ][x1 + x3 − n

2 δ]τ
(14)
n (η;x− δ

4 )τ (23)
n (η;x− δ

4 ).

(6.8)
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This Proposition is easily verified by noticing that the normalization factors
satisfy the relations

[x1 − x2][x3 − x4]Υn+1(η;x)Υ(1234)
n−1 (η;x− δ

2 )

= [x1 + x4 − n
2 δ][x2 + x3 − n

2 δ]Υ
(24)
n (η;x− δ

4 )Υ(13)
n (η;x− δ

4 )

= [x2 + x4 − n
2 δ][x1 + x3 − n

2 δ]Υ
(14)
n (η;x− δ

4 )Υ(23)
n (η;x− δ

4 ).

(6.9)

Definition 6.3. For each Λn ∈ Mn (n ∈ Z), we define the fifty-six functions
τΛn(η;x) by

τΛn(η;x) = τn(η;x+ l(n)δ), l
(n)
i = 〈vi,Λn〉+

1− n
4

(6.10)

under the condition (4.1) and (4.4).

We show below that the functions τΛn(η;x) are precisely the hypergeometric
τ -functions on Mn. As a preparation, let us define the action of W (E(1)

7 ) =
〈s189, s12, . . . , s67, s123〉 on the label set S.

Definition 6.4. We define the action of W (E(1)
7 ) on the label η ∈ S as follows:

1. The label is invariant under the action of any translation.

2. The action of permutations σ ∈ S8 is defined by

σ : (a, b;±) 7→ (σ(a), σ(b);±). (6.11)

3. Take three mutually distinct indices i, j, k ∈ {1, 2, . . . , 7}.
(a) If a ∈ {0, i, j, k} and b /∈ {0, i, j, k}, then

sijk : (a, b;±) 7→ (a, b;±). (6.12)

(b) If either a, b ∈ {0, i, j, k} or a, b /∈ {0, i, j, k}, then

sijk : (a, b;±) 7→ (c, d;∓), (6.13)

where c and d are indices such that {a, b, c, d} = {0, i, j, k} or {a, b, c, d} =
{1, 2, . . . , 7}\{i, j, k}, respectively.

4. The action of central element wc is defined by

wc : (a, b;±) 7→ (a, b;∓). (6.14)

Theorem 6.5.

1. For each η ∈ S, the family of functions {τΛ(η;x)}Λ∈M satisfies all the bilin-
ear equations for the q-Painlevé system of type E(1)

8 under the conditions
(4.1) and (4.4).
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2. For each n ∈ Z, the action ofW (E(1)
7 ) on the set of functions {τΛn(η;x) | η ∈

S, Λn ∈Mn} is described by

τw.Λn(w(η);x) = τΛn(η;w(x)), w ∈W (E(1)
7 ). (6.15)

First, let us consider the bilinear equations

[ε12][ε34]τLm,1+e8τLm,−1+2e0−e1−e2−e3−e4−e8

= [ε148 −mδ][ε238 −mδ]τLm,0+e0−e2−e4τLm,0+e0−e1−e3

− [ε248 −mδ][ε138 −mδ]τLm,0+e0−e1−e4τLm,0+e0−e2−e3

(6.16)

and

[ε12][ε34]τLm,2+c+e0−2e9τLm,0+c+3e0−e1−e2−e3−e4−2e8−2e9

= [ε148 −mδ][ε238 −mδ]τLm,1+c+2e0−e2−e4−e8−2e9τLm,1+c+2e0−e1−e3−e8−2e9

− [ε248 −mδ][ε138 −mδ]τLm,1+c+2e0−e1−e4−e8−2e9τLm,1+c+2e0−e2−e3−e8−2e9 ,
(6.17)

where Lm,n = m(m+n)c+me89 (m ∈ Z), which are of type (B)2m and (B)2m+1,
respectively. Substituting (6.10), we see that these bilinear equations are satis-
fied thanks to (6.8).

Lemma 6.6. Suppose that the functions τΛn−1(η;x) and τΛn(η;x) obey all the
bilinear equations of type (D)n and (C)n−1, and satisfy the relations

τw.Λn−1(w(η);x) = τΛn−1(η;w(x)), τw.Λn(w(η);x) = τΛn(η;w(x)) (6.18)

for any w ∈ W (E7). Then the function τΛn+1(η;x) determined by the bilinear
equation of type (B)n also satisfies

τw.Λn+1(w(η);x) = τΛn+1(η;w(x)) (6.19)

for any w ∈W (E(1)
7 ).

Proof. From the assumption, we have

[x1 − x2][x3 − x4]τ (12)
n (η;x)τ (34)

n (η;x) + (1, 2, 3)-cyclic = 0, (6.20)

[x3 − x4][x1 + x5 − n−1
2 δ]τ (1234)

n−1 (η;x− δ
4 )τ (25)

n (η;x) + (3, 4, 5)-cyclic = 0,

[x3 − x4][x2 + x5 − n−1
2 δ]τ (1234)

n−1 (η;x− δ
4 )τ (15)

n (η;x) + (3, 4, 5)-cyclic = 0,
(6.21)

and

τn−1(w(η);x) = τn−1(η;w(x)), τn(w(η);x) = τn(η;w(x)) (6.22)

for any w ∈W (E7) = 〈s12, s23, s34, s45, s56, s67, s123〉. What we have to do is to
show that the function τn+1(η;x) determined by the recurrence relation (6.8)
also satisfies

τn+1(w(η);x) = τn+1(η;w(x)) (6.23)
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for any w ∈ W (E7). It is obvious that we have (6.23) for w = s12, s34, s56, s67

and s125 under the assumption. Then, it is sufficient to verify (6.23) for w = s23

and s45. Replacing x by x̃ = s23(x) in the recurrence relation (6.8), we get

[x1 − x3][x2 − x4]τn+1(η; x̃)τ (1234)
n−1 (η̃;x− δ

2 )

= [x1 + x4 − n
2 δ][x2 + x3 − n

2 δ]τ
(34)
n (η̃;x− δ

4 )τ (12)
n (η̃;x− δ

4 )

−[x3 + x4 − n
2 δ][x1 + x2 − n

2 δ]τ
(14)
n (η̃;x− δ

4 )τ (23)
n (η̃;x− δ

4 ),

(6.24)

where η̃ = s23(η). Then, the bilinear equation (6.20) yields τn+1(η̃;x) =
τn+1(η; x̃). Similarly, replacing x by x̃ = s45(x) in the recurrence relation (6.8),
we get

[x1 − x2][x3 − x5]τn+1(η; x̃)τ (1235)
n−1 (η̃;x− δ

2 )

= [x1 + x5 − n
2 δ][x2 + x3 − n

2 δ]τ
(25)
n (η̃;x− δ

4 )τ (13)
n (η̃;x− δ

4 )

−[x2 + x5 − n
2 δ][x1 + x3 − n

2 δ]τ
(15)
n (η̃;x− δ

4 )τ (23)
n (η̃;x− δ

4 ),

(6.25)

where η̃ = s45(η). From the bilinear equations (6.21), we get τn+1(η̃;x) =
τn+1(η; x̃).

We already have

τw.Λ0(w(η);x) = τΛ0(η;w(x)), τw.Λ1(w(η);x) = τΛ1(η;w(x)) (6.26)

for any w ∈W (E(1)
7 ) from Proposition 4.2 and 5.6. Also, these functions satisfy

all the bilinear equations of type (C)0 and (D)1. Then we have τw.Λ2(w(η);x) =
τΛ2(η;w(x)) for any w ∈ W (E(1)

7 ) from Lemma 6.6. Applying Proposition 3.3
and Lemma 6.6 repeatedly, we can verify Theorem 6.5.

With respect to the q-difference equation (2.12), we have the following.

Corollary 6.7. Define the functions fn(x) and gn(x) by

fn(x) = (−1)ω
Nf,n(x)
Df,n(x)

, gn(x) = (−1)ω
Ng,n(x)
Dg,n(x)

, (6.27)

where
Nf,n(x) = 〈u0u

2
1u2/q〉+τ [03]

n (x+ δ
4 )τ (23)

n (x− δ
4 )

−〈u0u2u
2
3/q〉+τ [01]

n (x+ δ
4 )τ (12)

n (x− δ
4 ),

Df,n(x) = τ
[03]
n (x+ δ

4 )τ (23)
n (x− δ

4 )

−τ [01]
n (x+ δ

4 )τ (12)
n (x− δ

4 ),

Ng,n(x) = 〈u0u1u
2
2/q〉+τ [03]

n (x+ δ
4 )τ (13)

n (x− δ
4 )

−〈u0u1u
2
3/q〉+τ [02]

n (x+ δ
4 )τ (12)

n (x− δ
4 ),

Dg,n(x) = τ
[03]
n (x+ δ

4 )τ (13)
n (x− δ

4 )

−τ [02]
n (x+ δ

4 )τ (12)
n (x− δ

4 ),

(6.28)
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where τ [i1i2]
n (x) = τn(x)|xir 7→xir−δ (r=1,2) and 〈u〉+ = u1/2 + u−1/2. Let bi,n (i =

1, 2, . . . , 8) be the parameters defined by

b1,n = (−1)ωq3/8u
−1/2
0 u

−3/4
1 u

−3/4
2 ,

bi,n = (−1)ωq−5/8u
1/2
0 u

1/4
1 u

1/4
2 ui+1 (i = 2, . . . , 6),

b7,n = (−1)ωq−n/2+3/8u
−1/2
0 u

1/4
1 u

1/4
2 ,

b8,n = (−1)ωqn/2+3/8u
−1/2
0 u

1/4
1 u

1/4
2 .

(6.29)

Then, f = fn(x) and g = gn(x) with bi = bi,n give rise to a solution of the
q-difference Painlevé equation of type E(1)

8 given by (2.12).
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A Derivation of the difference equation (2.12)

The discrete Painlevé system can be also formulated as a discrete dynamical
system on a family of rational surfaces obtained by blowing-up at eight points
on P1×P1. The dependent variables f and g of the q-difference equation (2.12)
are the inhomogeneous coordinates of P1 × P1. In this formalism, the lattice L
is denoted by L = ZH1 ⊕ ZH2 ⊕ ZE1 ⊕ · · · ⊕ ZE8. The basis is related to that
of P2-formalism by

H1 = e0 − e2, H2 = e0 − e1,

E1 = e0 − e1 − e2, Ei = ei+1 (i = 2, . . . , 8)
(A.1)

or
e0 = H1 +H2 − E1, e1 = H1 − E1, e2 = H2 − E1,

ei = Ei−1 (i = 3, . . . , 9).
(A.2)

We denote the coordinate functions corresponding to the basis H1, H2 and Ei
by h1, h2 and ei, respectively.

The q-Painlevé system of type E(1)
8 is associated with the following eight

points [14]

fi = bit+
1
bit
, gi =

s

bi
+
bi
s

(i = 1, 2, . . . , 8) (A.3)

on P1 × P1, where s, t and bi are expressed by s = e( 1
4 (h1 − h2) − 1

8δ), t =
e( 1

4 (h1 − h2) + 1
8δ) and bi = e( 1

4 (h1 + h2) − ei − 1
8δ), respectively. Consider

the translation operator with respect to h2 − h1 = ε2 − ε1 denoted by T21.
Introducing the transformation µ = s234s256s278s37s48s19s21 ∈W (E(1)

8 ), we see
that µ2 = T21 and that the action on the parameters is given by

µ(bi) = b−1
9−i, bi = bi,

µ(s) = t, t = q̃t, s = q̃s, q̃ = e(1
2δ),

(A.4)
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where T21(x) = x.
In this setting, the dependent variables f and g are expressed by

f =
f1 τE2τH1−E2 − f2 τE1τH1−E1

τE2τH1−E2 − τE1τH1−E1

=
[ε112]+τe3τe0−e2−e3 − [ε233]+τe1τe0−e1−e2

τe3τe0−e2−e3 − τe1τe0−e1−e2

,

g =
g1 τE2τH2−E2 − g2 τE1τH2−E1

τE2τH2−E2 − τE1τH2−E1

=
[ε122]+τe3τe0−e1−e3 − [ε133]+τe2τe0−e1−e2

τe3τe0−e1−e3 − τe2τe0−e1−e2

,

(A.5)

in terms of the lattice τ -functions. The action of W (E(1)
8 ) on these variables is

given by
s12 : f ↔ g, s23 : f → f̃ , (A.6)

where f̃ is defined by
f̃ − f̃2

f̃ − f̃1

=
f − f2

f − f1

g − g1

g − g2
. (A.7)

The invariance of f (resp. g) with respect to the action of s34 (resp. s23 and s34)
is a consequence of the bilinear equations for the lattice τ -functions. Therefore,
by writing down the action of the translation operator T21 on the variables f
and g, we get the q-difference equation (2.12) [14].

B Examples of G+(x) and F+(x)

(I) Let G+(x) and F+(x) be

G+(x) =
e(− δ2

(
x/δ
2

)
)

(u; q)∞
, F+(x) = e(− δ2

(
x/δ
3

)
) (u; q, q)∞, (B.1)

with u = e(x) and q = e(δ). These satisfy the difference equations

G+(x+ δ) = −[x]G+(x), F+(x+ δ) = G+(x)F+(x). (B.2)

(II) Let G+(x) and F+(x) be

G+(x) =
θ(u1/2; q1/2)

(u; q)∞
, F+(x) = Γ(u1/2; q1/2, q1/2)(u; q, q)∞, (B.3)

where

θ(u; q) = (u, qu−1; q)∞, Γ(u; p, q) =
(pqu−1; p, q)∞

(u; p, q)∞
. (B.4)

Due to
θ(qu; q) = −u−1θ(u; q), Γ(qu; q, q) = θ(u; q)Γ(u; q, q), (B.5)
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we have the difference equations

G+(x+ δ) = [x]G+(x), F+(x+ δ) = G+(x)F+(x). (B.6)

If ω is odd, we have G−(x) = G+(x), F−(x) = F+(x) and the relations

G+(x)G+(δ + ω − x) = 1, F+(x) = F+(2δ + ω − x). (B.7)

(III) It is possible to construct the functions G+(x) and F+(x) in terms of
the multiple sine functions Sr(x;ω1, . . . , ωr) [12, 18]. These satisfy the difference
equations

Sr(x+ ωr;ω1, . . . , ωr) = Sr−1(x;ω1, . . . , ωr−1)−1Sr(x;ω1, . . . , ωr) (B.8)

and the following relations

Sr(ω1 + · · ·+ ωr − x;ω1, . . . , ωr) = Sr(x;ω1, . . . , ωr)(−1)r−1
. (B.9)

The first two members are given by

S1(x;ω1) = 2 sin
πx

ω1
,

S2(x;ω1, ω2) = e( 1
2 B2(x;ω1, ω2))

(e(x/ω1); e(ω2/ω1))∞
(e((x− ω1)/ω2); e(−ω1/ω2))∞

,
(B.10)

where B2(x;ω1, ω2) is the Bernoulli polynomial of degree 2 defined by

B2(x;ω1, ω2) =
1

2ω1ω2

(
x2 − (ω1 + ω2)x+

ω2
1 + 3ω1ω2 + ω2

2

6

)
. (B.11)

Let G+(x) and F+(x) be

G+(x) =
1

S2(x; 1, δ)
, F+(x) = S3(x; 1, δ, δ). (B.12)

Then, we have the difference equations

G(x+ δ) = −√−1 [x]G(x), F (x+ δ) = G(x)F (x). (B.13)

It is possible to define the functions G−(x) and F−(x) by (4.12) for any ω ∈ Z.
If ω = 1, we see that G−(x) = G+(x) and F−(x) = F+(x) due to the relations

G+(x)G+(1 + δ − x) = 1, F+(x) = F (1 + 2δ − x). (B.14)
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