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Abstract Here we present anfficient calculation of comprehensive @mer systems to derive specific conditions for
neural circuits as well as electric circuits. Comprehensiv@Ber systems (CGS) have been applied to problems with a
small number of parameters such as the automatic geometric theorem proving and the inverse kinematics problem of a
robot arm. In CGS, however, a larger number of parameters make its calculation less tractable. Therefore, we take ‘not-
equal’ conditions into account during CGS calculation, resulting in a reduced format of CGS of parametric systems even
though many parameters exist. Using our implemented CGS, we derive specific conditions such as resonant conditions
that play an important role in physical, mechanical, and biological phenomena. The obtained conditions lead to analysis
of realistic neural circuits having many parameters, and provide us with a possibility of positive CGS.

Keywords Resonant Condition Electric and Neural Circuits Symbolic Computation Comprehensive @Gbner
Systems
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1 Introduction

Grobner bases have been applied to various systems such as electric and digital systems [2, 21, 30]. Considering param-
eters as well as variables duringdner basis calculation is called comprehensivéb@er systems (CGS). CGS can
classify the roots of parametric polynomial equations [27]. On the other side, in mechanical, electric, or neural systems,
when parameters satisfy some specific condition, resonance, synchronization, or entrainment occurs. This coincidence
has inspired us to exploit CGS to derive specific conditions of a system.

Analysis of specific conditions is important in many fields because a system under resonance shows remarkable
characters. Indeed, once resonance vibration occurs in a mechanical system, the amplitude of the system grows larger and
larger [12,§22-827]. In electric circuits, a resonant condition is essential for tuning [1]. Further, in chemical reactions,
synchronization or entrainment as a kind of resonance plays an important role in chemical oscillaticy. [1©,
biomedical systems, metabolic kinetics of chemicals inside a human body is usually described as a compartmental
model [3]. Resonant conditions in a compartmental model was also explored [26].

Thus, derivation of specific conditions is important for understanding a system, but a system with many parameters
is difficult for obtaining specific conditions by hand. Therefore, we propose an application of ComprehefkiginerGr
systems (CGS) to obtaining specific conditions, exemplifying electric and neural systems.
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Solving parametric algebraic systems is one of the big topics in computer algebra [6, 9, 13, 27]. Comprehensive
Grobner systems (bases) are key ingredients and are fundamental tools for applications of parametric polynomial systems
in several fields both inside and outside mathematics.

Comprehensive @bner systems for parametric ideals were introduced, constructed, and studied by Weispfenning
[27] in 1992. After Weispfenning’s paper was published, Dolzman and Sturm have implemented and published the
software [5]. There was, however, no big development about comprehensgibadbsystems (or bases) for ten years.

Last ten years, the big developments were made by Kurata, Montes, Nabeshima, Sato, Suzuki, and Weispfenning.
[Efficient computation]

e Montes published the new algorithm for computing CGS and its software in 2002 and 2006 [14, 15].
e Suzuki and Sato published the new algorithm for computing CGS in 2006 [25].
¢ Nabeshima and Kurata improved Suzuki-Sato’s algorithm ([25]) in 2007 and 2010 [11, 17].

[Theory]

e Suzuki and Sato presented an alternative definition of comprehensim&rbases (systems) in terms ob@mer
bases in polynomial rings over commutative von Neumann regular rings [24]. Thim&rbasis is called ‘alternative
comprehensive @bner basis (ACGB).’ Alternative comprehensived@mner bases have the following nice properties
which do not hold in standard comprehensivéksrer bases:
1. There is a canonical form of an alternative comprehensiibi@ar basis in a natural way.
2. We can use reductions of an alternative comprehensigbr@r basis.
e Weispfenning presented a concept of canonical comprehenséen@r bases under very general assumptions on
the parameter ring [28]. After this paper was published, this result was applied for improving Montes’ algorithm by
Montes [14].

There are mainly three kinds of algorithms for computing CGS: Weispfenning-Montes’ algorithm, Suzuki-Sato’s
algorithm [25], and ACGB algorithm [24]. In general, Suzuki-Sato’s algorithm is the fastest among them in several
cases. Therefore, in this paper, we improve and apply Suzuki-Sato’s algorithm for solving our problems of electric and
neural circuits.

Roughly speaking, a CGS is a parametri®@rer basis for a parametric polynomial ideal. A CGS is used as a
systematic tool to classify the roots of parametric polynomial equations. Therefore, the number of applications of CGS
is large. Some interesting applications of CGS have already been introduced:

e Modules of syzygies [18, 19].

e The study of parametric varieties, their size, and their dimension functions [18].

e The study of singular points of a conic [15].

e The inverse kinematics problem for a simple robot [15].

e The automatic geometric theorem proving [16, 29].

e CGS inrings of diferential operators [18].

e Kanno,et al. [8] have explored a potential of algebraic approachgarametric polynomial spectral factorization
(PPSF). For computing the parametric spectral factor of a parametric polynomial, one has to classify the roots of
parametric polynomial. For this purpose, they devised an algorithm for using CGS computation.

In[22], Shinohara presented three CGS based algorithms for computing PPSF and showed that the fastest one took 72
hours in computation of PPSF of a quartic parametric polynomials. If there are many parameters in parametric problems,
it is difficult to obtain results of the applications above. In fact, they showed simple examples in the application above.
Therefore, from a practical point of view, affieient CGS implementation is necessary in order to solve large problems.

On a computer algebra system equipped witbliBer bases computations, it is easy to implement Suzuki-Sato’s
algorithm. Nevertheless, Suzuki-Sato’s algorithm often produces many segments whose parameter spaces overlap each
other, so that the computational cost will swell without careful treatments of superfluous segments. Thus, we need an
algorithm whose number of steps becomes small, and an optimal means to obtain irredundant segments which Suzuki
and Sato referred to, but did not describe. In this paper, we d&fipports’ as parameter spaces in order to check
overlap and unnecessary segments. We describe useful basic manipulations using supports to implement CGS algorithm
bases on Suzuki-Sato’s.

Moreover, another advantage of our algorithm is the following. Our problems, electric and neural circuits, need to
consider ‘not-equakf 0)’' conditions of parameters. To overcoméidulty in calculating CGS against many parameters,
we take ‘not-equal’ conditions into account, leading to &icient calculation and much reduced format of outputs of



CGS. Suzuki-Sato’s algorithm treats only ‘equal @)’ conditions of parameters. Our algorithm for computing CGS

treats both of ‘equal’ and ‘not-equal’ conditions of parameters. In this point, our algorithm is more useful than Suzuki-
Sato’s algorithm for analyzing properties of our problems. Further, our algorithm outputs CGS on a restricted parameter
space because we do not need to compute CGS on the whole parameter space. Thus, our algorithm is superior in several
cases. In fact, we were able to obtain specific conditions for electric and neural circuits with many parameters by using
our implemented CGS.

2 Problem

A problem with respect to an electric or neural circuit is described as a system of equations of the following form:

£ (Vi (1), p, sin(t), cosgut), f V(t)dt, dVi(t)/dt), )

whereV,(t) (¢ € {i, j,k}) denotes a function ihand a vectop denotes parameters for CGS. This formula (1) includes a
linear relation of singt), cost), fdt, d/dt, denoted byf.
The aim is to obtain specific conditions by CGS and to analyze them.

3 Comprehensive Gbbner Systems

In this section, we give the detail of our algorithm for computing CGS. Our algorithm is based on Suzuki-Sato’s algo-
rithm. We improve Suzuki-Sato’s algorithm [25] for solving our problems.

Let A = {As,...,An} andX = {Xq,..., X} be finite sets of variables such thatn X = 0. We defineK andL
as fields such thdt is an algebraic closure €. Let ppX), pp(A) and ppf, X) be the sets of power products ¥f A
andA U X, respectively. We define, Q andC as the set of natural numbers with O, the field of rational numbers, and
the field of complex numbers, respectively. In this paper, we défjde X] as a polynomial ring over a field, and
defineK[A][X] := (K[A])[X] as a polynomial ring over a polynomial rir{[A] (coefficients in a polynomial ring). For
a polynomialf # 0 in a polynomial ring equipped with a term orderlet Ipp_(f), lc<(f), and Im.(f) be the leading
power product off with respect to<, the codficient of Im.(f), and lc.(f) - Ipp.(f), respectively. The degree 6fin X;,
denoted by deg(f), is defined as the degree bfwhen viewed as a univariate polynomialXq <a x is defined as a
term order on p4, X) such thai is always greater thafr. That is, any term in ppX) is greater than any term in pi).
Let <a and<x be its restriction on pg) and ppK), respectively. For any subsetof K[A], V(F) denotes the algebraic
set defined byF, that isV(F) := {a € LMVf € F, f(a) = 0}. Specially, we defin& (1) := 0 andV(0) := L™. For any
a € L™, we define the canonical specialization homomorphism K[A] — L induced by, and we naturally extend it
to o, : K[A][X] — L[X].

In this paper, angle brackets) are defined as follows: €, . . ., fj € R, whereRis a commutative ring with identity.
Then(fy,..., fiy :={X> hifilhy,....hs € R}.

Definition 1 (Comprehensive Gibner Systems) et F be a subset dk[A][X], Aj, . .., A algebraically constructible
subsets of.™, and letGy, ..., G be subsets oK[A][X]. Let S be a subset of™ such thatS € A; U --- U A,. A finite
setG = {(A1, G1), ..., (A, G)} of pairs is called @omprehensive Gbbner system (CGS) onS for (F) if o,(G)) is a
Grobner basis of the ideé&tr,(F)) in L[X] for eachi = 1,...,1 ande € A;. Each (A;, G) is called asegmentof G. We
simply saygG is a comprehensive @bner system fo¢F) if S =L™.

For a segment4], G), the algebraically constructible sétis also called its parameter space or simply called its case. In
this paper, we use an algebraically constructible set that has a form:

V(fl,. . fk)\ V(gl, .. .,g|) - Lm,

wherefy, ..., fk, 01, ..., 9 € K[A]. In this paper, the meaning of parameters is that parameters can take arbitrary values.
We give an example of a CGS:



Example 1Let F = {ax?y + y,bxX?y? + ax+ y} ¢ C[a b][x,y], & b be parameters,y be variables, anexy, be the
lexicographic order such that<y,, y. Then a comprehensive &iner system fo(F) with respect to<xy; is

(C?\ V(ab), {-b?y® + 2aby* — a?y® — a%y, ax — by? + ay}),
G= {(V(b)\V(a, b), fax+y,y® + ay}), }
(V(a). {yh)

From Definition 1, one can understagds follows:

1. If parameters belong t6% \ V(ab) (i.e.,ab # 0), then{—b?y® + 2aby* — a2y® — a%y, a®x — by? + ay} is a Gbbner basis
of (F) with respect toyy, in C[X,y].

2. If parameters belong 6(b)\ V(a, b) (i.e.,b = 0,a # 0), then{(by® — ay?)x + ay, ay¥ + y, —b%y® + 2bay* — a?y® —
aly, a®x — by? + a} is a GBbner basis.

3. If parameters belong t@(a) (i.e.,a = 0), then{y} is a Gibbner basis.

In general, the properties of parametric ideals are dependent on values of parameters. Therefore, CGS are a useful tool
to analyze parametric polynomial systems.

3.1 Criteria

Recently, some criteria for computing CGS, have been introduced by Nabeshima and Kurata [11, 17]. In this subsection,
we describe the criteria in order to make dhictent CGS implementation.
First, we introduce the definition of a set wiinimal headterm, based on [11]. LdE be a set of polynomials in
K[A][X]. Then a set of minimal head term Bfwith respect tozx is defined as follows:
MHT_, (F) :=
{Ipp-, (9) € PPX)I1pP<, (f1) 1 Ipp., (f2), PP, (f1) # Ipp. (F2), fu, f2 € F}.

Theorem 1 ([17])Let F be a subset of JA][X], S be a subset of ], and H be a Grobner basis fgS U F) with
respect to<x. Moreover, let H := HN(S) and G, := H\H;. Select g frootMHT , (G;), and setr:= 1/lc_,(g) (r is anew
variable) and d := Ipp_, (9)+r-(9—-Im., (). Suppose that &:= (G1\{g})u{g'} € K[r, A][X], and G is a Grobner basis
of (G,USS) with respect tocy in K[r, A][X], G4 := {f € K[A][X]: f #0, f = lc_, (9)*-0r-1(q), deg(q) = k e N, q € Gs},
and{hy, ..., het :={le (f) € K[A] : f € G3\(G3 N (SH)}.

Then for anye € V(S)\(V(lcs, (9)) U V(LCM(hy, ..., Ne))), 0a(Gs) is a Grobner basis fofo,(F)) w.rt. <x in L[X]
(or=1(g) means substituting for the variable r of gLCM(h) is the least common multiple of h.).

If we apply Theorem 1 directly, then we need an additional variatilds the author noticed in [17], this approach
may give rise to time-consuming &wner basis computation. In Theorem 1, however, if we select a monongdi@s
MHT ., (G1), then we do not need an additional variahl®Ve apply this selection for our algorithm for computing CGS.

Theorem 2 ([11])Let | be an ideal in KA][X], and let G= {gs,...,ds} be a Grobner basis of | with respect .
We assume that thespare ordered in such a way that,g..,gr ¢ K[A] (for 1 <r < s)and g.1,...,0s € K[A], and let
G’ ={01,...,0}. If a specializatiorr satisfies that-(gr.1) = --- = 0(9s) = 0and MHT ., (G) = MHT ., ((G)), then
o (G’) is a Grobner basis foto (1)) with respect to<x in L[X].

In Theorem 2, for given Gibner base® andG’, we next consider what condition ofsatisfies. First, we give a notation
for explaining a solution of the question. We write

g = ai,l)?‘”1 + ai,z)?”'vz +o 4 ai,h)?"'-'l, (a,j € K[A], X g pp(X))

forg € G’ = {01,...,0}, and terms irg; are ordered in descending with respeckig that is, X <y --- <x X%2 <x
X%z, Note that Ipp, (g)) = X** and e, (g) = a1. Next, we assume that the polynomialsGhare ordered in such a
way that MHT,, (G") = {Ipp_,(91), . ... Ipp., (9k)} for 1 < k < r. Thus, Ipp, (%), - - - IPP, (9r) are divisible by some
power products in MHT, (G’). Fork + 1 <i < r and power product i, let X“4.1 be the highest term which is not
divisible by some power products in MHJ(G’) if it exists. Thus X®+,..., X*u are divisible by some power products
in MHT ., (G’). Moreover, we also assume that the polynomial®igi, . .., g} are ordered in such a way thgithas a
power product which is not divisible by every polynomial in METG’) for k+ 1 <i < r’, and every power products in
g; is divisible by some power products in MHJ(G) forr’ < j <.

Under the notation and ordering rule given above, we give a condition of



Proposition 1 ( [11]) Let | be an ideal in KA][X], and G = {gi,...,0s} a Grobner basis of | with respect tey.
We assume thatjg are ordered and written in the given rule,g..,gr ¢ K[A] and g,1,...,0s € K[A], and let
G’ ={01,...,0}. Then for all

ae V(gr+l, CRRE) gS)\( V(al,l e ak,l) ) V(ak+1,l’ ceey ak+1,uk+1) U---u V(ar’,la ceey ar’,u,/))y
0a(G’) is a Grobner basis ofo3(1)) with respect to<x in L[X].

Remark: If we apply original Suzuki-Sato’s criterion [25] to the $&t, then we obtaiV(gr11,...,9s) \ V(ag1--- a1 -
11 - &1). Obviously,V(ag1---ak1 - &ks+11 - -a1) = V(@11 -ak1) U V(&11) U -+ U V(& y,). We know that
V(aks1,1) D V(@11 - - - Bkatun)s - - -» V(@ u,) D V(@ 1,...,ar ). Thatis, the condition of Proposition 1 is stronger
than Suzuki-Sato’s one.

Proposition 1 leads to the following algorithm which outputs the condition of paraméféas; - - - a1) U V(a1.1, - - - »
Atu,,) YU U V(@ 1,...,8-,,)) and a set of polynomiab’.

Algorithm Kurata
Specification: Kurata(G, <)
Input: G: a Grobner basisx: a term order,
Output: L: a set of sets of polynomials iR[A], H: a set of polynomials irK[A],
G’: a set of polynomials iiK[A][ X],
begin
L « 0; MH « MHT.(G); B« G\MH; G’ « MH
while B # 0 do
SelectgfromB; B« B\{g}; D« 0; g < ¢
while g # 0do
if 3f € MH s.t. Ipp_(f)|Ipp.(9) then
D« Dulc(9); g« g-Im(g)
else
A—1; G « G ulg)
break-while
end-if
A<0
end-while
if A=1then
L—~LuUD
end-if
end-while
H « {lc<(h)[vh e MH}
return L, H, G’]
end

We apply Theorem 1 with the selecting monomial strategy and Proportion 1 to our algorithm for computing CGS. In

the next subsection, we give some basic manipulations foffemeat CGS implementation.

3.2 Supports

In this subsection, we introduce a key tool of our algorithm for computing CGS, and some computational algorithms. An

algorithm based on CGS often yields many superfluous segments, so that it gives rise to computéimntétdif we

do not apply optimizations. In order to avoid thesffidilties, we have to reduce useless segments, which appear during

a computation, by treating their parameter spaces carefully.

In [17, 25], a parameter space was merely define@@s)\ V(S) whereT, S are sets of polynomials. Even if
V(T)\V(S) = 0, their algorithms [17, 25] do not care this emptiness. Here we introdsuggports’ for parameter
spaces, because we can reduce useless segments and unnecessary computation by checking supports.



Definition 2 (Support) Let T andS be finite sets of polynomials iK[A] such thatV(T) 2 V(S). ThenV(T)\ V(S) is
called asupport. If V(S) = V(1) = 0, thenV(t) is also called a support.

During a CGS computation, we need to check whether a supffdit, V(S) satisfiesV(T)\ V(S) = 0 or not. The next
algorithm tells us how to check whether a support is an empty set or not.

Algorithm SupportlsZERO
Specification: SupportlsZERO(P)
Check whether a suppdrtsatisfiesP = ( or not.
Input: P: a support,
Output: return 1ifP = @, return O otherwise.
begin
VEN\NV(M) « P
if V(S) = V(T) then
return 1
else
return O
end-if

In order to trim redundant branches during a CGS computation, we need three algorithms for supports. One algorithm
is Intersection for computing the intersection of two supports as follows:

Let p1 = V(t1)\ V(s1) andp; = V(t2)\ V(s2) be supports wherg, t,, 51, S, are finite sets oK[A], andV(s,), V(s;) #
V(1). Then we perform the following computation:

PN P2 = (V(t)\ V(s1)) N (V(t2)\ V(s2))
= (V(t2) N V({E)\(V(s1) U V(s2))
= V(t U t)\((V(s1) N V(t2)) U (V(s2) NV (1))
= V(t1 U t)\ V(Prod(s, U tz, 5, U th)),

whereProd(s,t) := {f - g|f € s g € t}. The last termiV(t; U t)\ V(Prod(s; U to, & U ty)) is also a suppott In this
paper, the next algorithrimtersection outputs the intersection of two supports, based on the computations above and
SupportIsZERO.

Algorithm Intersection
Specification: Intersection(P, Q)
ComputeP N Q.
Input: P, Q: supports,
Output: returnP N Qif it is not the empty, return O otherwise.
begin
V(t)\V(sy) < P
V(t2)\ V(s2) < Q
A « SupportIsZERO (V(t; U t2)\ V(Prod(s; U ty, s U tg))
if A= 1then
return O
else
return V(t; U tp)\ V(Prod(s; Utp, s U tg)
end-if
end

The second algorithm is the following:
During a CGS computation, we need to check whether a given parameter space is in a set of parameter spaces already
computed. If so, we do not need to compute a CGS on the parameter space. We implement this procedure as follows:

1 If V(s1) or V(sp) is V(1), then we need another procedure of the computation. It is not, howefieyldio implement it.



Algorithm Check_space
Specification: Check_space(Q, SP)
Check whethef is in SP or not.
Input: Q: a support, SP: a set of supports,
Output: return 1ifQisin SP, return O otherwise.
begin
while SP# 0 then
SelectP from SP; SP— SP\{P}
A < Intersection(P, Q)
if A= Qthen
return 1
end-if
end-while
return O
end

The third algorithm is the following:
If we compute a CGS with ‘equak(0)’ or ‘not-equal & 0)’ conditions, we first transform this condition into a
support for our CGS computation. We next compute a CGS on this support as follows:

Algorithm Make_supp

Specification: Make_supp(T, S)
TransformV(T)\ V(S) into a support.

Input: T,S: a set of polynomials,

Output: return 0ifV(T)\ V(S) is an empty, returiy(T)\ V(T U S), otherwise.

begin

if SupportlsZERO(V(T)\ V(T U S))=1then
return O

else
return V(T)\ V(T U S)

end

We give a simple example tihke_supp. If ‘equal (= 0)’ and ‘not-equal £ 0)' conditions arda = 0, b(b—2) # 0}, then
the algorithmMake_supp outputsV(a)\ V(a, b(b — 2)) as a support.
All the algorithms in this subsection are essential for our CGS algorithm in the next subsection.

3.3 Main Algorithm

Here we give a new algorithm for computing CGS whichfigcéent for our problems, electric and neural circuits. We
assume that the algorithfactorize(h) outputs a set of all irreducible factorsiofn K[A], whereh e K[A].

Algorithm newCGS
Specification: newCGS(F, T, S, <)
Compute a CGS oW (T)\ V(S).
Input: F: a set of polynomials ilK[A][X], <: aterm order,
T: a set of polynomials ifiK[A] (‘equal (= 0)’ conditions),
S: a set of polynomials itK[A] (‘not-equal & 0)’ conditions),
Output: a CGS onV(T)\ V(S) w.r.t <.
begin
Consider that * SPACHSs a global variable.
SPACE« 0
V(T)\ V(S) « Make_supp(T, S)
return CGS_main(F, T, S, <)
end



Algorithm CGS_main
Specification: CGS_main(F, T, S, <)
Compute a CGS oW(T)\ V(S).
Input: F: a set of polynomials ilK[A][X], V(T)\ V(S): a support,<: a term order,
Output: a CGS onV(T)\ V(S).
begin
1: G; « Compute the reduced Gloner basis fotF U T) w.r.t. <a x in K[A, X]

2: Gy « G1\(G1 N (T));

3: MH « MHT.(Gy)

4: Mg « {f e MH |3g s.t. Ipp.(f) | Ipp.(g), fis a monomial.
5:if Mg # 0 then

6: while Mg # 0 do

7: Selectp from Mg

8: V(T)\ V(Sy1) « Intersection(V(T)\ V(S), V(O)\ V(Ic<(p))
9: if SupportIsZERO(V(T1)\ V(S1)) # 1then

10: Gy « (G2\{p}) U {lpp.(p)}; U « factorize(lc<(p))
11: ALL « CGS_main(Gy, Ty, S1, <)

12: break-while

13: end-if

14: Mg « Mo\{p}

15: end-while

16: if Mg # 0 then
17: while U # 0 do

18: Selectu fromU; U « U\{u}

19: V(T2)\ V(Sz) « Intersection(V(T)\ V(S), V(u)\ V(1))
20: if SupportIsZERO(V(T2)\ V(Sy)) # 1then

21: ALL « ALL U CGS_main(F, T, S;, <)

22: end-if

23: end-while

24: end-if

25: return ALL

26: else

27: [L,H, G’'] « Kurata(G, <)

28: [A1, Ay] «make_segment(L, H,G’)

29: if Ay # 1then

30: SPACE« SPACEU{A;}

31: ALL « {(Al, Az)}

32: else

33: ALL «0

34: end-if

35:CU—HuUL

36: while CU # 0 do

37: SelectC; from CU; CU« CU\{Cq}

38:  V(T2)\ V(Sz) « Intersection (V(T)\ V(S), V(C1)\ V(1))
39: if SupportlsZERO(V(T2)\ V(S,)) = Othen
40: if Check_space(V(T,)\ V(S;), SPACE)= 0then
41: ALL « ALL UCGS_main(F, T, S, <)
42: end-if

43: end-if

44: end-while

45: return ALL

46: end-if

end



Subalgorithm Make_segment
Specification: Make_segement(L, H,G’, V(T)\ V(S))
Create a segment .
Input: L:a set of sets of polynomials iK[A], H : a set of polynomials,
G’: a set of polynomials iiK[A][ X],
Output: a segment (TS : a suppoi®’: a set of polynomials).
begin
{hy,...,h} « {lc.(h)|Vh € H}
TS « Intersection(V(T)\ V(S), V(O)\ V(hy - - - hy))
if SupportlsZERO(TS) = Othen
E<O
while L # 0 do
Selectl; fromL; L « L\{Ly}
TS « Intersection(TS, V(0)\ V(L1))
if SupportlsZERO(TS) = 1then
E<1
break-while
end-if
end-while
if E = 0then
return [TS,G’]
else
return [1, 0]
end-if
else
return [1, 0]
end-if
end

The algorithrnewCGS always terminates, and outputs a CGSef on V(T)\ V(S). Since these proofs are essentially
the same as the proofs of [17, 25], we do not give the proofs (See [17, 25]).

A big advantage ofiewCGS is that we can input ‘not-equat(0)’ and ‘equal € 0)’ conditions. As these conditions
trim redundant branches in lines 8, 19, 40 during CGS computation, the algorithmfiicrendy.

If there exist many parameters, then this approach is useful to obtain CGS. In fact, this approach is suitable for our
problems, electric and neural circuits. If we inpdtasT, and{1} asS (i.e., V(0)\ V(1) = L™), then we are able to obtain
a normal CGS on the whole parameter space, too.

The algorithmnewCGS has been implemented on the computer algebra systemfARiisg20]. We give a simple
example how our implementation outputs. {@%%y + bx+ 3, (b — 2)xy + bx + 5} be a set of polynomials iG[x, y], X,y
be variable, ané, b be parameters. The term order is the lexicographic suchytkaty, x. If we assume ‘not-equal’
conditions:a # 0 A b # 0 (i.e.,ab # 0), then our implementation outputs the followigg as a CGS or? \ V(ab).

(V(b—-2)\ V(a,b - 2),{25ay - 8, 2x + 5}),
G1 = { (C?\ V((b? - 2b)a), {-5ayx+ (3b — B)y — 2b, (302 — 12b + 12)y? + (25a+ ¢ .
b? — 2b)y — 2b?, Sbax+ (307 — 120 + 12)y + 25a — 2b? + 4b})

G1 has two segments. Our implementation also outputs a CGS on the whole parameter spacgdisdallows:

(V(b)\ V(a, b), {12y + 253, 5ax + 6}),

(V(b-2)\V(a,b-2),{25ay — 8,2x + 5}),

(V(a,b), (1)),

(V(a,b-2),{1}),

(V(a)\ V(b? - 2b,a), {(3b — 6)y — 2b, bx+ 3}),

(C?\ V((b? - 2b)a), {~5ayx+ (3b — 6)y — 2b, (3b2 — 12b + 12)y? + (25a+
b? — 2b)y — 2b?, Bhax+ (3b? — 120 + 12)y + 25a — 2b? + 4b})
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Problem Algorithm CA system | No. of segments| CPU time (sec.)
newCGS Risa/Asir 6 25.17
S: Suzuki-Sato Risa/Asir 36 343.2
Montes Maple 9.5 - > 30 min
NabeCGS Risa/Asir — > 30 min
NabeCGSJ[1] Risa/Asir 36 746.4
NabeCGS[2] Risa/Asir 36 785.7
newCGS Risa/Asir 7 0.203
Sy Suzuki-Sato Risa/Asir 16 0.281
Montes Maple 9.5 14 12.125
NabeCGS Risa/Asir 16 1.687
NabeCGSJ[1] Risa/Asir 16 0.328
NabeCGS[2] Risa/Asir 16 0.36
newCGS Risa/Asir 12 2.297
S3 Suzuki-Sato Risa/Asir 25 7.047
Montes Maple 9.5 - > 30 min
NabeCGS Risa/Asir - > 30 min
NabeCGSJ[1] Risa/Asir 27 7.968
NabeCGS[2] Risa/Asir 42 12.61
newCGS Risa/Asir 27 33.2
Sy Suzuki-Sato Risa/Asir 55 52.39
Montes Maple 9.5 - > 30 min
NabeCGS Risa/Asir - > 30 min
NabeCGS[1] Risa/Asir - > 30 min
NabeCGS[2] Risa/Asir - > 30 min
newCGS Risa/Asir 16 27.44
S5 Suzuki-Sato Risa/Asir - > 30 min
Montes Maple 9.5 - > 30 min
NabeCGS Risa/Asir - > 30 min
NabeCGS[1] Risa/Asir 38 37.88
NabeCGS[2] Risa/Asir - > 30 min

Table 1 Comparisons of our implementation with other oneewCGS’ is our implementation in this paper.

This output has six segments.

3.4 Comparisons

In this subsection, we compare our implementatiossCGS with other implementations: the Maple-implementation
by Montes [14], the Rig&sir-implementation based on pure Suzuki-Sato algorithm [25] by Nabeshima, and tfidiisa
implementatiof based on [17] by Nabeshima. Five proble®isS,, Sz, S4, andSs are the followings. All measures are
taken on a PC [CPU: Pentium 1.73 GHZ, Memory 2GB RAM, OS:Windows XP ]. NoteNhb¢CGS has a normal
strategy presented in [17] and tiddbeCGS[s] (s € N) means the selection strategy presented in [17]X,.&1Z, S, X,
X2, Y1, Y2 be variables, and, b, c be parameters. The term order is fixed at the lexicographic sucbtkaZ < Y < X
orS <Yy <Yy <Xo< X

S;: (X°-a, Yl -b,X+Y-2)

Sz {P.Q. (Xa—X2)2+(Y1-Y2)? =S, 2 L2 — 8. L2 2 (Y) — Yp) - 28 (Xy — Xp)} with P = aX2+bY; andQ = cY2 +dXe.
S3: The same polynomial set & with P = X2 + Y2 + aandQ = Y2 - bX3 + .

Sy (P-ZX2+Y2+22-S, X+ EZY+EZywith P =(X-2a)?> +bY? +b.

Ss: The same polynomial set & with P = (X — a)? + bY2 + & — b.

Table 1 shows that our implementation is mofgcéent than other ones for computing CGS. Specially, our imple-
mentation outputted small numbers of segments, because of trimming redundant branches.

2 http://www-ma2.upc.edu/ "montes/
3 http://www.math.sci.osaka-u.ac.jp/ nabeshima/PGB/
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Fig. 1 An example of electric circuit®, L, andC denote a resistor, inductor, and capacitor, respecti&ty.is an alternating voltage source.

4 Solving problems

We have to convert Formula (1) §2 into a set of polynomials to which we can apply CGS. For this purpose, first,
we substituteV;(t) = vi; sin(wt) + viz cost) into Formula (1). Next, we calculate a set of fia@ents w.r.t. singt) and
cost). This is a set of polynomials ov&{p, vi1, viz] (i > 1). Last, in the next sub-section, we show CGS where ‘equal’
and ‘not-equal’ conditions are considered as mentiongd.in

In this section, we used a workstation with IfteXeor® W5590CPU 3.33 GHz processor.

4.1 Example 1: Basic electric circuit

An electric circuit is illustrated in Fig. 1. The dynamics of this circuit can be described as the following equation:

a1

RI(t) + L it + c

f I(t)dt = esin(wt), (2
wherel(t) denotes a current, ar{t) = esin(wt) denotes a sine-wave alternating voltage source. As above-mentioned,
to convert Formula (2) into a set of polynomials, we substiti{€dvith xsin(wt) + y coswt). Then we obtained a set of
codficients w.r.t. sinpt) and cosgt):

(=X + RCwy + Lw?’Cx —Lw?Cy+ RCwX + y — eCw} 3)

In addition to the above set, we considered afée- y* — a2, whereay, corresponds to the amplitude k) based on
[21]. Therefore, for this electric circuit, we had to compute a CGS of the following set of polynomials,

{=X+ RCwy + Lw?Cx —Lw?Cy+ RCwx +y — eCw, X* + y* — a2). (4)

We applied our implemented CGS to the set (4) with parameigiG; R, L, w} and variablestx, y, an} on the computer
algebra system, Rigasir (Ver. 20090215), which yielded the result as shown in Table 2 (a). With ‘not-equal’ conditions
of e C,R L, andw, this calculation took around 0.6 sec.
To compare with our implemented CGS, we also applied the same set to a CGS which was implebyestenliki
and Sato [25]. Over MAPLE 11.02 and with parametesC, R, L, w} and variablestx, y, an}, it yielded eight segments
as shown in Table 2 (b). This calculation took around 0.06 sec. Considering the ‘not-equal’ conditions, only case 4)
-1+ Lw?C =0,(R8 # 0 in Table 2 (b) is reasonable, which is consistent with cas&BLw? — 1)\ V(LCw? — 1,eR
in Table 2 (a).

4.2 Example 2: Neural Circuits
Another promising application of our implemented CGS is analysis of neural circuits. In fact, neural circuits can be

described as an electric circuits [4]. Here we analyze a branching and ladder-like neural circuits [7] with an input impulse
as illustrated in Fig. 2.

4 http://kurt.scitec.kobe-u.ac.jp/ sakira/CGBusingGB/



(&) Segment Grobner basis

1)  V(0)\ V(L?eC®Rw’ + LZ2eC®R3w® - 3L3eC?Rw® - - -) (-L2C%% + -+, ..}

2)  V(L2C2w* + (C?R?2 - 2LC)w? + 1)\ V(LCw? - LR,...) (1

3)  V(LCw?-1)\V(LCw?-1,eR {y, -Rx+ e ex— a3 R}

(b) Segment Grobner basis

1) -1+Lw’C=0,e=0R#0 (X +y? - a2, a5R xR YR}

2) e=0,R=0,(-1+Lw?C)#0 (3% +y? — a2, —x + Lw?Cx Lw?Cy -y, a2 Clw? — a2}

3) R=0,(e(-1+Lw?C)#0 {@2CLw? + yeCw — a2, Lw?Cy+ eCw — y, X + y? — a2, xg

—X+ Lw?Cx y?e - gl

4) -1+Lw’C=0,(R8%0 (X% +y? — a2, xR- e yR a2 R - xe yel

5 C=0 {8, %}

6) -1+Lw?C=0e=0R=0 (X +y?—a2)

7 w=0 (&%, x.y}

8) (RCw(-1+Lw?C))#0 {=X+ RCwy + Lw?Cx a3CLw? + yeCuw — a2, X2 + y* — a2,
a2 R - xe Lw?Cy— RCwx + eCw -y}

Table 2 Output of CGS. (a) By our implemented method. (b) By Suzuki-Sato algorithm [25].

4.2.1 Branching Neural Circuit

The system of dferential equations that describes the branching neural circuit is the following:

CmdV1(t)/dt = —gVi(t) + esin(t) + gia(Va(t) — Va(t)) + 013(Va(t) — Vi(t)),

cmdVo(t)/dt = —giVa(t) + gaa(Va(t) — Va(t)), ©)

cmdVa(t)/dt = —giVa(t) + gaa(Va(t) - Va(1)),
wherecy, andV,(t) denote membrane capacitance and potential of néufare exactly, one has to say ‘compartmént
because in this example, we use multi-compartment modg§6[4].) The parametes; designates the resistive coupling
fromi to j. g Vi(t) is a simple form of the membrane current of neurcandesin(wt) is an input impulse into neuron 1

To convert Formula (5) into a set of polynomials, we substitigt) with x sin(wt) + y; cost), and obtained a set of
codficients w.r.t. sinpt) and cosgt):

{ CmXaw — Oa1y1 + OIY3 + Ga1Y3, —01 X3 + O31X1 + CY3w — U31X3, Cm¥ew — Q21Y1 + Y2
+ 0212, 9iX2 — Q21X1 — CmYow + 021X2, CmX1w — Q12Y2 + QY1 + Q12Y1 — 0133 + 013Y1,
—CmY1w — Q12X2 + G12%1 — Q13X3 + OiX1 + G13%1 — €}. (6)
As mentioned in the electric circuit, in addition to the above set, we considenalsog)? + (v, + ys)? — 482, whereap,
represents the averaged amplitude of sum of neurons 2.and 3
We applied our CGS to the set (6)(x2 + X3)2 + (Y2 + y3)? — 422} with eight parametersw, €, C, 912, 913, O, 921, J31,
seven variabledan, Y3, Y2, Y1, X3, X2, X1}, and ‘not-equal’ conditionsy # 0Ae#0ACh #0A Q12 #0A 013 #0AQ #
0 A g1 #0A g3 # 0. This calculation took around 1000 sec. The output of the CGS had 14 segments, one of which we
found biologically-meaningful. This parameter space Wégs1 — gz1) \ V(...), which means that some characteristic

phenomenon occurs when the resistive coupling of neuron 2 to 1 is equal to that of 3 to 1. The CGS by Suzuki-Sato
consumed 8GB memory and halted without an output in three days.

4.2.2 Ladder-like Neural Circuit

In the same manner as the branching neural circuits, we obtained a set of polynomials with respect to the ladder-like
neural circuit:

{ cmXaw + QY1 — Q122 + 012Y1 — G13Y3 + Q13Y1, €+ CmY1w — Qi X1 — Q12X1

+ 012X2 — 013X1 + 013X3, —Q42X2 — CmYaw + Q1 X4 — Ja3X3 + Ja2Xa + Ja3Xs, O1Y4

— Q42Y2 + Qa2y4 + CmXaw — Q43Y3 + Q43Ya, G21X1 + CmY2w — Qi X2 + Q24X4 — 021Xz

— Q24X2, —031X3 + CmY3w — 01 X3 — 034X3 + J31X1 + 034X, —Q1Y3 — Q31Y3 + J31y1 (7
— CnX3w — 034Y3 + 034Y4, QY2 — O21Y1 + G21Y2 + CmXow — Q24Ya + Q24Y2, X421 + yi - arzn},
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Fig. 2 Two example of neural circuits. (a) A branching example which was originally introduced in [4, Fig. 6.¢6iresponds to a capacitor.
gij corresponds to resistance from neurdm j, whereg;; is not necessarily equal @) due to compartmental interpretation of neurons. (b) A
ladder-like example, which is based on ‘ladder-like patterns’ of distribution of sympathetic preganglionic neurons [7].

where, in the last element? + y3 — a3, an, represents the amplitude of neuron 4.

We applied our CGS to the set (7) with 12 parametiesse, Cm, 01, 912, 913, 942, 943, U21, 024, 931, O34} and 9 variables:
{ams Y, V3, ¥2, Y1, X4, X3, X2, X1}. In this circuit, for simplicity, we set ‘equal’ conditiongz; = g13 = O21 = 12 A 34 =
043 = Q24 = Oaz together with ‘not-equal’ conditions # OA Cn #0AC # 0A Q1 # OA Q12 # O A G214 # 0 during CGS
calculation. It took around 845 min and output 8 segments whose parameter spaces were of tHéffpxi(---) (i =
1, 2, LN 8) fl, fz, Cey fg are (l) 0, (2)3;]‘.1(1)4 + (ZC%glz + (6931 + 6934)C?ng| + (gggl + 2934931 + 9954)0%1)0)2 + g|4 + (6931 +
6034)0° + (993, + 34034031+ 993,) 97 + (4803403, +4803,031)91 +6492,03,, (3) Caw? + G2+ (2031 +2034) 01 + 03, + 2034031+ 03,
(4) 2w? + of, (5) 207 + (3031 + 3034)0) + 4034931, (6) 201 + 301 + 3034, (7) G + Us1 + Us4, and (8)g) — Qa1 + 3Yaa.

The derivation of the sets (4), (6), (7) is given in
http://sites.google.com/site/neuropoke/.

5 Discussion

In the basic electric circuit, through our CGS, we have found a resonant conditieri/ VLC indicated by segment 3)
V(LCw? - 1)\ V(LCw? — 1,eR) in Table 2 (a). Further, in this segment, adBner basis in terms of lexicographical term
order,an, < y < xis calculated aga2R? — €,y, —~Rx+ €}, showing that the amplitude &ft), a,, becomes/R under the
resonant condition.

In the branching neural circuit, we obtained one acceptable seggagnrtgy; under a biological assumptiow, >
OAe>0ACH>0AQ12>0AG013>0AQg >0AQg >0Ags: > 0. It should be noted thajs; — g1 is, of course, a
simple term, but it is dficult to confirm by hand that the only term exists as a biologically-meaningful segment against
8 parameters. In this segment, we calculated @6er basis in terms of lexicographical term ordgr,< X3 < X2 <
X3 < Y1 < Y2 < Vs, revealing that each of the variablss; y-, y1, X3, X2, X1, am can be described as a function of the

parametersfw, Cm, €, 931, 012, 913, 0i}. For examplea can explicitly be described as followa;, = egs1/ 4 /(gl2 + CZwA)F
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with F = g7, + 02, + 03, + 203101 + 07 + 2013(Qs1 + 1) + 2012(013 + U3 + §)) + Caw?. Thus, through our CGS, we

have succeeded in deriving a relation of parameters, where the system has some characteristic. It was easy to find out
these relations because only 14 segments exist as an output of CGS. The number of segments depends on the number of
parameters under ‘not-equal’ conditions. Indeed, there exist 14, 28, 41, and 45 segments when 8, 4, 1, and O parameters
are under ‘not-equal’ conditions, respectively, showing that many unnecessary segments will appear without a biological
assumptioni.e., a positive-value condition.

Last, in the ladder-like neural circuit, we used the ‘equal’ conditions as well as the ‘not-equal’ conditions. We
obtained 8 segments, only the last segment (8): gs1 + 39s4) of which is acceptable under a biological assumption
w>0Ae>0Ach>0A0 >0Ags > 0A gz > 0. These facts tell us a possibility that a ‘positive-value’ assumption
during CGS calculation will reduce both of its calculation time and the number of segments. ‘Positive comprehensive
Grobner system’ is, therefore, a promising future work

6 Summary

Here we have implemented a CGS to derive specific conditions with the ‘equal’ and ‘not-equal’ conditions considered.
These conditions decrease the number of segments as an output of CGS, which enables us to find out a particular relation
of parameters at ease. A close view of the obtained parameter spaces provided us with a future work, ‘positive CGS
(pCGS).
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