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Abstract

Large time behavior of solutions to the linearized compressible Navier-
Stokes equation around the motionless state in a cylindrical domain
is investigated. The LP decay estimates of the associated semigroup
are established for all 1 < p < oo. It is also shown that the time-
asymptotic leading part of the semigroup is given by a one dimensional
heat semigroup.
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1. Introduction

This paper studies large time behavior of solutions to the following system
of equations

(1.1) Owu+ Lu =0,

where u = T(¢,v), ¢ = ¢(z,1) € R, v = T(v!(x,1),v°(x,1), 0%z, 1)) € R?,
and L is an operator defined by

0 ydiv
L pu—
vV —vA — oVdiv

with positive constants v, 7 and . Here ¢ > 0 is the time variable and
x = (11,22, z3) € R? is the space variable and 7+ stands for the transposition.

*Faculty of Mathematics, Kyushu University, Fukuoka 812-8581, JAPAN
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In this paper we consider (1.1) in a cylindrical domain
Q=D xR={x=(2,23);2" = (x1,22) € D, z3 € R}
under the boundary condition
(1.2) v|aq = 0.

Here D is a bounded domain in R? with smooth boundary dD.
The system (1.1) arises from the linearization of the compressible Navier-
Stokes equation

Op + divm = 0,
o -+ div (22m) 4 VP(p) = A (2) + (u+ ) Vdiv (2)

p

(1.3)

around the constant motionless state (p,m) = (p«,0), where p = p(x,t) is
the density; m = T(m*(z,t), m?(z,t), m3(x,t)) is the velocity field; and p, is
a given positive number.

Large time behavior of solutions of (1.3) in unbounded domains has been
widely studied, which presents interesting aspects. Concerning the Cauchy
problem for (1.3) on the whole space R?, it was shown in [13, 17, 18] that
if the initial perturbation (p(0) — ps,v(0)) is sufficiently small in A3 then
there exists a unique global solution to (1.3) and the leading part of the
perturbation u(t) = (p(t) — p«, v(t)) in large time is given by the solution
of the linearized problem, which exhibits a hyperbolic-parabolic aspect of
system (1.3). (See [12] for the case of a general class of quasilinear hyperbolic-
parabolic systems.) The solution of the linearized problem is approximated
in large time by the sum of two terms; one is given by the convolution of the
heat kernel and the fundamental solution of the wave equation, the so-called
diffusion wave; and the other is the solution of the heat equation. It was
found in [3, 4] that hyperbolic and parabolic aspects of the diffusion wave
exhibits an interesting interaction phenomena in the decay properties of L
norms with 1 < p < oo. (See also [16].) Such an interaction phenomena
also appears in the exterior domain problem [14, 15] and the half space
problem [8; 9]. Furthermore, in the case of the half space problem, some
different aspect appears in the decay property of spatial derivatives due to
the presence of unbounded boundary.

On the other hand, solutions on the infinite layer R"~! x (0, 1) behave
in a different manner from the ones on the domains mentioned above. The



leading part of the solution on the infinite layer is given by a solution of an
n — 1 dimensional heat equation [7]. This is due to the fact that the infinite
layer has an infinite extent in n — 1 unbounded directions and the remaining
one direction has a finite thickness. An analogous result was obtained in [10]
for the cylindrical domain €2 that has one unbounded direction z3 and two di-
mensional bounded cross section D. In this case, under suitable assumptions
on the initial value, the perturbation u(t) = (p(t) — p«, v(t)) satisfies

lu(®)][z2 = O, Jlu(t) = u@ (B2 = O™ logt)

as t — oo. Here u® = (¢ (x3,1),0) with ¢ (x3,1) satisfying
1
(14) 90 — kD200 =0, ¢ = D / (po(', z5) — pi) da’,
D

where & is a positive constant and |D| denotes the Lebesgue measure of D.
In [10] large time behavior was investigated only in the L? space, while in
the case of the infinite layer [5, 6, 7] it was investigated in general L? spaces.
The analysis in LP spaces in the case of the infinite layer relies on a solution
formula ([5]) whose analogous version seems to be unavailable in the case of
cylindrical domains since D is a general bounded domain of R2.

In this paper we will extend the analysis in the L? space in [10] to general
LP spaces. We here treat only the linearized problem (1.1)—(1.2), since the
nonlinear problem (1.3)—(1.2) can be treated as in [7] based on the energy
method by Matsumura and Nishida [19] and the analysis of the linearized
problem (1.1)-(1.2).

The main result of this paper is summarized as follows. Let 1 < p < oo
and let u(t) be a solution of (1.1)—(1.2) with u|;—o = T (¢o, vo) € [W'P x LP]N
L'. Then

lu(®)[|» = O(t2072)),
(1.5) o

) ~ w1 = O(~H1D )
ast — oo. Here u® =T (¢ (x3,t),0) with ¢ (x3,t) satisfying the equation
in (1.4) and ¢ =y = |13| [ do(@’, z3)dx’.

To prove (1.5) we will consider the Fourier transform of problem (1.1)—
(1.2) with respect to x3 variable which is written in the form

3tﬂ—i—L§ﬂ: 0,
U’aD =0, u’t:O = Ug-

(1.6)
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Here u = u(a’,&,t) = (¢( L6, 0),0(2,€,t)) (2 € D, £ € R, t > 0) denotes
the Fourier transform of u(x’, x3,t) = T(¢(2', x3,t), v(2', z3,t)) with respect
to x3 variable. We investigate problem (1.6) according to the following three
cases:

(i) ¢] < 1, (i) |¢]>1, (ii)r < |¢ <M

with suitable constants 0 < r < M < oo. The case (i) is treated similarly
as in [6, 10]. We regard problem (1.6) as a perturbation from the one with
¢ = 0 and analyze the spectral properties of Eg by applying the analytic
perturbation theory. As for the case (ii), we treat it as a perturbation from
the problem on the half space and derive necessary estimates for the corre-
sponding part of the resolvent in L” spaces by using the Fourier-Multiplier
Theorem. As for the case (iii), we derive estimates for the derivatives of
(A + Eg)_l with respect to £ and then obtain necessary estimates for the re-
solvent by employing the Riemann-Lebesgue lemma. To investigate the cases
(ii) and (iii), we will use the solution formula for the half space problem [8, 9].

This paper is organized as follows. In section 2 we state our main result
of this paper. The analysis for the cases (ii) and (iii) are done in sections
3 and 4. Section 5 is devoted to the analysis for the case (i). Based on the
analysis in sections 3-5, we prove our main result in section 6.

2. Main Result

We first introduce some notation.

For 1 < p < oo we denote by LP(Q2) the usual Lebesgue space on €2 and
its norm is denoted by || - ||,. Let ¢ be a nonnegative integer. The symbol
WEP(Q) denotes the f-th order LP Sobolev space on Q with norm || - ||y e.s.
When p = 2, the space W*?(Q2) is denoted by H*(Q) and its norm is denoted
by || - || ze. C5P(Q) stands for the set of all C* functions which have compact
support in . We denote by We?(Q) the completion of C57(2) in WEP(Q).
In particular, Wi %(Q) is denoted by HE(Q).

We simply denote by LP(Q) (resp., W P(Q), HY(Q)) the set of all vector
fields v = (v, v2,v3) on Q with v/ € LP(Q) (resp., W P(Q), H(Q)), j =
1,2,3, and its norm is also denoted by || - ||r» (vesp., || - [lwess || - ||ge). For

= T(¢,v) with ¢ € W5 (Q) and v = T(v, 02, v3) € WIP(Q), we define
lullwerxwir = [|@llwes + ||0]|wie. When € = j, we simply write ||u||ye» for

[ullwer e
Similarly we introduce the function spaces LP(D)0 W%P(D), H*(D) and




HE(D). Their norms are denoted by

[ lps [ Twews - e

For u = (¢, v) with ¢ € W4P(D) and v = T (v}, 0%, 0v%) € WIP(D), we denote

’U|W€,p><wj,p = ’(ﬁwa,p + ’U’WJ',p-
The inner product of L?(D) is denoted by

(f.9) = /D F (g (@)da’

for f,g € L*(D). We also denote the inner product of L?(2) by the same
symbol if no confusion occurs. We define (-, -) by

1

for f,g € L*(D). In particular, when g = 1, (f,1) is denoted by (f), i.e.,
1
f) = — / f(a)da'.
(=151 [ 16
For a Banach space X, we denote by S(R; X) the set of all rapidly de-
creasing functions on R with values in X.

We next introduce some notations about integral operators. We denote
the Fourier transform of f = f(z) (2 € R*) by

[Foerc IO = | flz)e 2z,
Rk
and the inverse Fourier transform is denoted by
Floflz) = @m)F | Qe
R

In particular, the Fourier transform of f = f(z3) (z3 € R) is denoted by ]?
or Ff,ie.,

7le) = Ff(e) = /R f(as)e € s da,

and the inverse Fourier transform is denoted by F~'f, i.e.,
F ) = (20 [ @)
R
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For a function K (y, z) on (0,00) x (0,00) we will denote by K f the integral
operator [ K(y, z)f(z)dz.

We denote the resolvent set of a closed operator A by p(A) and the
spectrum by o(A). For c € R and 0 € (3, 7), we will denote

Y(c,0) = {X € C;larg(A — ¢)| < 6}.
We denote by Qo, Q and Q' the 4 x 4 diagonal matrices
Qo = diag(1,0,0,0) , @ = diag(0,1,1,1) , Q' = diag(0,1,1,0),

respectively. We then have for u =7 (¢,v), v =T (v}, 0% v?),

0
au= (). Qu=(1). Qu- o) =T

We now state our main result. Let 1 < p < co. We define an operator L
on W?(Q) x LP(Q) with domain of definition D(L) by

0 ydiv
L= ,
vV —vA — oVdiv

D(L) = Wh(Q) x [W2(Q) n W ()]
with positive constants v, v and 7.

Theorem 2.1. Let 1 < p < co. Then —L generates an analytic semigroup
et on WHP(Q) x LP(Q) and e~ has the following properties.

(i) There hold the estimates
He_tLuonlvprp < CHUOHWLPXLP

and ) )
10 Qe uolly < Ct72|ugllwroxrr (€=1,2)
for0 <t < 1.

(ii) If up = T(¢o, vo) € [WHP(Q) x LP(Q)] N LY(Q), then e ug is decom-
posed as
e Mug = Uy (t)uo + Use () ug.
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Here Uy (t)uo and Us (t)ug satisfy the following (ii-a) and (ii-b).

(ii-a) Uo(t)ug is written as
Uy (t)uo =W, (t)uo + Ro (t)uo.

Here Wy(t)ug takes the form
©)(¢

and ¢\ (x3,t) satisfies the following heat equation on R.:

1
00" = k07,0 =0, ¢V = W/ ¢o(a', x5)da’
D

with some positive constant k.
For1<r <ooand{=0,1, the function Ro(t)uo satisfies the estimate

|9 Ro(@)uoll, < O 7% ug
uniformly for t > 1. Furthermore,
Up(t)Q = Ro(1)Q
and the estimates hold fort > 1:

|0:Uo(8)Quoll, < 72077 Qual 1,

[Uo()[0:Quo]ll. < Ct207972|Quol 1.

(ii-b) For € = 0,1, the function U (t)uo satisfies the estimate
10:Uso (t)uolly < Ce™luollwrox Lo
uniformly fort > 1.

Remark 2.2. Since ¢ is a solution of a one dimensional heat equation,
we have o
Wo(t)uoll, < Ct=21 [lug|1.

This implies that o
Lo (ol < Ct7207 D ||ug ;.
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The proof of Theorem 2.1 is based on the resolvent problem associated
with (1.1)—(1.2):

(2.1) A+ Lju=f, vlog=0.

Here u = T(¢, v).
Hereafter we will often write

v ="', x3), o' ='(x1,22) €D, V' ="(04,,0s,), AN =02 +02.
We take the Fourier transform of (2.1) with respect to 3 to obtain
Ap+ AV T i = [P,

N — vA'Y + v — VIV -0 +i&0%) + Ve =7,
3=z

N3 — vA'D? + v€203 — ivé(V' -0 +i€0®) + ivép =GP,
Ulop = 0,

(2.2)

which is written in the form
(2.3) A+ Le)a=f, Dlop=0.

Here £ € R denotes the dual variable; the unknown @ = 7(¢,7,7%) is a
function on D with values in C; and

R 0 YA i€
Le=| AWV —vA' +v& - V'V —iEV’
73 —ivETV’ —vA + (v + )&

Problem (2.3) will be investigated according to the cases
(1) [l <1, (i) J¢] > 1, (i) r < [¢] < M

with constants 0 < r < M < oo. We will study the cases (ii) and (iii) in
sections 3 and 4, respectively. The case (i) will be studied in section 5. Based
on the analysis of problem (2.3), we will prove Theorem 2.1 in section 6.

3. Resolvent problem for high frequency part

In this section we establish estimates on (A + Eg)_l for €] > 1.



Let M > 0 and set Uy = kar(§)(N + Eg)_lj?. Here iy is a C™ function
on R satisfying

0<km<1, ku(&) =

{10&>Mx
0 (¢l < ).

We will show the following estimate.

Theorem 3.1. Let 1 < p < oo and let ks be a function defined as above.
Then there exist My > 0, coo > 0 and O € (5,m) such that if M > My and

S

X € N(—Coo, Onc), then F ras(€) (A + Le) L f] satisfies the estimate

177 (s ©) 3 + L)~ Flllwrswzo < Cllflwroxes
uniformly in M > My and X € X(—Cx, 00)-

Theorem 3.1 is proved by establishing interior and boundary estimates.
We here give a proof of the estimate near the boundary only, since the interior
estimate can be proved similarly. R R

We see from (2.2) that @y = ki (§)(N + Le) ™' f satisfies
( M\ow + V' By + €T3, = marfY,

O, — vA'T, + Ve, — DV (V- T, + i€03,) + YV ou = Kk,
(3.1)
O3, — VA3, + €203, —in€(V! -0y, +1€03,) + ivédn = km g,

| Dulap = 0.

We take a point ' = (Z1,72) € D and an open neighborhood O C R?
of 7. Let x € C§°(O). Then, by (3.1), we have

[ Mxéur) + 7V - (xThy) + ivE(xD%) = Far,

A(x0)y) + (€2 — A) (xD),) R
—oV{V" - (x0y) + i€(x03)} + V' (x9) = Gy,

A(X3y) + V(€ — A (x03) R
—ivg{V' - (xVy) + (X0} + ivE(xom) = Gy,

L (XVur)|opro = 0.

(3.2)




Here
( Far = xknf° + (V'X) - Uy,

Gy = xtkmg — v(A'x)0y, — 20V - V', — V' (VX - D))
—ONV'X(V' - 0y) — o (V'X) 03, + (VX)) b,

| G3, = xkmGs; — v(AX)D3, — 20V x - V03, —in€(V'Y) - Y.

For any n > 0, if the diameter of O is sufficiently small, then one can find
a function h with the following properties (i)—(iii).

(1) h e COO(R), T = h(.f'Q), h/(.f'Q) =0.
(i) DNO C {2’ = (x1,22);21 > h(z)}, 0D NO C {2 = (v1,22);21 =
h(z2)}-

(iii) There are an open neighborhood @~0f the origin of R? and a diffeo-
morphism w = T (wy,ws) from O to O such that

)= () () ) e =0,
w(DNO) CH{y = (y1,92); 51 > 0},

w(@DNO) C{y = (y1,y2); 91 = 0},
b cny [+ Ay + T2
sup |1/ (y2 + Z2)| < 1.

\ Y2

~ Using the map w, we define Var(y',§), ®m(y', ), Fuly',€), Gy (y,€) and
G (', €) by

Vir(y',€) = Xou(w ™ (v),€), @u(y€) = xom (™' (1), ),
FM(y/7€> = FM(w_l(y/)7€>7 é’]\/[(y”f) = GIJ\/[(W_I(y/):f):

G, 8 = G (w (), ).
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Problem (3.2) is then transformed into the following one on the half space
R2 = {y = (y1.12) € R%y1 > 0,10 € R}:

(A\Oy + V-V + iV = RS,
AV + (€2 = AV, — oV (V- Vi, + i€V + V' 0y = Ry,

(3.3) )
AV +v(& — ANVE —in€(V - Vi, +i&V3) +ivéPy = R,

| Vitlyi=o = 0.
Here Var =*(Viy, Viy), Vir = " (Vag, Vi),
RY, = Fy+~ho, V2,
Ry = T(Ry, Ry,
Ry, = Gl — {0, Vi + 200y, Vi, — (W)202 Vi, } — bW 02 Vi,
R, = G% — v{h'0,VE + 210y, Vi — (W)202 V)
— {02 Vil + W' 0y, Vi + 21y, Vil — (W)202 Vi + i€ 0, Vi }
+vh'0,, P,
Ry = G3 — v W0, Vi + 200y, Vi — (W)202 Vi } — i€l 0, VY.

As for problem (3.3), we have the following estimates. In what follows
we will write y for (y1,y2,23) € R3.

Proposition 3.2. Let 1 < p < oo and let My > 0 be given. Then there exists
a number § > 0 such that if diam(O) < 6, M > My and X\ € X(—coo, ),
then the solution Uy = T(®ur, Vi, Vi) of (3.3) satisfies the following esti-
mates with C' = C(x, Q) > 0 uniformly for M > My and A € X(—Ceo, Oc0):

. _ C _ _ ~

() 1Fas Vil < 7HIF s Dxmanflwroc + 1o, @l },

172, @l + 10,72, Vil
_ 2 _ —~
(i) < C{IF, bemard Wl + 172, Dl
1 _ . _ N
o (1 bosardlly + I o)

11



10y Fe Lo, @rllp + 102F L, Varllp

(iii) < C{l10,F,, xkar POl + IF2,, xrnrdl

+Hf§_—l>a:3 [XaM] HLprl,p},

To prove Proposition 3.2, we consider the Fourier transform of (3.3) in y»
variable. In what follows we will write ¢ for 7({s,£) € R?. Then the Fourier
transform of (3.3) in yo gives

()\ + A\é:)fyg—)CQUM = fyg_(QRM (y1 > 0),
(3.4)
fyz-’CQVM’Zﬂ:O = 0.

Here UM = T(CDM(yla Y2, 52: VM(yh y~27 5)) with V](/INZ T(V](/[(yla y~27 5)7 VJ\?;[(yla Y2, 5))
is the solution of (3.3); Ry = T(RS,(y1,vy2,€), Ry (1, y2, &), B3 (y1, y2, &));
and

~ 0 70, in "¢
:=| 70 v(|¢]* - 351) — 17851 —iv ¢, ,
inC _inCd,, V(|G = 2) Iy + i TC

where 5 is the 2 x 2 identity matrix.
As for problem (3.4) we make use of some results by [9]. For a given
f e CP(R3) x Cg°(RY) let us consider the problem

N+ Agu=F,_:f (y1>0),
(3.5) ¢ g—¢
/U’ylzo =0

for the unknown u = 7(¢, v). To investigate problem (3.5) we introduce some
quantities. We set .
Al = _V’C’27

V1 = 1 ~ -
M= =2 Sy uAICH - 921G

and

. oo 1 [ .
Mo = — 2P & S fRRICH — 492(C

12



where v; = v+ 7 and 7 = 2v + . It was shown in [8, 9] that if ¢ # 0 and
A& {1, A, Ae, —7%/11}, then (3. 5) has a unique solution u. We denote the
solution operator for (3.5) by S(A, ¢). Then for the solution Up; = 7(®yy, Vi)
of (3.3) we have

fyz—foM - ()‘ C) y2—>C2RM7

and, therefore,

Folo U = F2L SO OF o Ru
= FL SO OF il Femas ]

As for f S (X, ¢)F,_¢, we have the following estimates.

g0
Lemma 3.3. For any My > 0 there exist coo > 0 and 0y € (5, 7) such that if
supp(F; ¢ f) C {[§] = M/2} with M > 2My and A € ¥(—cwo, 0), then there
hold the following estimates uniformly for M > My and X\ € ¥(—Cx0, 0x0):

105Q0F= " IS OF;e 1l
(3.6) 0 .
< {05 I+ T llglb} (lal =0,1),

logQF- IS SLOF; e Ally
(3.7) o )
= C{WH@(‘“' 0+ Tl lglls} (lal = 0,1,2).

Lemma 3.3 will be proved in a similar argument to that given in [5,
Sections 4 and 5], but we here need to pay attention to the dependence on M.
The spectral bound, sup Re a(ﬁé), of gg satisfies sup Re a(gé) =0(1) <0
as || — oo, and so we in general have H]—"g_l)gg()\,f)fg_)g/ﬁMH = 0(1) as
M — oo, but we can gain a factor M " as in (3.6) and (3.7) which work well
to obtain the desired estimate of Theorem 3.1.

To prove Lemma 3.3, we will make use of an integral representation of
the solution u = ()\ O)F, 5cf of (3.5) given by [9].

13



We introduce the characteristic roots of the ordinary differential system
(A + Ag)u = 0, which are given by +;(), (), j = 1,2, where

_ A 2
= (A [CP) = \/ %K’,

5 A2+ v ~2)\+ 21712 3
m:mu,m%:\/ WKPAEAACE ) )y

1/1)\ —+ ")/2

We next introduce the Green functions g,(f;) (y1,21) and g,(L]_.)(yl,zl) of the
equation ,ujw 62 w = f under the Neumann boundary condition and the

Dirichlet one at y; = 0 respectively. We define g,(f].c) (y1,21) by

(£)

1
gt — _(e—uj|y1—z1| + e—uj(y1+z1)) (j=1,2).

(y17 Zl)
2415

We set

g,(tjf)m (?Jl, 21) = g,(“)(yla 21) - g,(f:) (yla 21)-

We also define functions hy, (y1), huyu, (Y1), Bo(21), B(21) and b(z1) by
by (1) = e (5= 1,2), by (1) = by (1) = Py (1),
Bo(e1) = e, Be) = (et — emvon),

b(21) = ipa(e 7 — evm).

Using the functions defined above, we have an integral representation of the
solution u = S(A, () f of (3.5).

Lemma 3.4. If{ # 0 and X\ ¢ {\, e, \x,—%/11}, then the solution
S\, Q) Fy_if of (3.5) is represented as

SNOF =GO OF, of + HNOF; ¢ f,

where @()\,5) and fAI()\, 5) are the integral operators given by

GOOF, 1)) = / TEON G ) F, i) da

14



and
(ﬁ[()‘a 5)fg—>§f> (y1> = /0 ﬁ[()‘a 57 Y1, Zl>fg_>§f(zl> le.

Here @()\, Coyt, z1) is a 4 x 4 matrixz of the form

- d(h — 21)Qo + @1()\, C,y1,21) + @2()\, C,y1,21),

G\ Gy, 2) = %)\)

where §(y1) denotes the Dirac delta function;

%gl(t—;) (y17 Zl) _ay1 gl(tg) (y17 Zl) —1 ngl(tg) (y17 Zl)

@1 = ﬁ _ay1gft—;) (Y1, 21) 0 0 ;
~iCgia (41, 21) 0 0
0 0 0
@2 = 0 %gl(i_)(yla 21) - %65191(;)#2 (?Jla Zl) _#aylgl(;)’” (yl’ 21)
0 — X0y, 98 s (11, 21) Low (s 2012+ S ghie (01, 1)

with d(\) = i\ +~2; and fAI()\, Coyn, z1) s a 4 X 4 matriz of the form

fl(yla Zl)
0 0 0
;Ifl 0 0 0
M1 2 — 2 Z‘~ T F
© iy (y1)Bo(z1)  Lhyy (y1)bo(z1) —1hy, (yl)%ﬁ(a)

o inC iy T
—Horhe @)B(z) b)) G (51)8(=)
o A~ T

IL11L21—|§|2 %azn huhuz (y1)60(21> _%ayl hl"lv”? (y1>b(21> %ayl hm,m (yl)ﬁ('zl)
i 4 ¢

Adfl hm,uz (?Jl)ﬁo(zl) CThm,uz (?Jl)b<zl> _%hlﬂvm Qﬁ)ﬁ('zl)

15



The solution formula above is given in [9, Section 3|. (See also [8, Section
3 and Appendix| and [5, Theorem 3.8].)

Remark 3.5. (i) For g,(f].c) (7 =1,2), we have

O (g0 ) =gl f = F (=12, 05 (95),) =mig f— gl f.

(ii) As for p; (j = 1,2), an elementary observation shows that py =
VAR e = %; and if [ < 27/w1, then A_ = A} and Tm\, =
YE/1 = %’5’2’ while if [C| > 27v/11, then A+ € R. We also have

1 _ v A +92) (e + ’5’2)
pape — |2 AA=A)(A = A
Furthermore,
V1, ~ . x x *
Ae = —ZCP + |0 + O(CF) as [¢] — 0,
7 : ; %
Ap == -+ 0L, A= —1l(F+0(1) as (] — oo,

and similar asymptotics also hold for At

§—=¢

To estimate fg_l)g@()\, 5)‘7-"23_)5 and fg_l)gf[()\, C)F._ .z, we prepare several
lemmas. We proceed as in [5, Sections 4 and 5].

Lemma 3.6 (Fourier Multiplier Theorem). Let 1 < p < oo and let s
be an integer satisfying s > [k/2] + 1. Suppose that ¥(w) € C*(R* — {0}) N
L>*(R¥) and that there exists a constant Cy > 0 such that

w5 ¥ (w)| < Co
for allw € R¥—{0} and |o| < s. Then the operator F ;1 [V (w)(Fup_wf)(W)]

w—w

is extended to a bounded linear operator on LP(R¥) and there holds the esti-
mate

[ Fo [ () (Far ) ()]l Loqrry < CCOll f1] Lo (-

See, e.g., [2] for the proof of Lemma 3.6.
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An elementary observation yields the following lemma.

Lemma 3.7. Let g,(é.)(yl,zl) = i@‘”ﬂ"yl_zﬂ with p; = (N, 1C2) (= 1,2).
Then

f_l [/w gl(é-)(yl,Zl,C)(fg_)éf)(ZhC)le} = fg_—lry |\;2fy_’C(Ef)
0 I

I
Here y = (y1,9), ¢ = (¢1,¢) with { = ((2,€) and

Enw={ g =z

The following lemma follows from the boundedness of the Hilbert trans-
form. (See [1, Lemma 2.6].)

Lemma 3.8. Let 1 <p < oo and set

Tf(y1) = /Ooo " i Zlf(Zl)dZ1, Y1 € (0,00), f c LP(O,OO).

Then there exists a positive constant C' = C'(p) > 0 such that

T [l zr(0,00) < Cl | Lo (0,00)-

By Remark 3.5 (ii) one can obtain the following estimates. (Cf., [5,
Lemma 4.5].) In what follows we will denote

o(A Q) = AL+ ¢

Lemma 3.9. Let My > 0. Then there exist coo > 0 and 0 € (5, 7)
such that if ]5] > My and XA € 3(—Cx,0x), then for any multi-index & the
following estimates hold with some positive constants ¢ = ¢(@) and C = C(&)
uniformly for ]5] > My and A € X(—Coo, 00):

|&]

(i) 1025 < CON+1CP)7 (= 1,2),
&

(i) [95.1] < (A + ¢ 4%,

17



a|

(i) [0 (1 — )| < CIN(IA] + IE?) 5%,
(1v) 102 (a2 — 2] < CIM(N + 152 %

(v) 102 (upa — [ 71] < CRp(Al+ 1) 7%,

|&]

(vi) 08 ] < C(A| + [2) FeeeOtn (j = 1,2),

(vil) [B2(em — e=ram)| < CIA|(A] + [C2) 1 F et Pun

We are now in a position to prove Lemma 3.3.

Proof of Lemma 3.3. Let My, > 0 and let M > 2M,. Suppose that
Supp(F,_cf) € (010 = (G, €)1 €] = M/2).
We first estimate the G(\, () part of S(\, (). We begin with the terms

concerning g,(g). We write

9OF e O) = I — I,

where . "
_ —p1lyr—=z1] _£0
I = o0 ), ¢ Bl (F e f ) (z1)dz,
1 o
_ —p1(y1+21) _f0
I, = o e MWTEN(FL e f)(z1)dz.

As for I, by Lemma 3.7,

_ _ 1
FEI =7 | a1

If €] > M/2, then

1
aa
lﬂl +C1] ’CP

for any a (Ja| > 0). It then follows from Lemma 3.6 that

L < !dw

S

722,100 < 55 S8l

C—>y

18



Similarly one can obtain

077, 11l < w00 (181=1.2).

We next consider I,. Let ]B] +¢=0,1,2. By Lemma 3.9, we have

SNl LB & o OV (4
0 [P0t ghemmtnta ]| < Ca(|A| + [C7)FHEHE B0 )

1yl g 1
< Ca(|A+[¢7) 2

L Kt )
C, m—la\
B M2_é_|/é| Y1 + 2
for |£] > M/2. It then follows from Lemma 3.6 that
0 U P
H _1 [Cﬂ —u1(y1+z1)( f) }H , < C . Hf (Zlay)HLg
] ,ul 7—C L (Rz) M2—t-13]

N+

and, therefore, by Minkowski’s inequality for integrals, we have

H s lé‘/@ " ﬂ/ e_ul(y1+Z1)(fg_)éfo)(Z1>d21:|

C / / HfOHLg v
< dy1 .
M2==181\ Sy o Y1txn

Using Lemma 3.8, we see that for |3 = |3| +£=0,1,2,

p

C
10072 (Bl = 12, [P0t Bl < o 177l

From the estimates for I; and Is obtained above, we conclude

10775, 08 Byl < e 100 (161 =0,1,2).
Also, since
Oy Lot Fy e f) = 08 100 [ Fcf)) (G =1,2),
Clo Foef) = 95D Fy_elsf) (5 =1,2),
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one can similarly conclude for ayl o ) and 25 g,([;) that

C
M-8+

C
1057 1ol (o)l < o071 12 (181 = 0,1,2)

It remains to estimate the terms concerning g,(“,)m. This will be complete

if we show the estimates

aﬁfC_—’y [C)\ azl!)hqm Mz( §—>§f> (yl)]

10y 22 1095 (Fy e f) )]l < o971 21l (18] = 0,1,2),

C
< Wﬂf”p

p

(3.8)

for any @ and b with |a| +b=2 and |3|=0,1,2.
Let us prove (3.8). We write

&
A a§1gu1 Mz( g-ff)(?h) = Jl + JQ’
where
ooéab 1 — i lyr—=1] 1 R
- ~ - Hyi—= . 2|1Y1—=%21 L d
Jh N 3y1(2u1€ 2M2€ )(fy—>§f>(zl> 2,

e 1 1
Jo = 290 (——emlyita) _ —h2(yitz)\(Fo . dz.
2 \/0 (2/*616 2/,626 )( y—)Cf)(Z1> 21

As for Ji, by Lemma 3.7,

F2LLh = 72, [CA LN OF, (B

¢—7y

Here
1 1

pi+ GG s+ GG

NN Q) =
An elementary computation gives

N2
(A +2[C2) (A2 + 1 |CPA +42(C2)

N()‘aC> = -

20



In view of Remark 3.5 (ii), one can see that

IN(A, Co . _ . ~
o (S22 < eyt =+

for |£] > M/2. Lemma 3.6 then implies that

172251l < 35 <Al

C -y
Similarly we have

. C
16,722, [l < £l (181 = 1,2).

We next consider J5. We set

1 1
@ - —m(+z) _ = —pa(yita)
I o (y1721> = ﬂe p1(y1+21 2u2€ p2(yi+21)

By Lemma 3.9, we have, for |£| > M/2,

o8

J\xQ

A Y1 2#1
< Ci(N + ¢ )—%+&¥+m—%e—ca(&§)%(y1+z1)

[Cﬁ aﬁ-ﬁ-b (e—u1(y1+z1)_e—uz(y1+z1)> '

(3.9)
~Ly /+b+|ﬁ\+\a\_@ 1
< CallA +1¢17) 2 —
O et a
C,, m—la\
= M2t-b-Bl-lal oy + o
and
(3.10) o2 @6“17 i_i e—te(ita) || < Ca _ ) ’C’_la"
¢ A0 1 2 = M2-¢=b—|B8|-la] Y1+ 21
Since

1 1/1 1\ _ .
gl(t21)M2 (?Jl, Zl) ﬂ(e—ul(m—i—m) _ e_NQ(y1+Z1)> + 5 (E _ E) e—H2(y1+ 1)’
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we see from Lemma 3.6, (3.9) and (3.10) that

l

for |{| > M/2. Therefore, by Lemma 3.8 and (3.9), we have, for [3| =
6l +0=0,1,2,

|

Combining the estimates for J; and Jo we obtain (3.8); and the desired

c 11

< - .
e R
]

(=7

f_l 5B+da€+b (2) -
A w0 gm,uz(ylﬂzl)( g_m;f)(zl)

0y FL o]

e

C
)p < = Il

g

estimates for the @—part are obtained.
We next consider the H (A, () part of S(A, (). By Lemma 3.9, we have

p

1_]&]

02 hy, ()] < C(IA|+ [¢[2) 35 emer O,

G Fl2y-3-18 o 53 1
102, ()] < CIA(IN] + [G[D) 735 mer0 O,

&

(3.11) 02 60(1)] < CIN(IA] + |G)~ 3 emerrd o,

|&]

028(21) < CIN(A] + [{[?) 7 emeod0Za,

|&]

03B (1) < CIA(IA] + [{[?) = emerO 7=,

\

These inequalities yield the desired estimates for the H -part. For example,
let us consider the term —=—- $h, (y1)Bo(z1). By (3.11) and Lemma 3.9

pap2—|¢I?

(v), we have

oF [Pt 1 .§hm(y1)ﬁo(zl)ﬂ < C|fAtlale—er0. O )

Y1 i pa— |2
< g
- MBIy + 2

for |£] > M /2. As in the estimates for I and J, above, we see from Lemmas
3.6 and 3.8 that

C

< A=
P

(Lo ™

. 1 ¢
OF | ———— . 2h, F. :f°
b le—!d? 7S Cf]
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for |#| = 0,1,2. Similarly one can obtain
0272 [QuAQWF,_cflllo < O£l (18] =0.1)

C
MO=18D+

_ =~ ~ C
16,72, [QuHQF,_:llls < w7 llalls (181=0,1),

A A C
|0y Fe S lQHQF; e f1lln < s ll9lle (181=0,1,2).
This completes the proof. 0]

|0]F 2 [QHQuF,_¢flll» < 18481=D= 0|1, (18] = 0,1,2),

We now prove Proposition 3.2.

Proof of Proposition 3.2. By Lemma 3.3, if sup,, [#'(y2)| <7, then
(3.12)
10y, @atllp + 1105 F L, Vi

< C{IF 4, [0,Qo R llp + 1Fe 2, [Q Rl }

< CLUI0,F oy Il + 1172, [0 Virlllp + nll Fe 2, [05 Vil

—I3 [

1 Fe oy [l + llFe 2, [0 Vaalllp + 1llFe 2, [0y Pad] Il }-

We now take 7 > 0 in such a way that Cn < 1 7 and then choose 0 > 0

so small that sup,, |h'(y2)| < 1 whenever diam(QO) < §. It then follows from
(3.12) that

5.13) 10y F e, @t llp + 105 F e, Vi llp
< C{I0,Fe o [Fallly + 1F2 0, [Garlllp + 18, F 2, Vaally}-

Similarly, by Lemma 3.3,
1F e, @atllp + 10,2, Vil

—XI3

1
< C{IF .1 oRM]Hp+M!\f‘gixs[QRM]Hp}
(3.14) < C{Hf{%g[FM]Hp+77Hf-{ix3[@y/VM]Hp

(I\fg%g (Gorlllp + 1Fe20, 105 Vad] I,
| Fe 0y [0y Varlly + 0l Fe s, [0y Pad]ll) }-

23



We see from (3.13) and (3.14) that
1F e, @ally + 10,72, Vil

315) < CUIF, [Fulll,

1 = R .
37 IF L [Gollly + 10 [l llp + 105 F e Vi) }

§—x3 §—w3 —T3

by taking 1 and ¢ smaller if necessary. It then follows from Lemma 3.3, (3.13)
and (3.15) that
(3.16)

. C i a o
1Fee Vel < M{Hfgixg[QoRM]HerHf'gixg[QRM]Hp}

C 1 E 1A _
< FE s Eallwee + 17, [Gullls + 10,72 Vallp }-

§—zs

Proposition 3.2 now follows from (3.13), (3.15) and (3.16). This completes
the proof. O

We finally prove Theorem 3.1.

Proof of Theorem 3.1. For each ' € 0D we take Oz so that the estimates
in Proposition 3.2 hold with O replaced by Oz . Since D is bounded, one can
find an open covering {O;}¥_j of D and {x;}*_; € Cg° such that U](\j) = X;Um
(j = 1,--- k) satisfy the estimates in Proposition 3.2 with O replaced by
O;. Here {O;}f_ satisfies Oy € D, O; = Oy, for some z; € dD (j =
1,2,--- k), and D C UF_;Oy; and {x;}i_y € C™ is a partition of unity
subordinate to {O¥_}, i.e., there hold x; € C5°(O;) and Zf:o xj = 1 on

D. One can see that U](\g) = Yol satisfies similar estimates to those in
Proposition 3.2. Furthermore, the constants C' appearing in the estimates
for U](\j) (j=0,---,k) can be taken uniformly in j =0,--- , k.

Proposition 3.2 (i) then yields

(3.17)
k
1F o, < D IF VL

j=0
C & -

< 37 2 UF DgmaAlllwrrces + 17 Ixgtiadll s}

j=0
< IF F
S W /‘fo]HWLPxLP‘i‘H UMHprWLp}-
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By (3.17) and Proposition 3.2 (ii), we have

k
| F @l oawre < D NF UL o

=0
_ " Lo
< C{||lF l[ﬁMf]levprP + MHJ: IUMHvaWLp}-
Therefore, if M > 0 is taken so large, we obtain
(3.18) IF Y || oxwrr < CIF Y kar ]l woow-

It then follows from (3.18) and Proposition 3.2 (iii) that

k
|F anllweoxwen < D IF U oo xwes
=0
< CE|F e f)llwirxre-
This completes the proof.

4. Resolvent problem for the middle frequency part

Let M > 0 and r > 0. In this section we establish estimates on ()\—i—fg)_l

for r/2 < |¢] < M.

We begin with estimating (A + Eg)_l for X\ in compact sets. We first
estimate k, 1 (§)(A\+L¢) 7' f for f € W'P(D)x LP(D). Here k. is a function

in C§°(R) satisfying
L (r=ld<3)
0 S Rr M S 1, K’T’,M(&) =
0 (¢l < 3. l€l > M).

Note that here f is a function of 2’ € D and does not depend on &.

Proposition 4.1. Let r and M be numbers satisfying 0 < r < % and let
Ay > 0. Then there exist constants ¢y = c1(r, M) > 0 and 6, = 01(r, M) €
(5,m) such that if X € X(—c1,01) N {|A| < Ar}, then for any integer k > 0

the function k. r(§)(N\ + Zg)_lf satisfies the following estimate

|0 [t + Le) ™ Alyprm sy < Cilflwroxrs
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with some constant Cy uniformly for & and X € X(—cq1,601) N {|A] < A}

Proof. Let ¢ = (¢2,€) € R? and let §()\,§~“) be the solution operator for
problem (3.5) introduced in section 3. We consider the following problem on

{y1 > 0}
A+ Aw=F (y >0),
@w’ylzo =0

for the unknown w = w(y;,¢) and a given F = F(y;, () with ¢ = ((o, €)
regarded as a parameter. Note that F' does not depend on £. In view of
Lemma 3.4 and Remark 3.5 (ii), similarly to the proof of Lemma 3.3, we
see that there exist ¢; = ¢i(r, M) > 0 and 0, = 0i(r, M) € (%, 7) such
that if § < ]5] < M and A € ¥(—cy,6,), then (4.1) has a unique solution

(yl,C) - S()\ {)F(y1). Furthermore, F.,' w = F;'. S(\,¢)F, which is
a function of ' = (y1,y2) € R2 with parameter &, satisfies the estimates

105/ QoFEL, SO OFI (W ) s,
<C{H8a ggﬁyg[QoF]HL”(RQ + || F, g2_>y2 FHLjJ’/(Ri)}
for |o/| = 0,1, and,
105 QF L, SO OFIW, )l e, e
< C{I0g"VFLL L [QoF Nl me ) + 175, QF ller, e}

for |o/| =0,1,2.
We write f and k0 (€)(A+ Le) 7' f as

F="02%9), #a©ON+L)™F =T (brar, Trna).

Based on (4.2) and (4.3), by using the localization argument as in the proof
of Theorem 3.1, one can obtain the estimate

(4.1)

(4.2)

(4.3)

(44)  orulwre + [Oratlwes < CLf lwrn +1glp + |0rrlp + [raalwrs }-

Let us prove
(4.5) |bratly + [Tratlwre < CLflwo + glp}-
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We will prove (4.5) by a contradiction. Assume that (4.5) does not hold.
Then for any n € N, there are f,, = T(f2,q,,9) € WH(D) x LP(D)?,
& € R, A\ € Cand G, = “(¢n,0,) € WH(D) x [W2P(D) N WP (D))
satisfying the following (4.6)-(4.8):

(46) g S ’571’ S M> )\n € z<_61701>7 ’)‘n’ S Ala
(4.7) (A + L, )in = firar(€n) fo
(4.8) |bulp + [Onlwro > n{| folwis + [galy}-

We may assume that
(4.9) |Onlp + [Un|wie = 1.

By (4.3), we have
- AN 1
’¢n’W1p + ’Un’WQvP <C (5 -+ 1) < 2C.

Therefore, we can find a subsequence of { f,,, &,, An, Uy}, which we again de-
note by {fn, &, An, Un}, such that, as n — oo,

f2—0in W'P(D), g,—0in LP(D),
,
&= (G SIS M), A= AeN(—e,0) n{]A < Al
¢n — ¢ in WH(D), ¢, — ¢ in LP(D),
v, —vin W?*(D), w, —vin W,?(D).
Letting n — oo in (4.7) and (4.9), we have
A+ L)ua=0, @€ W (D) x [W>(D)NWEP(D)], [@|poxwie = 1.

But, by Lemma 4.2 below, if A € ¥(—cq,61) N {|A] < A1}, then u = 0, which
contradicts |U|prxp1r = 1. Therefore, we have (4.5).

It now follows from (4.4) and (4.5) that
(4.10) [rar (€)X + Le) ™ flwroswan < Clflwrrn.
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We next estimate ¢ [k, ar(€) (A + Zg)_lf]. We set

Uy = OF[rrar (€) (N + Le) L] = T(daay, Ty, y)-

Then U, is a solution of the problem

p

\

)‘¢(k + V' Uy, +i7E07) = (OF fo‘i‘Z( )ak (i f)vé)
AU,y — VAT, +V52%€ —vV'(V' -1, +2£v(k))+”yV’$(k)
3?“1 g + Z ( ){3’“ 1(1/52)1)(] 6’“ I(Vzg)V’v(] }
Aoty — VAT +V€2v(k iE(V -0y + €T + iy
= (O¢m)g +Z( ) {0671 (we?)ofy) — O (i) V' - T
+0¢~ 1(1/52)1;(] + OF(ivE) b

Uiwylop = 0.

By (4.10), we have

k—1

by lwre + By lwe < Ch{l Flwre + lglo} + D _{10G)le + [0 lwie }-

The desired estimate now follows by an induction argument. This completes

J=0

the proof.

Lemma 4.2. Let 1 < p < oo. Ifu € WHP(D)

A+ L u=0,% <[] <M and \ € ¥(—c1,61), then u = 0.
3 2

To prove Lemma 4.2, we prepare some propositions.

Proposition 4.3. Let k € N. If £ < [{| < M and X\ € X(—c1,01), then
for any f € H*(D) x H*"Y(D) there exists a unique solution u € H*(D) x

[H*Y(D) N HY(D)] of (A + Eg)u = f and u satisfies the estimate

’u|Hk><Hk+1 < C’f’HkXHk—l.

28
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Proposition 4.3 for k = 1 was proved in [10]. (See [10, Proposition 3.14].)
The proof for k > 2 is done in a similar line to that of [10, Proposition
3.14] by using the Matsumura-Nishida energy method [19]. We here omit
the details.

Remark 4.4. Proposition 4.3 remains true for the adjoint problem (A +
Li)u= f, where

R 0 — IV —1yE
Li=| V' —vA' +v& -oVTV —ivgV'’
—ivE —iv€TV’ —vA + (v + )&

Proposition 4.5. Let 2 < g <oo. If § < [§] < M and X € X(—c1,01) N
{IA| < A1}, then for any f € WH(D) x LY(D) there exists a unique solution
w' € WH(D) x [W29(D) N Wy (D)] of (A+ Lf)u* = f.

Proof. Let f € C®(D) x Cg°(D). Then, by Remark 4.4, there exists a
unique solution u* of (A + ZZ)U* = f, which belongs to H*(D) x [H**1(D)n
Hi(D)] for any k € N. By the Sobolev embedding theorem, we have u* €
Wh4(D) x [W24(D)n Wol’q(D)} 00 Similarly to the proof of Proposition 4.1,
we can obtain the estimate

(4.11) [ lwraxwzr < C|flwraxra,

if we show that (A+L{)u = 0 and u € W4(D) x [W>4(D)NW,*(D)] implies
that u = 0. But, since ¢ > 2, we have W4(D) x [W2>9(D) N W,*(D)] C
HY(D) x [H*(D) N H}(D)]; and, hence, by Remark 4.4, u = 0. We thus
obtain (4.11).

We next assume that f € WH(D)x L4(D). Then there exists { ("} C
C>=(D) x C§°(D) such that

£ = f in WY(D) x LY(D).

By the preceding argument, for each n, there exists u*(™ & Whi(D) x
[W24(D) N W, 9(D)] such that

A+ Ly)u™ =

and
’u*(n) — u*(m)’WLqug,q < C’f(n) - f(m)’WLqXLq'
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Therefore, {u*™} is a Cauchy sequence in W(D) x [W24(D) N W, (D),
and we can find a function v* € W4(D) x [W249(D) N Wy *(D)] such that

[ — u ez — 0 (0 — o0).
Letting n — oo in (A + Eg)u*(”) = f) we obtain
A+ Li)u* = f.

The uniqueness of u* follows from Remark 4.4 since ¢ > 2. This completes
the proof. O

We now prove Lemma 4.2.

Proof of Lemma 4.2. It suffices to prove Lemma 4.2 for 1 < p < 2.
Let ¢ € (2,00) be the Holder conjugate to p. Assume that u € WP(D) N
[W2?(D) x W, (D)) satisfies (A4 L¢)u = 0. By Proposition 4.5, for any f €

C>®(D) x Cg°(D), there exists a unique solution u* € W4(D) N (W?4(D) x

)
Wy (D)) of (A + L{)u* = f. By integration by parts,
(u? f) = (u? (5‘ + EZ>U*> = (()‘ + /L\§>u? U*> =0,
which implies © = 0. This completes the proof. 0

We now establish the estimate on F~* [mrvM(f)()\jLEg)—l A] for f € W(Q)x
LP(Q).

Theorem 4.6. Let f € W'P(Q) x LP(Q). If X € B(—cy,61) N {|N < A1},
there holds the estimate

17 rar (O + L) ™ Flllwrmswzs < Cllfllwrors
uniformly for A € X(—cq1,601) N {|A] < A}

It suffices to prove Theorem 4.6 for f € S(R; W'?(D) x LP(D)). In fact,
since f € W1P(Q)x LP(2) can be approximated by elements in S(R;; W?(D) x
LP(D)), Theorem 4.6 immediately follows from the following proposition.

Proposition 4.7. Let A € S(—cy,01) N {|A| < A} and set K(\,§) =
ket (E)(A+ Le)™ . Define K (A, x3) by

™

K\ a3)F = F UK\ &F) = 2i /Rem’sff((A,g)ng
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for F € W (D)x LP(D). Then for f € S(R;W'?(D)x LF(D)), the function

~

u= f‘l[IA((A,f) (&)] satisfies u = K(A,-) * f and the estimate

Jullwroxwze < C| fllwrexre
Here x means the convolution in xs.

Proof. We first show

A~ ~

K()‘a>f(€) = f[K()‘a'> *f]
for any f € S(R;W'P(D) x LP(D)). Since

etsé — : agewsf’

(1z3)k
we see from Proposition 4.1 that for FF € W'P(D) x LP(D)
’aﬁgK(Aax3)F’W17pxw2,p

U [ e
- 1r K F
3 LR ora
1 (=1)"
2 (2$3)k

Whex W2

/ e”sfagf[(zs)ff?(A,g)]Fdf'
R WlpxW2.p
k

< O+ MYy / LR (N €) Flyprmaipnde
j=0 Y {r/2<[¢[<M}

< O+ M) ws|™" | F w1 rpd§
{r/2<lél<M}

< Cr,Myaj?)’_k’F’Wl,prp (EZ 0,1,2)

It then follows that

C

(4.12) ]aﬁsK()\,333)]L(WLp(D)pr(D),Wl,p(D)xwz,p(D)) < TW

Here |T'|z(x,y) denotes the operator norm of a bounded operator 7': X — Y.
By (4.12), for any f € S(R; WP(D) x LP(D)), there hold the estimates

C
|K (A, @3) f(y3) lwrwxwze 3/ | f(y3)lwrexre € Ll(Rxs x Ry,)

< -
Tl
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and
|K (A, 23 — y3) f(y3) lwrwxwze

< —— Lpxp € Ll Rz R .

~

Therefore, by Fubini’s theorem, we have IA(()\,f) (&) = F[K (A, ) * f], which
implies u = K(A, ) * f.
Furthermore, we see from (4.12) that

= D 105,Q0K () % fls vy

(+k<1
p

dl’g

/ QOK()\,JJ:), - yg)f(~,y3)dy3
0+k<1 R Wk

1 p
C Z / (/ —’f(qy?))’WprLpdyg das
1+’$3—y3’2
+k<1 VR AR

S CHngvapr'

IN

Similarly one can estimate ||QK (), -) * f|ly2» and the desired estimate is
obtained. This completes the proof. 0

We next consider estimates on x, M(f)()\—l—]l\g)_l]?for large |A|, which can
be obtained by a similar argument as in section 3. R R

Let f € C5°(Q) x C(82). Then fippr ()X + Le) ™ f = T(Groar, Ups) is &
solution of (3.1) with ks replaced by k..

Similarly to the proof of Lemma 3.3, one can prove the following estimate
(cf., [5, Sections 4 and 5]).

Lemma 4.8. There are A > 0 and 0 € (5, m) such that if X € S(A, 0), then
there hold the estimate

aaOp ,
o372 (SO, Al < © {”ﬁﬂ +&ﬂl} (al = 0.1

and

127 QSO OF A1l < CHIDL Ll + -
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Based on Lemma 4.8 and the localization argument as in the proof of
Theorem 3.1, we have the following estimate (by taking A larger if necessary).

Theorem 4.9. There are A > 0 and 6 € (5,m) such that if A € S (A, 6),
then there hold the estimate

I rar (O + L)~ Alllwroswze < Cllf lwroso-

Combining Theorems 4.6 and 4.9, we obtain the following estimate for
krar(§) (A + Le) 71 f.

Theorem 4.10. Let r and M be numbers satisfying 0 < r < % Then there

are constants A > 0, ¢; > 0 and § € (%, m) such that If X € S (A, 0) U{Re\ >
—c1}, then

1F [k ar (E) A + Le) "L Flllwimsewzo < Ol fllwroro-

5. Spectral properties of low frequency part

In this section we investigate spectral properties of —Eg for |¢] < 1. This
case s treated as a perturbation from the case £ = 0.

We begin with some spectral properties of —Lg. We set £ = 0 in (2.2) to
obtain

(5.1) A+ LoYi=f, Dlop =0,

R 0 yIV'! 0
To=| Vv —vA —ovTV 0
0 0 —vA

We decompose 5 and ]?0 into

b=+ do= gy [ Bla)as
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1 —~
= ]RO) + ]RO) = 6/ f(x")da',
1Dl Jb
respectively. This gives an orthogonal decomposition in L*(D), and we have
615 = 160l + |én]5-

Furthermore, since al—component has vanishing mean value, by the Poincaré
inequality, there holds the estimate

61lp < ClOwdily = ClOwd],.

In terms of this decomposition, problem (5.1) is reduced to the following
problem (5.2)-(5.5):

(5.2) Ao = 1,

(5.3) Aoy 49V -0 =,

(5.4) X0 — vAT — oV (V- T) + V' =F, ©)op =0,
(5.5) M —vAD? =5 0Plap = 0.

As for the solvability of (5.2)—(5.5) we have the following facts.

It is clear that (5.2) is uniquely solvable if and only if A # 0, and in this
case the solution is given by ¢y = % . Tt is also easy to see that A = 0 is a

simple eigenvalue with eigenfunction 50 =1

As for (5.5), it is well known that there are {\;}32; (A; <0, [\i] < [Ag] <
|As| < .-+ — 00) such that each \; is a semi-simple eigenvalue and, for \ ¢
{\;}221. (5.5) has a unique solution ©* € W2?(D) N W,(D). Furthermore,
if |arg(A — $A1)| <7 — e (¢ > 0), then the solution 0% satisfies the estimate

X915 + [A210057], +10,0°], < Cc[g°),.
As for the solvability of (5.3)-(5.4), we have the following result.

Proposition 5.1. Let 1 < p < co. Then there exist constants co > 0, A >0
and 0 € (5,m) such that if X € X(No/2,0p) U {ReX > —2co}, then for any
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T(f9.§) € W'»(D) x LP(D) with I Foda’ = 0, there exists a unique solution
T(¢1,0") € WHP(D) x [W*(D) N Wy P(D)] with [, ¢1dx’ =0 of (5.3)~(5.4),
which satisfies the estimate

M Galwn + 0]} + IA21007], + 10207, < C{I P lwo + (9]}

Proposition 5.1 was proved by [21]. (See also [20].) We summarize the
spectral properties of —Lg obtained above.

Proposition 5.2. There are constants co > 0, Ag > 0 and 0y € (5, 7) such
that
(3(Ao/2,00) U{ReX > —2¢0}) N{|A| > co} C p(—Lo)

and
o(~Lo) N{|A| < co} = {0}.

If A€ (3(Ao/2,00) U{ReX > —2¢p}) N{|A| > o}, then
(A + Lo) M flwroxrr < 5| flwrosre,

0LQ(\ + E0)_1f’p < mmwwxm (0=1,2).

Furthermore, 0 1s a simple eigenvalue and the associated eigenprojection PO
18 given by R
POu="((¢),0) for u="(¢,v).

Based on Proposition 5.2, one can obtain the following result by a per-
turbation argument as in the proof of [10, Propositions 4.3 and 4.4].

Theorem 5.3. There exists a positive constant ry > 0 such that the following
assertions hold.

(i) If [&] < 11, then

(S(Ao, 6o) U {ReA > —co}) N {m > %} C p(~Le).
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(ii) If A € (3(Ao, 60) U {ReX > —co}) N {|A] = 2}, then
’O\ + Lf)_lf’WLPxLP S N%’f’wlwxma

0LQ(A+ L)L fl, < m’f’wﬂwxm (¢=1,2).

(iii) If €] < rq, then
o(=L) N {IA < T} = (@)}
Here X\o(§) is a simple eigenvalue of —Zg, which satisfies

Mo(€) = =gl + O(el")  (ig] = 0).

for some constant a; > 0.

We next give an estimate for the eigenprojection 16(6) associated with
the eigenvalue \g(&). For this purpose we write Lg¢ as

Le = Lo+ LM + 21O,

Here
R 0 0 iy R 00 0
LW=1 0 0 —ioV' |, L@ =0 vI 0
iy —ivtV' 0 0 0 v+v

We begin with following

Proposition 5.4. Let R > 0. Then the following estimate holds for \ €
(E<A0/2,90) U {Re)\ 2 —260}) N {Co S ’)\‘ S R}

~

|\ + Lo) ™ flassms < Crlflsxe.

Proof. We here give an outline of the proof. As was shown in [10], an
application of the Matsumura-Nishida energy method [19] to (5.3)-(5.4) gives

02 + |1 < Cr(IF]mr + [7]2)
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for some constant C' = C'(R) > 0. Then higher order derivatives can also be
estimated by the Matsumura-Nishida energy method to obtain

(5.6) [0'l1z1 + 161l 12 < Cr(| ]2 + 17| 172).
Applying the elliptic regularity estimate to (5.5), we have
(5.7) 0% 54 < CrlG®| a2

Proposition 5.4 now follows from (5.2), (5.6) and (5.7). This completes the
proof. O

Lemma 5.5. There holds the following estimates
LD+ Lo) flas < Clflwe (1=1.2)
for A € (X(Ao/2,0p) U{ReX > —2¢0}) N{co < [N < R}.
Proof. Let 7(¢,7) = (A + Lo)~'f. It follows from Proposition 5.4 that
LY+ Lo) e = LWVl < C{@ls + V00 + [ Blizs + V7 T2}

< CmmxH?
and
ILOA+ Lo) flgs = |ILP s < C{T |2 + 8%} < Cf Lo
This completes the proof. 0]

We now estimate the integral kernel of the eigenprojection P (&) associated
with the eigenvalue A\o(§) for || < 1.

Theorem 5.6. There exists ro > 0 such that if |§| < re, then the following
assertions hold.

(i) The eigenprojection 16(6) associated with the eigenvalue \o(&) is written
in the form

P(g) = PO 4+ ¢PO 4 P@)(g),

POlu— [ PO,y )uly)dy'. 5 =0.1,
D

POu— [ POy uly/ )y
D
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N 1 N N
Here PO = WQO; and PY (2 y') and PP (&, 2, y') satisfy

020, PN ('), 0% 0, PP(E,2',y) € L®(D x D)

for || <1 and |B'| < 1. Furthermore, for any o > 0, ﬁ(Q)(f,x’,y’)
satisfies the estimate

102050 PP (€, -, )| oo ) < Cal€]*™

(i) Ao(§) is a simple eigenvalue of the adjoint operator —Eg and the asso-
ciated eigenprojection P*(§) is written as

Pr(g) = PO 4 6P+ PR(g),
POy = / PO (' yu* (y)dy', j = 0,1,
D
P (u= [ PO(e.al )y
D
Here PO*(2/ ) (j =0,1) and PP*(&,2',y) satisfy
PO = PO, P (r, ) = POy, ),
P&, a',y) = POy, o).
(iii) There hold the following relations

(P(&)[0wQu], u) = —(u, QP ()u"),
(PO[0,Qul, u*) = —(u, 0y QPWVur),
(PP[0,Qu), u*) = —(u, dyQP@ur).

Proof. As for (i), we here give an outline of the proof, since it is similar to
that of [6, Theorem 3.3].

Let 19 = T(1,0), which is an eigenfunction for the eigenvalue 0 of — L,
and —L¢. Clearly, |to| e = |D|2 for all k > 0.
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We define 9(§) and ¢*(&) by

b(e) = L / (At Le) " dodA

271

and
* o 1 T x
A T RIS

with X
() = o /(A + LE) odA.
I

271

where I' = {|A\| = @}. Then as in the proof of [6, Theorem 3.3}, one can see
the following estimates on v (§) and ¥*(§). By Lemma 5.5 and the Neumann

series expansion of (A + L)™', () is expanded as
(e’ €) = o + & (@) + 9@ (', €),

and, with the aid of the Sobolev embedding H?3 — W,

[V e < ClYW]s < C,

02V () lwre < ClOgY (€)|ns < ClEP
The same expansion also holds for 1*():

V(' €) = vo + g (@) + (9,
where 1% (j = 1,2) satisfy the estimates
[ i < C and 9g0E(©lwr~ < ClEPT

In terms of ¥ (2, ) and ¥*(2/,§), lg(f) is given in the form

~

Bléyu = {u, " ())(€) = /D Ple,o! yuly)dy

with |
P(f,x/’y/) = W ($/75)T¢*(y/:f)
= ﬁ@o +&PU () + PO 2 y),
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Here

ﬁmwy>:ymww<>%+%wm<»

PO y) = D,{w Ty &) + P () 0,
+@(, )Ty, &) + €W (@) TPy, €)
+p P (@, )T () + €W (@) T ()}
It follows from the estimates for ¢(€) and 1*(¢) obtained above that
0200 P (', )| L(pepy < C

and .
005 0 P&, 2,y )| oo (pxy < ClE

For the details, see the proof of [6, Theorem 3.3].
Assertion (ii) easily follows from the relation

(A + Le) " u,u*) = (u, (A + LE) ")
for u, u* € WhP(D) x L*(D).
As for (iii), since Q(\ + LZ)_IU*’aD = 0, by integration by parts, we have
(A Le) ™00 Qul, w’) = —(u, QA+ Le)™u”),
which yields the desired results. This completes the proof. 0]
6. Proof of Theorem 2.1

In this section we give an outline of the proof of Theorem 2.1.
The following proposition implies that —L generates an analytic semi-

group.

Proposition 6.1. There are A > 0 and 0 € (3, 7) such that (A, 0) C p(—L)
and there hold the following estimates uniformly for A € (A, 0):

B 1O+ L) 7 flwrnar < Gl Flwrmsen,

(i) 10EQO+ )7l € 1 lwemss (€= 1.2)
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Proof. We here give an outline of the proof. Let A # 0. By (2.1),

(6.1) ¢= %(f0 — vdivo)

Substituting this into the second equation of (2.1), we have
(6.2) A — vAv — pVdive = F, vlgq = 0.
Here

F=g- %V(fo — vdivw).

Since Bv = —vAv—0Vdivu is strongly elliptic, it holds that there are A’ > 0
and ¢ € (7, ) such that for A € X(A',0)

Aol + MOl + 1050l < ClIE,
1
< C{llfllwrrxr + W!\@iv!\p}-

We take A > 0 large enough so that & <

B for A € (A, 6). Then

1
2

Alllvlly + A 10201, + 1020, < 20 fllwsoxie-
This, together with (6.1), yields

C

' C
[@llwr < W(I\f‘)me + [[divofwir) < WHwawm-

This completes the proof. 0

By Proposition 6.1, — L generates an analytic semigroup e "% on W17 (£2) x
LP(Q); and e~* is represented as

1
—tL At -1
= — A+ L) d\.
e QM,/Fe (A+ L)
Here I' = {\ = A + se*?; s > 0}.

Using the estimates (i) and (ii) in Proposition 6.1, one can show Theorem
2.1 (i) by a standard argument.
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We now give a proof of asymptotic behavior of e* given in Theorem 2.1

(ii).
Proof of Theorem 2.1 (ii). The proof is done by a similar argument to
that in [6, Section 4]. We here give an outline of the proof.

We decompose et as

e = Vy(t) + Vo).

Here

Volt) = F ro(€)e 7], Viel(t) = FH(1 — mo(€))e ]

where kg is a function satisfying

L (€l <35),
ro(§) € C°(R), ko(§) =
0 (|l >7)

and

1 ~
—tLe _ At T -1
e 5 /F e (N4 Le) dA

with I' = {\ = A + se*’;s > 0}. We here take r > 0 in such a way that
0 < r < min{ry, ro} with r; and 75 given in Theorems 5.3 and 5.6 respectively.
To prove Theorem 2.1 (ii), we will deform the contour I' in a suitable way.
We first consider Vy(t). By Theorem 5.3, we can deform I into I'g U Ty
and a suitable circle around 0, where

Lo = {\=—co+is;|s| < s0}, To={N=Ag+seF%: 5> 35}

Here Ay and 6y are the numbers given in Theorem 5.3; and we choose s and
So in such a way that I'y connects with I'y at the end points of I'y. It then
follows from Theorems 5.3, 5.6 and the residue theorem that Vy(t) is written
as

Vo(t)Uo = W(O) (t)UO + W(l)(t)uo,

where

WO (tyug = FUWD (t)a] (5 = 0,1),

WO ()t = ko(£)e O P(&) o,
o~ . 1 —~ .
WO ()i = — eMro(€) (N + Le) " tpdA.

270 Jrout,
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By using Theorems 5.3 and 5.6, one can show that W) (t)ug is written
in the form
W(O) (t)uo = W(O) (t)UO + R(O) (t)uo,
where WO (t)ug and R (t)ug have the properties in Theorem 2.1 (ii-a).
We here omit the details since it can be shown in the same way as in |6,
Section 4]. Also, by using Theorem 5.3, one can show that W(¢) satisfies
the estimate

I w® () uollwrosxwzr < Ce™ug|lwrexre-

As for V(t), by Theorems 3.1 and 4.10, one can deform the contour I"

into ' =", UT'y, where
Too = {MA= —Coo 5 (|| < 500)}y, Too = {N A=A+ set® s >3},

for some coo > 0. We here take s, and S so that I's, connects with foo at
the end points of I'y.. It then follows from Theorems 3.1 and 4.10 that

Voo ()t |lwioxwze < Ce™ " ||uo|lwrnw e

Setting Uno (1) = W (#) + Voo (t), we see that U, (t) satisfies the estimate
in Theorem 2.1 (ii-b). This completes the proof.
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