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Abstract

In this paper we deal with a family of ergodic Lévy-driven stochastic differential equations
observed at high-frequency discrete sampling points, where we do not suppose a specific form of the
driving Lévy measure, while the coefficients are known except for finite-dimensional parameters.
Our aim is twofold: first, we derive first-order asymptotic behavior of an M-estimator based
on the approximate quadratic martingale estimating function; second, as an application of the
estimator obtained, we derive consistent and asymptotically distribution-free test statistics for
the normality of the driving Lévy process, based on the self-normalized partial sums of residuals.
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1 Introduction

In this paper we are concerned with the univariate Stochastic Differential Equation (SDE)

{ dX, = a(X,,0)dt + b(X,_, B)dZ,, W

Xo =z

where a and b are R-valued functions, which are known except for finite-dimensional parameters «
and f3, respectively, and Z is a univariate Lévy process. The Lévy driven SDE (1) can be regarded as
an extended-noise version of the diffusion process, for which Z is a standard Wiener process. Suppose
that we have a discrete-time sample

(XtoaXt17- N ,th)

with regular sampling points t; =t} = ih,,, where h,, — 0 as n — co. Our main objective is twofold.

1. First, based on the available data we want to estimate the unknown parameter 6 := (a, §) under
the ergodicity. It is common knowledge that the ezxact likelihood estimation is infeasible in
general, since most often we cannot write down the transition density in an explicit form while
its existence is easy to verify. Nevertheless, for the diffusion case the issue has been solved under
some appropriate conditions, and there exist several explicit contrast functions. See Kessler [5]
and Yoshida [25, 26] as well as the references therein: in order to derive an explicit contrast
function, they employed a discretized version of the continuous-observation likelihood process,

*This manuscript is a memorandum of the presentation material [14].



or a local-Gauss approximation of the transition density. It is well known in the literature that
the quasi-likelihood type contrast function, for which only conditional mean and variances of
data increments do matter, lead to an asymptotically efficient estimator.

On the other hand, the issue has not been addressed enough in the presence of (possibly infinite-
variation) jumps. Among many possibilities, in this paper we focus on a quasi-likelihood type
contrast function. Different from the diffusion case, it does not produce asymptotically efficient
estimator in the presence of jumps. Nevertheless, it has at least two important advantages: the
computation of estimates is straightforward; and estimation procedure is robust to modelling
Lévy measure, which we actually do not need to specify.

2. Second, as an application of the estimator thus obtained, we consider testing whether or not Z
is Gaussian. Under the nontriviality of Z, this can be stated as follows:

Ho : Z is a standard Wiener process.
7‘[1 . NOt 7‘[0.

The alternative H; just means that v(R\{0}) € (0,00]; the Gaussian part of Z may or may
not be null under H;. We are concerned here with formulation of a Jarque-Bera-type test for
a discretely observed Markov process defined as a solution process to a stochastic differential
equation. Our focus is put rather on seemingly diffusion-like process, than on diffusion plus
rare and large jumps. Pure-jump Lévy process with many small jumps may be approximated in
distribution by a Wiener process. Nevertheless, our test statistics can simply and successfully
detect the non-Gaussianity by means of high frequency sampling.

In the light of prior literatures, when we apply a parametric diffusion model to high-frequency
data, we blindly utilize the optimal rate y/n of the diffusion parameter, faster than the optimal rate
VT, of the drift parameter. It is well known that the (approximate) quadratic estimating function
leads to the optimal rates in case of diffusions. However, this is not if Z admits any nontrivial jump
part (see Theorem 3.4 below), even if Z is “distributionally” close to a standard Wiener process, such
as the normal inverse Gaussian Lévy process such that £(Z;) = NIG(«,0,6,0) with large o and
d. One should pay attention to this hazardous nature in practice. This point justifies performing
normality test for Z.

This paper is organized as follows. Section 2 describe our target model and assumptions. In
Section 3, we provide the asymptotic behavior of the Gaussian reference quasi-likelihood estimator,
which can be seen as the estimator based on an approximate quadratic martingale estimating function.
As an application of the result of Section 3, in Section 4 we presents a noise normality test based on
self-normalized partial sums of residuals: an earlier attempts in this direction has been made by Lee
and Masuda [10] (see also Kulperger and Yu [8] and Yu [28] in the context of time series analysis).

2 Lévy-driven SDE with ergodic property

Let (0, F, (Ft)ier, . P) be a complete filtered probability space endowed with a nontrivial centered
Lévy process Z = (Z;)ier, admitting an Lévy-Ité decomposition

Zy = owy + /Ot / zfi(ds, dz), (2)

where o > 0, w is a univariate standard Wiener process, and fi(ds,dz) = p(ds,dz) — dsv(dz) with
a Poisson random measure on R\{0} having Lévy measure v (we refer to the monograph Sato [17]
for a detailed description of Lévy processes). On this space, we consider a solution X = (X¢)icr,
to the SDE (1), where o € ©, C RP> and § € O3 C RP#, with O, and ©4 being convex domains.
We write § = (a,) and © = ©, x O, and denote by p := p, + ps the dimension of the all
unknown parameters involved. The initial variable X is Fo-measurable and independent of Z, and
the coefficients a : R x ©, — R and b : R x ©g — R are known measurable functions. We denote by
0o = (v, Bo) € © the true value of 0, supposed to exist. We observe X at time points ¢} = ih,,, so that
available data is Xy, X}, ,..., Xph,. Throughout this paper we work under the “rapidly increasing
experimental design”:

hy — 0, T, :=nh, — oo, nh? —0. (3)



Here and in what follows asymptotics are taken for n — oo unless otherwise mentioned.

Remark 2.1. As in Kessler [5], it is possible to relax (3) in our framework by gaining the order of
the Ito-Taylor expansion. However, our results then becomes complicated to implement.

Our underlying statistical model is the parametric family (Py)sco, where Py stands for the image
measure of X associated with 8 € ©. For simplicity, we abbreviate Py, as Fp.

We use the following notation.

[ ] AZX = thb - Xt;L .

1

o fi_1(v) = f(Xy,_,,v) for a variable v € V' and a measurable function f on R x V.

e —” and —% denotes the convergence in Py probability and the convergence in law under Py,
respectively.

We impose the following regularity conditions on the coefficients.
Assumption 2.2. FEither one of the following two holds true.
1. (Bounded smooth coefficients plus uniformly nondegenerate b(x, 3))

e a € C®?(Rx0O,) and b € C*?(R x Op).
. Sup(x’e)eRX@ﬂag@ga(x,a)| \Y |818§b(x,5)|} < 0o for each j € Zy and k € {0,1,2}.
e inf(, gyerxe, |0(7, B)| > 0.

2. (Globally Lipschitz smooth coefficients plus nondegenerate b(x, 3))

e a € C®?(Rx0,) and b e C?(R x Og).

® SUP(, gyerxo{lOza(z, )|V |0:b(z, B)[} < oo.

. Sup(xﬂ)eRX@ﬂ@%aéa(x,a)| V |6§6§b(z,6)|} < C(+|z))C for each j > 2 and k € {0,1,2}.
® SUP(, g)erxe, 0(2, B)[ 71 < C(1+[z])C.

Under Assumption 2.2, the SDE (1) admits a unique strong solution without reference to the
concrete structure of Z; see, e.g., Protter [15] for details. The reason why we separate the cases 1
and 2 in Assumption 2.2 is related to validity of the (conditional-) moment estimates we repeatedly
need in the proofs. In prior literatures concerning estimation of discretely observed SDEs, it is most
often assumed that sup, E[|X;|9] < oo for every ¢ > 0 (see, among others, Kessler [5], Masuda [11],
Shimizu and Yoshida [18], Serensen [19]); specifically, this is required since it is also supposed that
the coefficients together with their partial derivatives are of (at most) polynomial growth uniformly in
both of state variable and parameters, while in most cases the positive-order derivatives are uniformly
bounded. The LP-boundedness of X often rules out important classes of X, such as Langevin diffusions
with heavy-tailed invariant density g, described by

0X, = (;w(Xt)alogg(Xt) + b(Xt>ab<Xt>)dt + b(X1)dur, (4)

with b being bounded; in this case X may exhibits a kind of long-range dependence in the sense that
the mixing (absolutely-regular) rate is at most subexponential or polynomial (see, e.g., Roberts and
Tweedie [16, Theorem 2.4], Stramer and Tweedie [20, Theorem 3.1(i)], and Veretennikov [22, 23]).
A little bit surprisingly, this point does not seem to have been specified in the literature although
it is obvious, hence we incorporate it as the first one of Assumption 2.2; in case of the second one
of Assumption 2.2, we will additionally assume sup, F[|X;|?] < oo for every ¢ > 0. Clearly, possible
upper bound of ¢ depends on the growth orders of @ and b as well as of their partial derivatives, and
on the tail of v. Here we do not specify this intermediate case for the sake of simplicity.

The next condition is the ergodicity of X.



Assumption 2.3. There exists a unique invariant distribution my (possibly depending on 6y) such
that we have the law of large numbers:

1

T
— [ f(Xp)adt J/f z)mo(dz) (5)
Tn 0

as soon as f € L(m).

Several sets of sufficient conditions to verify Assumption 2.3 when Assumption 2.2 are available:
see, e.g., the references of Masuda [12, 13] and Kulik [6, Appendix A.1]. Especially for the compound-
Poisson case (i.e., ¥(R) < 00), quite simple conditions are given by, e.g., Masuda [13].

Finally, we impose moment conditions on the driving Lévy process Z of the form (2).

Assumption 2.4. There exists an integer ¢ > (pV 8) such that E[|Z;]7] < oo, and E[Z?] =t for each
teR,.

We have imposed the condition “q > (p Vv 8)” just for providing a consistent estimator of the
asymptotic covariance matrix in Theorem 3.4 in a direct manner. This condition may be relaxed by
taking a closer look at the series of estimates in the proofs.

3 Approximate quadratic martingale estimating function

Here we derive an asymptotic normality result concerning the M-estimator of 6 based on an approxi-
mate quadratic martingale function, which essentially amounts to the local-Gaussian transition fitting.
Needless to say, how to choose an estimating function could be a lot of things, possibly depending on
specific structure of the jump part of the driving Lévy process. Nevertheless, as seen in the quasi-
likelihood analysis in the time-series literature, the quadratic type estimating function is expected to
possess high versatility, thereby being of “practical” use.

Let A: R x 0, = RP> and B : R x ©g — RP? be measurable functions. We define a class of
random functions @, : © — R? by

NCAONERS Ai—1(0)(Ai X — hpai—1(a))
@n(0) = (Q%(G)) - Z( Bi_1(0){(A;X — hpai—1(a))? — hpbi—1(8)?} ) ©

i=1

We target at estimators 6,, = (dy,, 3,,) of 8 such that Q,,(6,,) = 0 (for n large enough). Note that we are
in a semiparametric framework in the sense that we only impose moment structures about the driving
process Z. Needless to say, the estimator treated here may be far from being asymptotically efficient
in the presence of jumps. Nevertheless, it has an obvious advantage, robustness to the specification
of Z’s Lévy measure.

Remark 3.1. Of course, our estimating function Q,(0) stems from the leading-term approzimation
of the genuine quadratic estimating function

“ oy A (0)(Xe, —E)UXD)
Qn(e) N ; < Bzfl(e){(Xti - Eéil[Xti])2 - Ezil[(Xti - Eéil[th])ﬂ} ) ,

where B[] == Eg[|F;, ). This can be explicit if, for evample, a(z,a) is linear in x. We here
do not pay special attention to this case, however, it is obvious from the proof of Theorem 3./ below
that asymptotic behavior of the M -estimator associated with QF(0) can be obtained under appropriate
conditions in a manner similar to the case of Qn(0). Sorensen [19] studied general approximate
martingale function for diffusion processes, including the efficiency result in Kessler [5].

We introduce some additional assumptions.
Assumption 3.2. FEither one of the following holds true.
1. We have Assumptions 2.2.1, 2.3, and 2.4. Additionally,



o A(z,-) € C%(©) and B(z,-) € C*(O) for every z € R,
) sup(x’e)eRX@{|8§A(x,9)| V |0kB(x,0)|} < o for k € {0,1,2}.
2. We have Assumptions 2.2.2, 2.3, and 2.4. Additionally,
o A(z,-) € C%(©) and B(z,-) € C*(O) for every z € R,
o supgee{|d5 Az, )| V |95 B(x,0)]} < C(1+ |2))€ for each k € {0,1,2},
® sup,cp, Eol|X¢|?] < oo for every g > 0.

Typically, the last condition in Assumption 3.2.2 follows from a kind of Foster-Lyapunov criteria,
which is usually easy to verify: see Masuda [12, 13] for details.

We write mo(f(-,0)) = [ f(z,0)mo(dz) for a function on R x ©, and abbreviate mo(f(-,60)) to
mo(f). We also impose the identifiability condition:

Assumption 3.3. The matrices mo(Ad. a) and Wo(Bang) are nonsingular, and the following iden-
tifiability condition holds true: |mo(A(-,0){a(-,a0) — a(-, ) })| + |mo(B(-,0){b*(-, Bo) — b*(-,8)})| = 0
iff 6 =6y.

Put vy = [ zFv(dz) for k € N; vy for k > 3 is nothing but the kth cumulant of £(Z;), hence we
have v3 = E[Z}] and vy = E[Z}] — 3 under Assumption 2.4. Under the aforementioned assumptions,
the following p x p symmetric matrices are well-defined:

g "w_ Vit wvsVig
VO = dlag(V1172V22), Vb = ( Sym 1/4‘/22 )

where
Vir = {m0(A8. a) T} 1o (A®26%) 1o (AD,L a) ™!
Vig = {mo(Ad, a) "} ' mo(AB b )mo(BOg b?) !
Voo = {mo(BOg b?) "}~ o (B¥26")m (B b°)

For a function f(z,0) on R x © we write

n

Sulh) = = 30 F(Xi 0 6)

i=1
Our main claim in this section is as follows.

Theorem 3.4. Suppose Assumptions 2.4, 3.2, and 3.53. Then, there exists a O’(Xt? : 1 < n)-measurable

RP-valued sequence 0, such that PO[Qn(én) = 0] = 1, and any such sequence fulfils 0,, =P 6.
Moreover:

if v(R) = 0, then (v/T(Gn — a0), V(B — Bo)) = Np(0,V3); (7)
if v(R) > 0, then /T, (0, — 00) =% N, (0,V"). (8)

Consistent estimators of the asymptotic variances can be given through through the following: in case
of (7),
Vll,n =

S,(A8) a) T} 18, (A®20?) S, (AD] a)~?
‘722,71 - 4)

{
{Sn(BOS )T} 15, (B®%b*)S, (A0 a)

and in case of (8), Vll,n 18 the same as above, while

VsVign = {8,(A0]a)T ( ZABT b1 On) {AX — hnai_l(&n)}3> Sn(BOjb*)
— . 1 & . N
viVazn = {Sn(BOjb%) 171 (Tn ; B®%(X;, |, 0,){AX — hnai_l(dn)}‘l) S.(Bogb*)~!



The diffusion case (7) is well known and formally not new, and we know the optimal choices of A
and B leading to the asymptotic efficiency. Nevertheless, the author could not find any literature that
specify the claim under possibly heavy-tailed £(X};), which may occur under Assumption 2.2.1: in
prior literatures, it is most often imposed that SUDycR, Ep[| X¢|?] < oo for g > 0 large enough, and X
possibly having heavy-tailed £(X;) does seem to have been ignored so far. Hence we include it for the
sake of completeness. On the other hand, (8) is new, but in this case 6,, must not be asymptotically
efficient. We do not consider the efficiency issue in this paper, and leave it as an important future
work.

Thus we have seen that the approximate quadratic estimating function can be used regardless of
the presence of jumps. However, within our underlying model (1) with Z unknown, we beforehand
do not know which of a diffusion or a process with jumps is more appropriate to given data. This
underlines the importance of testing normality of Z, presented in the next Section.

e We can formulate the result in case where nh”™ — 0, r > 2, r € N, however, the resulting
estimating function then looks much more complicated and its optimization becomes harder.

e In view of Schwarz’s inequality, it is easy to see that A(z,0) = dya(z, a)/b(z, 3)? and A(x,0) =
ds[b(z, @)?]/b(z, B)* is an asymptotically optimal choice when v3 = 0 and p, = pg = 1. In
general, we do not know the asymptotically best possible choice of A and B.

e We could also deduce a mighty convergence result for multivariate X. This will be reported
elsewhere.

4 Normality test for the driving noise

In this section we are concerned with testing the normality of Z against presence of any nontrivial
jump component:

Ho : Z is a standard Wiener process.

Hl . NOt Ho.

Since we presuppose that Z is nontrivial, the alternative hypothesis specifically means that v(R) €
(0, 00]. The Gaussian component of Z may or may not degenerate under H;.

For convenience, we remark the prototype of the Jarque-Bera test for normality. Let &1,&s,... be
a sequence of i.i.d. random variables, and for k£ > let

a(k) . n i (& — )"
" oL (G - &)

where &, :==n"13>""" | &. Then the Jarque-Bera statistics

(Va2 Vit = 3)p
6 24

TIni=n

weakly tends to x?(2) as soon as the law of & is normal, providing a simple procedure of testing
normality. This test is based on the fact: if \/n(V,, — V) =% N, (0, %) for some constants V € RP and
¥ € R? ® RP, then it follows from the continuous mapping theorem that X 1[{\/n(V,, — V)}®?] —4
x2(p), where %,, —P ¥.

We consistently use the notation introduced in Section 3. Let
AIX —h i—
Gnl(e) — nad 1(0‘)
bi—1(B8)Vhy,
fori <nand @ € 0O, and ¢,; := em(én), where 6,, = (Gns Bn) is the estimator introduced in Section 3.

Write &, =n"1 >0 | én, g =t S (éni — é,)F, and o) = ¥F (5P /2 for k € N. Our test
statistics is then defined to be

5 3V N 2
T = 761{(1);3) _ T\ﬁ Zaxb(XtH,ﬁn)} + %(@%4) —3)2. (10)
=1

9)



Given a value of én, it is straightforward to evaluate 7T,,. This simple test statistics turns out to be
asymptotically distribution-free and consistent.

Theorem 4.1. Suppose that the conditions of Theorem 3./ are in force. Then T, —¢ x?(2) under
Ho, while Py[T,, > K] — 1 for every K > 0 under H;.

Here are some remarks on Theorem 4.1.

e Theorem 4.1 extends Lee and Masuda [10], where we targeted at constant b(x, ). Although
the construction of our test statistics (the Jarque-Bera methodology) is somewhat analogous,
we need to be careful in handling the dispersion term b(z, 8). The test statistics 7, are different
from what is proposed in Lee and Masuda [10]: in the present setting, we have a bias-correction
term in the sample-skewness part. We note that 7, reduces to that of Lee and Masuda [10]
in cases where b(z,3) is constant. It is possible to construct 7, based on higher-order self-
normalized partial sums of residuals, however, performance of 7, under Hy may then deteriorate
since higher-order sample moments appear in the statistics, while power can be gained due to
resulting bigger variance of 7,.

e In order to deduce the asymptotic behaviors of 7,, under Hy and H; simultaneously, we have
to specify the behaviors of 6,, to some extent under H, and H; simultaneously. In our case it
is crucial that én is rate-optimal under Ho and at the same time \/T,,-consistent under #H;. If
instead of 6,, we adopt some estimator 6,,, which is only +/T},-consistent even under g, then,
it is clear from the proof of Theorem 4.1 that 7, does not work: more precisely, the required
rate of 0, mentioned above are enough to conclude that the effect of plugging-in 0,, vanishes in
the leading term of 7, (see the proof of Theorem 4.1 for details). In this sense, the approximate
quadratic estimating function is quite natural to adopt in our framework, for it produce possibly
the simplest rate-optimal estimator under H;, and at the same time, v/T,-consistency under H;.

e For computing &®) the factor v/, in the denominator of (9) is clearly redundant. However,

we put it for convenience of references in the proof.

5 Proofs

Throughout this section we use the following notation.

e Ry(w,0) (vesp. Ra(w,0)) denotes generic functions on R x © such that sup, o |Ri(z,0)] < oo
(resp. supy |Ra(z,0)] < C(1 + |2|)¢). Dimensions of R;(z,) vary depending on the context.

e pi stands for the kth moment of the standard normal distribution.

e For random sequences (z,) and (yn), » < yn, means that z, < Cy, a.s. for every n large
enough.

o (=0 X — hpai—1(ag) and ¢7; := {A;X — hpai—1()}? — hnbi—1(Bo)*.

5.1 Preliminary lemmas

For later repeated use, we first summarize some preliminary lemmas.

5.1.1 Leading terms of It6-Taylor expansions

First we mention a fundamental fact concerning conditional size of X’s increments.

Lemma 5.1. Let g(z,0) := |a(z,a)| V |b(z, B)|. Fiz any q > 2 such that E[|Z:|9] < co. Then

- hq/2 (X 0)7, if v(R) =0
Byt Xe— X |7 < g\ Aty ) ) 11
? Se[iilf,ti]‘ tioal } ~ { hng(Xy,_,,0)%,  otherwise. (11)

i—17

In particular, the left-hand side of (11) are essentially bounded if so is g.



Proof. Let v(R) > 0, and 7_1 g = inf{s > t,_1 : |X4| > K} for K > 0. By means of Assump-
tion 2.2, triangular and martingale inequalities (consult, e.g., Protter [15, Section V.11] with minor
modifications), we see that &_;1 x(s) := Eé_l[supue[ti_l,s,m_1 o [ X — X, 9] fulfils &1k (8) S

f:il &i—1,kx(s)ds + hng(Xy, ,,0)7, the upper bound being a.s. finite according to the definition of
Ti—1,k - Hence the claim follows on applying Gronwall’s inequality and then letting K — oco. The case
where v(R) = 0 is similar (see also Kessler [5, Lemma 6]). O

For a smooth function f: R — R the generator of X under Pj is formally given by
Aof(2) = ale, )25 (z) + 3z, 5)%0°f(2)
+ [+ b(w.8)2) - Flz) = 0@, B)z}(dz). (12)

Successive applications of 1t6’s formula yield for m € N

) m hl t; Sm S1 i
EMf(Xe,)] = Z TTAQf(Xti’l) + /t /t /t Ei AR F(X ) dsodsy - . . dsy,

=0

m ts S1—1 S1 . .
+Z/ / / B MALL) dso ... dsiy + BV M(AE ], (13)
1=1 Yti—1 Jtia ti—1
where, for t > s,

M@= 5 [ 90t B+ [ [{aXu 40X, B)2) g il d). (1)

(13) is valid as soon as all the appearing conditional expectations a.s. exist.
For i <n and k € N, we let

Fk,i(ﬂ) = Eéil[{AlX — hnai,l(a)}k].

We need the leading terms of the stochastic expansions of F}, ;(#) in h-power series (the so-called Ité-
Taylor expansions), which play a central role in deriving the asymptotic behaviors of our estimator
and test statistics.

Lemma 5.2. Suppose v(R) = 0, so that X is a diffusion process. Then, for each i < n we have,
under Assumption 2.2.1,

Fui(0) = hi Ry (X1, ,,0),
Fyi(0) = hnbi1(8) + hy Ru(Xy, ., 0),
FSJ(G) = 3h72‘l,b(Xti—17ﬁ)3azb(Xtifl ) 5) + hiRl (Xti7179),

also, for k >4,

F; (9) = hglk_H)/QRl(Xtifl’e)a fO?” k Odd,
o W2 peb(Xe, ., B)F + WIHD2RI(X,. . 60), for k even.

The same expressions except that all the Ry are replaced by Ry remain valid under Assumption 2.2.2.

Proof. We only prove the lemma under Assumption 2.2.1; the proof under Assumption 2.2.2 is iden-
tical. Let fr . (y) := (y — ). Since

k

Fri(0) =) (?) {—ai_1 (@)Y tRE B (A X)), (15)

=0



it suffices to look at Eé_l[fk,xtj_l (Xy,)]- Tt is clear that |A}fi.(y)| < C(1+ |y — x|*). Hence, in
view of the expression (14) with the purely discontinuous local martingale part dropped out, it follows
from Lemma 5.1 and Burkholder-Davis-Gundy inequality that

E;_l [sup ]|M(Al9fk,xti_1)fi71\2 < Ch,,.
sE(ti—1,t;

Hence the third term in the right-hand side of (13) vanishes as a matter of fact (see Protter [15,
Theorem 1.51]). Moreover, the second term in the right-hand side of (13) can be bounded by ChE+!.
In view of (12) we easily see that: Al fy . (y) = 0 for I < [k/2] if k € N is odd; also, AL fx . (y) = 0 for
1 <[k/2] —1if k € Nis even. Now we deduce the claim by easy computations. O

The leading terms of Fj ;() are of O,(h,) whatever k € N is in the presence of any nontrivial
jump component.

Lemma 5.3. Suppose that v(R) € (0,00] and E[|Z;|*] < oo for some k € N. Then for each i < n we
have under Assumption 2.2.1,

h2Ry(Xy,_,,0), fork =1,
Fr:(0) = hnb(Xe, ., B)? + h2 Ry (Xy,_,,0), for k=2, (16)
hnykb(Xti,lvﬁ)k + thRl (Xti—lve)v fOT’ k 2 3

The same expressions except that all the Ry are replaced by Ry remain valid under Assumption 2.2.2.

Proof. Again we only prove under Assumption 2.2.1; the proof under Assumption 2.2.2 is similar with
minor modifications.

Fix a k € N, and set fi .(y) = (y—)* as before. We need to look at (13) and (14) for f = fex., |
and m = 1 in more detail. Then, from (12)

(A0 fiee) )] S 101 (0)| + 10 Fia ()] + 10° fia (0]
+‘/</O u/o 33fk,x(i‘/+Uvb(y)z)dvdu>b(y)2z2y(dz)

. ‘ /(] O fea(y+ wb)2)d ) o) OB(4) ()

Sltly =+ +ly -2,

where we used the condition [ |z[Fv(dz) < oco. Similarly, we see that the same upper bound remains
valid for |0%(Ag fx.)(y)|- Hence, from the expression

A2 fra(y) = a(y)O(As fr.e) (y) + 27 b(y)? 0 (As fr.a) (1)

ey B /  P(Aofen)ly + wb(y)2)duds o(0)=20(d:),

we also deduce the estimate A2 fi, »(y)| < 14|y — x|+ -+|y—=|""!. This combined with Lemma 5.1
readily implies that, in (13), Eéfl[M(.Aéf)‘;f’_l] =0, Eéfl[M(f)ij_l] =0, and B, '[[A%f. (W) S 1;
here, the first two can be verified just like the proof of Lemma 5.2. Thus we obtain

Eé_l[fk,Xti*1 (th)} = hnAOfk,Xt-;fl (Xti,—l) + hiRl (Xti—l’a)'

The claim now follows on noting that Agf1.(x) = a(z, ), Agfo.(x) = b(z,B)?, and Agfy.(z) =
veb(w, B)F for k > 3, and then using the binomial expansion (15). O

Remark 5.4. The higher-order expansions can be derived through straightforward but messy and
lengthy computations; they might be practically intractable in optimization of the corresponding esti-
mating functions. Needless to say, the principle can apply to a more general multivariate diffusions
with jumps, where diffusion and jump-part coefficient functions may differ. Although we do not need
them in this paper, it may be used to construct estimating functions for diffusions with jumps.



5.1.2 Tightness criteria for C! random fields
Just for convenience, we recall

Lemma 5.5. Let {U,(h) : h € H},en be random fields of class C* defined on a bounded convex
domain H C RP. Suppose the following conditions.

1. Up(h) =P 0 for each h € H.
2. FEither one of the following holds true:

(a) sup, Blsup, [0.U()]] < o0;
(b) sup,, ;, E[|U,(h)|?] < oo and sup,, E[sup,, |0,U,(h)|?] < oo for a constant q > p.

Then supy, |Uy,(h)] =P 0.

It is easy to prove that U, (-) is tight with respect to the uniform metric on H under the conditions
1 and 2(a). See Kallenberg [1, Corollary 16.9] for details concerning the tightness under the conditions
1 and 2(b).

5.1.3 A central limit theorem for approximate martingale-difference arrays

We remark the well known CLT for triangular arrays of random variables.

Lemma 5.6. Let {(Upn;)™ ; tnen be arrays of R™-valued random variables in L?(P), each Uy; being
Fi,-measurable. Suppose the following conditions:

LY BT U] =7 0 and S0 |EG [Uni]? =7 0;

2. Y0 ENUZ2 =PV for some constant V € R" @ R”;

8 3 B |Unil?te] =P 0 for some constant e > 0.
Then Y 7 Uni =4 N, (0,V).

See Dvoretzky [1] for details.

5.2 Proof of Theorem 3.4

We rely on a Cramér-type result from general M-estimation theory.
We need to show the convergence in Py probability of several random sequences uniformly in § € ©.
In this respect it is the most convenient to rewrite (6) as

= hy, ZAz 1(0){ai—1(ao) — a;—1( }+ZAz 1(0)¢)s, (17)

) =hn ZBz 1(0){bi—1(Bo)? —bifl(ﬂ)z}]‘FZBifl(g)CN

n

+hn Yy Bic1(0)2¢,{ai1 (o) — ai—1( }+hQZBz 1(0){ai—1(a0) —aimi(@)}?. (18)

i=1

10



Under the assumptions we can differentiate these quantities to obtain
Za Ai1(0)Gi + Py Za Aim1(0ai-1(a0) — ai1(@)} = Ai1(0)0aai-1 ()], (19)
05 Qn (0 Zaﬁ i-1(0)Chi + Zaﬁ i—1(0){ai1(a0) — ai1 (@)}, (20)
0aQ2(0 Za Bi c;{i+hnZaQBi_1 (O){bi-1(Bo)* = bi-1(8)*}
+ 2hn Z CilOaBi—1(0){ai-1(a0) — ai—1 (@)} = Bi-1(0)0aai-1()]

+hy, Z [0aBi-1(0){ai-1(a0) — ai-1(a)}* = 2B;-1(0){a;-1(a0) — ai-1()}0aai-1(a)],

(21)
dpQr(0 Zaﬁ’ i—1(0)Cri + ha Zang 1(0){bi—1(B0)? = bi—1(8)*}
+ 2hn, Z 9pBi—1(0)Crifai—1(a0) — ai—1(a)} — Bi—1(0)bi—1(8)9bi—1(B)]
+h2 Zaﬁ i_1(0){ai—1 () — ai_1(a)}? (22)
(Note that we presuppose that « and S do not possess any common component.)
Let us prove that there exist RP-valued measurable functions 6, én(Xt,; : ¢ < n) such that
Py[Qn(0 n) = 0] — 1, and that any such sequence fulfils 6,, —? 6,. Put
_(QUOY _ [ mo(A(,0){a(-,a0) — a(-,a)}) >
Q0= (o)) = ( bt o, e ) 25)
Under Assumption 3.3, Q(8) = 0 iff § = 6, therefore,
Ve >0 ee®:|igl—f90\ze |Q(8)] > 0. (24)
Moreover, @ is of class C1(©) with the partial derivatives given by
O Q (9) 770( ( 79){a(-7a0) - a’('>a)}) - 7T0( ( 9)8aa(-,a))7 (25)
95Q" (0) = m0(95A(, 0){al-, a0) — al-, a)}), (26)
80&622(9) 7"-O(aCYB( ’0){b2('5 BO) - b2(" )})’ (27)
95Q°(0) = mo(9sB(- O){0°(, Bo) — b*(-, B)}) — w(B(-,0)95b° (-, B))- (28)
So 9pQ(6p) is diagonal, and Assumption 3.3 implies that
29Q(o) = diag[—m (A9, a), —Wo(Bang)] is nonsingular. (29)

In view of the general M-estimation theory combined with (24) and (29), it remains to prove (see,
e.g., Yoshida [27]):

sup 89Qn( ) —dLQ(H)| =P 0 for I € {0,1}; (30)
06@

For clarity, from now on we focus on the proof under Assumption 3.2.1 with #(R) > 0. We mention
the remaining cases at the end of this proof.
The following facts are well-known and repeatedly used in the sequel without mentioning:

11



e Assumption 2.3 yields that n=* " | F(X¢, ,) =P m(F) for any smooth bounded function F'
with bounded derivatives (this is true as Eo[|T), ! fOT" F(Xs)ds —n= 'S0 F(Xy, )] S Vhn);

o for vector-valued triangular arrays (Xn;)i<n With each x,; being JFi,-measurable and a random
vector X, the convergence | Y"1 (Xni — Eo[Xni])| =7 0 is implied by "7 E™ [|xns|?] =P 0;

e if F[|Z:|7] < oo for some integer ¢ > (pV 2), T > 1, and ¢ is a predictable process, then the
Burkholder-Davis-Gundy inequality gives Ep|| foT co_dZ,|9) < T2 fOT Eq[|cs|9]ds.

Proof of (30). This follows by using Lemmas 5.1, 5.3, 5.5, and 5.6, together with the expressions (17)
0 (22), (23), and (25) to (28). We only prove supgce |15, 'QL(0) — Q*(0)| =P 0; all the others can be
deduced in a similar manner.

‘We have

sup |7, ' Q) (0) — Q'(0)] < sup
ISC) 0cO

: 7 2 A Ofas(eo) - s (@)} - Q'O
+ sup |——

0co Z Ai- 1

=: sup |[W2(6 )| + sup [W3(0)].
6co SS]

The #-pointwise convergences to 0 of W, and W2 follow from Ej '[¢!,] = h2Ri(X;,_,,0) and
B 2] = hpcioa(B) + 2R (X:,_,,0) (cf. Lemma 5.3), and the uniformity of the convergence
of W1 are implied by using Lemma 5.5 under the condition 2(a) therein. As for the uniformity of the
convergence of W2, we are going to apply Lemma 5.5 under the condition 2(b) therein. Fix an integer
q > (pV4). Noting that

ti
W2 (o) Z|Azl / (X, a0) — as_1(ao)|%ds

+‘T (Zlm_hm(s)Ai1(9)b(XS,ﬁo)>dZ
n o i=1

we deduce, using Lemma 5.1 in part,

SG?SEO[IW,%(GM sup { Z/z Eo[Eg 1 Xs — Xo,_, |9 ds

0,n ti—1

1 q
e [ B[ (35 v @n05 ) ]
< sup <h - q/QHZ/ lEoRl XS,O)]d>§1,

on

hence the first condition in 2(b) of Lemma 5.5. The second condition in 2(b) of Lemma 5.5 can be
verified in a similar manner. Hence we obtain the uniformity of the convergence of W2.

Proof of (31). This is automatic according to the form of Q(6) and (30) for I = 0.

We now turn to the proof of the asymptotic normality; we may focus on the event {w € Q :
Qn(én) = 0}, whose P, probability tends to 1. By means of the first-order Taylor expansion
T 09Qn (00) VT (0, — 00) = —T{l/QQn(QO), the convergence (30) for [ = 1, and Slutsky’s lemma, it
suffices to prove the central limit theorem

n

=3 (@) % (0 ( g Tt ) @

2
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where ¢!, € RP» and €2, € RP#. From Lemma 5.3 we easily get Ei'[¢.] = h¥/>Ry(X,, ,,0) and
EiY|El |9 = n_lTﬁfq/ZRl(Xtifl,H) for j € {1,2} and ¢ > 2, so that, in view of Lemma 5.6 it
remains to prove the convergence of the predictable quadratic covariation matrix. As a matter of fact,
Lemma 5.3 leads to the desired convergence:

ZE@I [6:%%] = ZA S EG 607+ Olha)
(A®2b2)—|—0 (1),

anEé‘l[gii ?J]?qu 1(60) B, (60) 7 - El 6i®1+ Op(h7)
: :1/37TO(AB b3)+op(1),

fZB E G+ Oplhn)

= 1/47T0(B®2b4) —|— Op(l),

ZEz 1 2®2

leading to (32). Thus we have proved Theorem 3.4 under Assumption 3.2.1 with ¥(R) € (0, o0].

Concerning the consistent estimators of V and V{’, the case of (7) is obvious from Assumption
2.3 and Lemma 5.5. Turning to the case (8), we only mention u41722,n. Put V4f/22’n = 2?21 Nni- By
means of Lemma 5.2 we readily get Y ., Eéil[nni] = v4Vag + 0,(1). Moreover, since vg < oo under
Assumption 2.4, "1 EG n®P) = T Hvsn ™t S0 [(B®2)®208)(Xy, ,,00) + 0p(1)} = 0,(1) as was
to be shown.

Finally, let us briefly mention the remaining cases in proving Theorem 3.4. The proof for cases
where v(R) > 0 under Assumption 3.2.2 can be achieved in the same way as above except that we
should replace all the appearing R; by Rs. As for the diffusion cases under Assumption 3.2, the
only difference is, of course, that we need to use Lemma 5.2 instead of Lemma 5.3, together with
the different norming of @,,. We may omit the details, for it is well known in the literature under
Assumption 3.2.2 (cf. Kessler [5] and Sgrensen [19]), and the proof under Assumption 3.2.1 can be
achieved all without distinction by making use of Lemma 5.1 with g bounded.

5.3 Proof of Theorem 4.1
Put €,; = €,;(09), and define

H,r(Lk) = E 67”7 H(k) = — E AfL“ Mék,j) = l E Gf”-_j(é,”‘ - Gni)j~
n
i=1

i=1

It is convenient to expand \Il(k) and H as follows: for k € N,

k
W = g® _ kAW f +Z< ) HWMY A=) (33)
j=2
"
a» = HE + evkD 4 (.)M,(L 9, 34
2 (34)

=2

We are going to only prove the claim for the case of bounded (a,b), since the case of possibly
unbounded Lipschitz (a, b) can be treated in the same way under the condition sup,cp, Eo[|X¢|?] < oo
for every ¢ > 0.

5.3.1 Under the null hypothesis

First we prove T, =% x2(2) under Ho. We write &, = /Ty, (4, — ) and B, = v/n(Bn — Bo), both
being O,(1). In what follows we abbreviate b;_1(8,) to b;_1, and also, Ry (Xy, ,,6) to R;_.

13



First we note the following direct consequences of Lemma 5.2:
H® =P p for each k € N, and especially H(Y = 0, (1/y/n). (35)

The next lemma shows that, thanks to the centering factor €, in the summands of \115{“), the effect of

“plugging-in &,” disappears from the expressions up to order o,(1/y/n).

Lemma 5.7. For each k € N we have

WO = (P - kHDHE) -

\/ﬁ%(f’)ﬁl +op(1/Vn), (36)

where 4 1= n~1 S 1 (84 bi1/bi1)(Bo)-

Proof. Applying the Taylor expansion under Assumption 3.2, we obtain

V(éni — €ni)
~ it e o a3, f( / / O81(5o + (B — oo ) 5,7

N
{a ai1(00)Gin + ( / 92a;_1 (o + uv(@n — o)) dvdu) H

. _ 1 - 1
- bi_ll{ enzaﬂ i— 1(ﬂ0)6;7, - 3aai—1(040)5én + Gni%Ri—l[6;L®2] + \/CZTRl 1[Ot® ]}a (37)
where G[a%?] := &, Ga, for G € RP# ® RP#, with a similar notation for G[3/,%?]. In the same way,
_ 1 =
b 1 = bl 1+ %Ri—lﬂn- (38)

It follows from (35), (37), and (38) that for k € N

n Ty, n T
VAN = 137 e 8‘3_1)“ (Bo)Bl — =3 ekt aa,a’ L) (00)an + O,(1/v/n)
n b171 n “

i=1 i=1 bia
SRS I (LS IEAEAAIES of (LA IR D
i=1 " i=1 "
= —pi ) Bry = pr1 an + Op(1/v/n),  say. (39)
In particular, (3 ) implies that MJ*Y) = O,(1/4/n). On the other hand, in view of (37) we see that

n=E S |Wn(éni — €ni)|' = Op(1) for any | € N under Assumption 3.2, so that for j > 2

LS e — en)Y

i=1

|vnMF9) | = n(1=9)/2 - Op(n(lfj)/2) - Op(n*1/2).

Hence we have obtained that for k € N:

; Op(1/y/n), j=1;
- {0 121

Combining (34), Lemma 35, and (40) now gives aP =o ,(1), and especially Hy" = 0,(1/y/n).
Therefore (33) and (34) actually become P = H,gk) kH(l)H(k V1o ,(1/n) and H( )= HP 4+
kLY 4 Op(1/n), from which we get

P® = (H® — kEOHED)  kEF 1 0,(1/n) (41)

for each k € N, where F\® = n{Y — gD, Now substituting (39) in (41) and then
rearranging the resulting terms, we arrive at (36). O

14



Put CF = n=2 7 Bk and AP = HF — O, note that CF —P pr. As seen in the next
lemma, the self-normalizing factors (\IJ% ))k/ 2in the definitions of ') disable the effect of “plugging-in
Bn” up to order o,(1/+/n).

Lemma 5.8. For each k € N we have

. B 5 -
b — o = (B~ ko) = L2 + 0,1/ (42)

Proof. In view of Lemma 5.7, we see that

k) = (k)+f{fH(" — kpr—1v/nH — kppy P B} + 0p(1/v/n). (43)

This in particular yields that for k£ > 2

. 1 b
(G@)k/2 — {1 + %(\/m ) — 273 )+op(1/f)}

=14 o= (VAT =05 + 0,1/ (44)

since C2) = 1+ Op(hy) =1+ 0,(1/4/n) under nh? — 0. Thus expanding the fraction G /(G2 ykr2
by using (43) and (44), we get

~ 1 ~ ~ _

o9 = O = VR g D — oV,

- SCVRAD =205 b+ 0,1/

It is obvious that the right-hand side being identical to that of (42). O

Now we apply Lemma 5.6 to the expressions (42) for k = 3 and 4.
Lemma 5.9. We have

/R B 3\ﬁzab X s Bn) _>dN2(<8>=<g 0))

24
A()_g

Proof. By Lemma 5.2 and Taylor’s expansion of 8y — 9,b(X:,_,, o) around f3,, we have

2{3\/76 b ti— 17ﬂ0 +}13/21:31( ti— 179)}

= 3\{7/7 Zﬁwb(XtifuﬁAn) + OP((|B;1|\/M) v/ hi/2)
=1

- 3\7/1E Z azb(Xti—laBn) + OP(l/\/ﬁ)

Hence it follows from (42) that
R 3V — .

=3 =] B D = 3w~ B e } 0,0 (45)
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We similarly get =3+ Op(hy) =34 0,(1/y/n), so that

VB - 3) = 3 Z={ (e - B D) - 0~ B D | + o) (40

We deduce the claim by applying Lemma 5.6 together with Lemma 5.2 to the first terms of the
rightmost sides of (45) and (46). O

Lemma 5.9 combined with the continuous mapping theorem completes the proof of Theorem 4.1
under Ho.

5.3.2 Under the alternative hypothesis

Next we prove that Py[7,, > K] — 1 for every K > 0 under H;. Write 3/ = \/Tn(ﬁn — Bo), which has
the Gaussian weak limit as specified in Theorem 3.4. Fix any K > 0 in the sequel. According to the
definition of 7, it suffices to show that

B[IAP| > K] — 1, (47)
where A f{@ 3n hy Yo 0:b(Xy, s Bn)}

Using (33), we rewrite AS;"’) as
AP = ()32 {\/ h2H® — 3y/nh2 HD AP +21/nh2 H?
- (B S 0% B (49)
n
i=1

It is convenient to note A; X — hpa;—1(Gy) = C; + dnin/hn/n, where 6,; = R;_1&;,. Then

k—1 n

I_:’r(lk) :h;k/z{z (k) —3/2h1+g/2 1 Zb k 1 k J(;J +n—k/2 Zb ’“5’“ }, (49)
J 7

Jj=0

from which combined with Lemma 5.3 we deduce

1)_\/7 nzbz_ 1GCni + Op(1/+/n) = 0p(1),

. 1 /
Hff): 20242 Zb ¢ 0 + 0,(1/n) =1+ 0,(1).

(We used 8;_21 = bi,l(ﬁo)_Q—i—T{l/QRi,lB;{ for the latter.) Hence we also have \11512) = 1?[,(,2) —(ffl,(ll))z =
1+ 0,(1), so that (48) becomes

1 .
AP = 7 (L+0p(1))( nhZ AP + 0p(1)).

n

We are going to prove that \/nh%ﬁf{o’) does not tends in Py probability to 0, from which (47) follows.
Using (49) with Lemma 5.3 as before, we note

nh2 Z rb —h l/3bz 1 50 }+1/3\/7 Z( i—1 50 ) +0p(].)

1—1

b % (Bo{Ch: — havsbi_ (Bo)} + vs /T~ Z( =1 60)) + 0,(1)

1—1

ﬁm

= Iln + Ign + Op(l).
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ENrite Il)n = > | Xni, then Lemma 5.3 gives that Ej [y, = Tn_l/2h$bRi_1. Also, for each § €
0,9 — 2) we have

3 1 T 3B — s
i=1

_ 1 - i— )
5 Tn 6/2T7n ;(EO 1[|AiX|6+36] + h2+36 + I/§+ hiJr(S)
1 n
STP= Y (4R 5 *) = 0p(T°2) = 0p(1).

i=1

Moreover,
ZES Hixmil®] = sz 1(B0) " { By Ghi"] = 2hnvabi—1(B0)* By~ 1G] + havibioa (o)}
In i=1

== Z — hnt3) + 0p(hy) =P vg.

Thus Lemma 5.6 yields that Iy, —¢ N1(0,16). On the other hand, we have Iy, = 0 if v3 = 0, but
otherwise the sequence (I2,,) is not stochastically bounded since Is, = v3y/T,,(1 + 0p(1)). The proof
of Theorem 4.1 is thus complete.

Acknowledgement. The author sincerely extends his thanks to Professor Alexey M. Kulik, who
gave him a better understanding of a result in Kulik [6]. This work was partly supported by Grant-
in-Aid for Young Scientists (B) 20740061, Japan, and Cooperative Research Program of the Institute
of Statistical Mathematics.

References

[1] Dvoretzky, A. (1977), Asymptotic normality of sums of dependent random vectors. Multivariate
analysis, IV (Proc. Fourth Internat. Sympos., Dayton, Ohio, 1975), pp. 23-34. North-Holland,
Amsterdam.

[2] Heyde, C. C. (1997), Quasi-Likelihood and its Application. A General Approach to Optimal Pa-
rameter Estimation. Springer-Verlag, New York.

[3] Heyde, C. C. and Leonenko, N. N. (2005), Student processes. Adv. in Appl. Probab. 37, 342-365.

[4] Kallenberg, O. (2002), Foundations of Modern Probability. Second Edition. Springer-Verlag, New
York.

[5] Kessler, M. (1997), Estimation of an ergodic diffusion from discrete observations. Scand. J. Statist.
24, 211-229.

[6] Kulik, A. M., (2009), Exponential ergodicity of the solutions to SDE’s with a jump noise. Stochas-
tic Process. Appl. 119, 602—632.

[7] Kulik, A. M., (2009), Personal communications.

[8] Kulperger, R. and Yu, H. (2005), High moment partial sum processes of residuals in GARCH
models and their applications. Ann. Statist. 33, 2395-2422.

[9] Kunita, H. (1990), Stochastic Flows and Stochastic Differential Equations. Cambridge University
Press, Cambridge.

[10] Lee, S. and Masuda, H. (2008), Jarque-Bera normality test for the driving Lévy process of a
discretely observed univariate SDE. To appear in Stat. Inference Stoch. Process.

17



[11]

[12]

Masuda, H. (2005), Simple estimators for parametric Markovian trend of ergodic processes based
on sampled data. J. Japan Statist. Soc. 35, 147-170.

Masuda, H. (2007), Ergodicity and exponential S-mixing bound for multidimensional diffusions
with jumps. Stochastic Processes Appl. 117, 35-56. [Erratum to this paper: (2009) Stochastic
Processes Appl. 119, 676-678.]

Masuda, H. (2008), On stability of diffusions with compound-Poisson jumps. Bull. Inform. Cy-
bernet. 40, 61-74.

Masuda, H. (2009), Presentation material of “Quasi-likelihood estimation of a Levy-driven SDE
and its application” (March 16, 2009), Asymptotical Statistics of Stochastic Processes VII, Uni-
versity of Maine, Le Mans, France.'

Protter, P. E. (2004), Stochastic Integration and Differential Equations. Second Edition. Springer-
Verlag, Berlin.

Roberts, G. O. and Tweedie, R. L. (1996), Exponential convergence of Langevin distributions
and their discrete approximations. Bernoulli 2, 341-363.

Sato, K. (1999), Lévy Processes and Infinitely Divisible Distributions. Cambridge University Press,
Cambridge.

Shimizu, Y. and Yoshida, N. (2006), Estimation of parameters for diffusion processes with jumps
from discrete observations. Stat. Inference Stoch. Process. 9, 227-277.

Serensen, M. (2008), Efficient estimation for ergodic diffusions sampled at high frequency.
Preprint.

Stramer, O. and Tweedie, R. L. (1999), Langevin-type models. I. Diffusions with given stationary
distributions and their discretizations. Methodol. Comput. Appl. Probab. 1, 283-306.

Uchida, M. and Yoshida, N. Estimation for misspecified ergodic diffusion processes from discrete
observations. To appear in ESAIM Probab. Statist.

Veretennikov, A. Y. (1997), On polynomial mixing bounds for stochastic differential equations.
Stochastic Process. Appl. 70, 115-127.

Veretennikov, A. Y. (2006), On lower bounds for mixing coefficients of Markov diffusions. From
Stochastic Calculus to Mathematical Finance, 623-633, Springer, Berlin.

Wedderburn, R. W. M. (1974), Quasi-likelihood functions, generalized linear models, and the
Gauss-Newton method. Biometrika 61, 439-447.

Yoshida, N. (1992), Estimation for diffusion processes from discrete observation. J. Multivariate
Anal. 41, 220-242.

Yoshida, N. (2005), Polynomial type large deviation inequalities and quasi-likelihood analysis for
stochastic differential equations. To appear in Ann. Inst. Statist. Math.

Yoshida, N. Stochastic Analysis and Statistics. Springer. In preparation.

Yu, H. (2007), High moment partial sum processes of residuals in ARMA models and their
applications. J. Time Ser. Anal. 28, 72-91.

Thttp:/ /subaru.univ-lemans.fr/sciences/statist /liens /activites /Workshop/saps7/saps7.html

18



List of MI Preprint Series, Kyushu University

MI

MI2008-1

MI2008-2

MI2008-3

MI2008-4

MI2008-5

MI2008-6

MI2008-7

MI2008-8

MI2008-9

The Global COE Program
Math-for-Industry Education & Research Hub

Takahiro ITO, Shuichi INOKUCHI & Yoshihiro MIZOGUCHI
Abstract collision systems simulated by cellular automata

Eiji ONODERA
The intial value problem for a third-order dispersive flow into compact almost
Hermitian manifolds

Hiroaki KIDO
On isosceles sets in the 4-dimensional Euclidean space

Hirofumi NOTSU
Numerical computations of cavity flow problems by a pressure stabilized characteristic-
curve finite element scheme

Yoshiyasu OZEKI
Torsion points of abelian varieties with values in nfinite extensions over a p-

adic field

Yoshiyuki TOMIYAMA
Lifting Galois representations over arbitrary number fields

Takehiro HIROTSU & Setsuo TANIGUCHI
The random walk model revisited

Silvia GANDY, Masaaki KANNO, Hirokazu ANAI & Kazuhiro YOKOYAMA
Optimizing a particular real root of a polynomial by a special cylindrical al-
gebraic decomposition

Kazufumi KIMOTO, Sho MATSUMOTO & Masato WAKAYAMA
Alpha-determinant cyclic modules and Jacobi polynomials



MI2008-10

MI2008-11

MI2008-12

MI2008-13

MI2008-14

MI2008-15

MI2009-1

MI2009-2

MI2009-3

MI2009-4

MI2009-5

Sangyeol LEE & Hiroki MASUDA
Jarque-Bera Normality Test for the Driving Lévy Process of a Discretely Ob-
served Univariate SDE

Hiroyuki CHIHARA & Eiji ONODERA
A third order dispersive flow for closed curves into almost Hermitian manifolds

Takehiko KINOSHITA, Kouji HASHIMOTO and Mitsuhiro T. NAKAO
On the L? a priori error estimates to the finite element solution of elliptic
problems with singular adjoint operator

Jacques FARAUT and Masato WAKAYAMA
Hermitian symmetric spaces of tube type and multivariate Meixner-Pollaczek
polynomials

Takashi NAKAMURA
Riemann zeta-values, Euler polynomials and the best constant of Sobolev in-
equality

Takashi NAKAMURA
Some topics related to Hurwitz-Lerch zeta functions

Yasuhide FUKUMOTO

Global time evolution of viscous vortex rings

Hidetoshi MATSUI & Sadanori KONISHI
Regularized functional regression modeling for functional response and predic-
tors

Hidetoshi MATSUI & Sadanori KONISHI

Variable selection for functional regression model via the L, regularization

Shuichi KAWANO & Sadanori KONISHI

Nonlinear logistic discrimination via regularized Gaussian basis expansions

Toshiro HIRANOUCHI & Yuichiro TAGUCHII
Flat modules and Groebner bases over truncated discrete valuation rings



MI2009-6

MI2009-7

MI2009-8

MI2009-9

MI2009-10

MI2009-11

MI2009-12

MI2009-13

MI2009-14

MI2009-15

Kenji KAJIWARA & Yasuhiro OHTA
Bilinearization and Casorati determinant solutions to non-autonomous 1+1
dimensional discrete soliton equations

Yoshiyuki KAGEI
Asymptotic behavior of solutions of the compressible Navier-Stokes equation
around the plane Couette flow

Shohei TATEISHI, Hidetoshi MATSUI & Sadanori KONISHI
Nonlinear regression modeling via the lasso-type regularization

Takeshi TAKAISHI & Masato KIMURA
Phase field model for mode III crack growth in two dimensional elasticity

Shingo SAITO
Generalisation of Mack’s formula for claims reserving with arbitrary exponents
for the variance assumption

Kenji KAJIWARA, Masanobu KANEKO, Atsushi NOBE & Teruhisa TSUDA
Ultradiscretization of a solvable two-dimensional chaotic map associated with
the Hesse cubic curve

Tetsu MASUDA
Hypergeometric T -functions of the g-Painlevé system of type Eél)

Hidenao IWANE, Hitoshi YANAMI, Hirokazu ANAI & Kazuhiro YOKOYAMA
A Practical Implementation of a Symbolic-Numeric Cylindrical Algebraic De-
composition for Quantifier Elimination

Yasunori MAEKAWA
On Gaussian decay estimates of solutions to some linear elliptic equations and
its applications

Yuya ISHIHARA & Yoshiyuki KAGEI
Large time behavior of the semigroup on L? spaces associated with the lin-
earized compressible Navier-Stokes equation in a cylindrical domain



MI2009-16

MI2009-17

MI2009-18

MI2009-19

MI2009-20

MI2009-21

MI2009-22

MI2009-23

MI2009-24

MI2009-25

Chikashi ARITA, Atsuo KUNIBA, Kazumitsu SAKAI & Tsuyoshi SAWABE

Spectrum in multi-species asymmetric simple exclusion process on a ring

Masato WAKAYAMA & Keitaro YAMAMOTO
Non-linear algebraic differential equations satisfied by certain family of elliptic
functions

Me Me NAING & Yasuhide FUKUMOTO
Local Instability of an Elliptical Flow Subjected to a Coriolis Force

Mitsunori KAYANO & Sadanori KONISHI
Sparse functional principal component analysis via regularized basis expan-
sions and its application

Shuichi KAWANO & Sadanori KONISHI
Semi-supervised logistic discrimination via regularized Gaussian basis expan-
sions

Hiroshi YOSHIDA, Yoshihiro MIWA & Masanobu KANEKO
Elliptic curves and Fibonacci numbers arising from Lindenmayer system with
symbolic computations

Eiji ONODERA
A remark on the global existence of a third order dispersive flow into locally
Hermitian symmetric spaces

Stjepan LUGOMER & Yasuhide FUKUMOTO
Generation of ribbons, helicoids and complex scherk surface in laser-matter
Interactions

Yu KAWAKAMI

Recent progress in value distribution of the hyperbolic Gauss map

Takehiko KINOSHITA & Mitsuhiro T. NAKAO
On very accurate enclosure of the optimal constant in the a priori error esti-
mates for H32-projection



MI2009-26

MI2009-27

MI2009-28

MI2009-29

MI2009-30

MI2009-31

MI2009-32

MI2009-33

MI2009-34

MI2009-35

Manabu YOSHIDA
Ramification of local fields and Fontaine’s property (Pm)

Yu KAWAKAMI
Value distribution of the hyperbolic Gauss maps for flat fronts in hyperbolic
three-space

Masahisa TABATA
Numerical simulation of fluid movement in an hourglass by an energy-stable
finite element scheme

Yoshiyuki KAGEI & Yasunori MAEKAWA
Asymptotic behaviors of solutions to evolution equations in the presence of
translation and scaling invariance

Yoshiyuki KAGEI & Yasunori MAEKAWA
On asymptotic behaviors of solutions to parabolic systems modelling chemo-
taxis

Masato WAKAYAMA & Yoshinori YAMASAKI
Hecke’s zeros and higher depth determinants

Olivier PIRONNEAU & Masahisa TABATA
Stability and convergence of a Galerkin-characteristics finite element scheme
of lumped mass type

Chikashi ARITA
Queueing process with excluded-volume effect

Kenji KAJIWARA, Nobutaka NAKAZONO & Teruhisa TSUDA
Projective reduction of the discrete Painlevé system of type(Ay + A1)

Yosuke MIZUYAMA, Takamasa SHINDE, Masahisa TABATA & Daisuke TAGAMI

Finite element computation for scattering problems of micro-hologram using
DtN map



MI2009-36

MI2009-37

MI2010-1

MI2010-2

MI2010-3

MI2010-4

MI2010-5

MI2010-6

MI2010-7

MI2010-8

MI2010-9

Reiichiro KAWAI & Hiroki MASUDA
Exact simulation of finite variation tempered stable Ornstein-Uhlenbeck pro-
cesses

Hiroki MASUDA
On statistical aspects in calibrating a geometric skewed stable asset price
model

Hiroki MASUDA
Approximate self-weighted LAD estimation of discretely observed ergodic Ornstein-
Uhlenbeck processes

Reiichiro KAWAI & Hiroki MASUDA
Infinite variation tempered stable Ornstein-Uhlenbeck processes with discrete
observations

Kei HIROSE, Shuichi KAWANO, Daisuke MITKE & Sadanori KONISHI
Hyper-parameter selection in Bayesian structural equation models

Nobuyuki IKEDA & Setsuo TANIGUCHI
The It6-Nisio theorem, quadratic Wiener functionals, and 1-solitons

Shohei TATEISHI & Sadanori KONISHI
Nonlinear regression modeling and detecting change point via the relevance
vector machine

Shuichi KAWANO, Toshihiro MISUMI & Sadanori KONISHI

Semi-supervised logistic discrimination via graph-based regularization

Teruhisa TSUDA

UC hierarchy and monodromy preserving deformation

Takahiro ITO
Abstract collision systems on groups

Hiroshi YOSHIDA, Kinji KIMURA, Naoki YOSHIDA, Junko TANAKA &
Yoshihiro MITWA
An algebraic approach to underdetermined experiments



MI2010-10

MI2010-11

MI2010-12

MI2010-13

MI2010-14

MI2010-15

MI2010-16

MI2010-17

MI2010-18

MI2010-19

MI2010-20

Kei HIROSE & Sadanori KONISHI
Variable selection via the grouped weighted lasso for factor analysis models

Katsusuke NABESHIMA & Hiroshi YOSHIDA
Derivation of specific conditions with Comprehensive Groebner Systems

Yoshiyuki KAGEI, Yu NAGAFUCHI & Takeshi SUDOU
Decay estimates on solutions of the linearized compressible Navier-Stokes equa-
tion around a Poiseuille type flow

Reiichiro KAWAI & Hiroki MASUDA
On simulation of tempered stable random variates

Yoshiyasu OZEKI
Non-existence of certain Galois representations with a uniform tame inertia
weight

Me Me NAING & Yasuhide FUKUMOTO
Local Instability of a Rotating Flow Driven by Precession of Arbitrary Fre-
quency

Yu KAWAKAMI & Daisuke NAKAJO
The value distribution of the Gauss map of improper affine spheres

Kazunori YASUTAKE
On the classification of rank 2 almost Fano bundles on projective space

Toshimitsu TAKAESU
Scaling limits for the system of semi-relativistic particles coupled to a scalar
bose field

Reiichiro KAWAI & Hiroki MASUDA
Local asymptotic normality for normal inverse Gaussian Lévy processes with
high-frequency sampling

Yasuhide FUKUMOTO, Makoto HIROTA & Youichi MIE

Lagrangian approach to weakly nonlinear stability of an elliptical flow



MI2010-21 Hiroki MASUDA
Approximate quadratic estimating function for discretely observed Lévy driven
SDEs with application to a noise normality test



	1 Introduction
	2 Lévy-driven SDE with ergodic property
	3 Approximate quadratic martingale estimating function
	4 Normality test for the driving noise
	5 Proofs
	5.1 Preliminary lemmas
	5.1.1 Leading terms of Itô-Taylor expansions
	5.1.2 Tightness criteria for C1 random fields
	5.1.3 A central limit theorem for approximate martingale-difference arrays

	5.2 Proof of Theorem 3.4
	5.3 Proof of Theorem 4.1
	5.3.1 Under the null hypothesis
	5.3.2 Under the alternative hypothesis



