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Abstract

In this paper we deal with a family of ergodic Lévy-driven stochastic differential equations
observed at high-frequency discrete sampling points, where we do not suppose a specific form of the
driving Lévy measure, while the coefficients are known except for finite-dimensional parameters.
Our aim is twofold: first, we derive first-order asymptotic behavior of an M -estimator based
on the approximate quadratic martingale estimating function; second, as an application of the
estimator obtained, we derive consistent and asymptotically distribution-free test statistics for
the normality of the driving Lévy process, based on the self-normalized partial sums of residuals.
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1 Introduction

In this paper we are concerned with the univariate Stochastic Differential Equation (SDE){
dXt = a(Xt, α)dt+ b(Xt−, β)dZt,

X0 = x0

(1)

where a and b are R-valued functions, which are known except for finite-dimensional parameters α
and β, respectively, and Z is a univariate Lévy process. The Lévy driven SDE (1) can be regarded as
an extended-noise version of the diffusion process, for which Z is a standard Wiener process. Suppose
that we have a discrete-time sample

(Xt0 , Xt1 , . . . , Xtn)

with regular sampling points ti = tni = ihn, where hn → 0 as n → ∞. Our main objective is twofold.

1. First, based on the available data we want to estimate the unknown parameter θ := (α, β) under
the ergodicity. It is common knowledge that the exact likelihood estimation is infeasible in
general, since most often we cannot write down the transition density in an explicit form while
its existence is easy to verify. Nevertheless, for the diffusion case the issue has been solved under
some appropriate conditions, and there exist several explicit contrast functions. See Kessler [5]
and Yoshida [25, 26] as well as the references therein: in order to derive an explicit contrast
function, they employed a discretized version of the continuous-observation likelihood process,

∗This manuscript is a memorandum of the presentation material [14].

1



or a local-Gauss approximation of the transition density. It is well known in the literature that
the quasi-likelihood type contrast function, for which only conditional mean and variances of
data increments do matter, lead to an asymptotically efficient estimator.

On the other hand, the issue has not been addressed enough in the presence of (possibly infinite-
variation) jumps. Among many possibilities, in this paper we focus on a quasi-likelihood type
contrast function. Different from the diffusion case, it does not produce asymptotically efficient
estimator in the presence of jumps. Nevertheless, it has at least two important advantages: the
computation of estimates is straightforward; and estimation procedure is robust to modelling
Lévy measure, which we actually do not need to specify.

2. Second, as an application of the estimator thus obtained, we consider testing whether or not Z
is Gaussian. Under the nontriviality of Z, this can be stated as follows:

H0 : Z is a standard Wiener process.

H1 : Not H0.

The alternative H1 just means that ν(R\{0}) ∈ (0,∞]; the Gaussian part of Z may or may
not be null under H1. We are concerned here with formulation of a Jarque-Bera-type test for
a discretely observed Markov process defined as a solution process to a stochastic differential
equation. Our focus is put rather on seemingly diffusion-like process, than on diffusion plus
rare and large jumps. Pure-jump Lévy process with many small jumps may be approximated in
distribution by a Wiener process. Nevertheless, our test statistics can simply and successfully
detect the non-Gaussianity by means of high frequency sampling.

In the light of prior literatures, when we apply a parametric diffusion model to high-frequency
data, we blindly utilize the optimal rate

√
n of the diffusion parameter, faster than the optimal rate√

Tn of the drift parameter. It is well known that the (approximate) quadratic estimating function
leads to the optimal rates in case of diffusions. However, this is not if Z admits any nontrivial jump
part (see Theorem 3.4 below), even if Z is “distributionally” close to a standard Wiener process, such
as the normal inverse Gaussian Lévy process such that L(Z1) = NIG(α, 0, δ, 0) with large α and
δ. One should pay attention to this hazardous nature in practice. This point justifies performing
normality test for Z.

This paper is organized as follows. Section 2 describe our target model and assumptions. In
Section 3, we provide the asymptotic behavior of the Gaussian reference quasi-likelihood estimator,
which can be seen as the estimator based on an approximate quadratic martingale estimating function.
As an application of the result of Section 3, in Section 4 we presents a noise normality test based on
self-normalized partial sums of residuals: an earlier attempts in this direction has been made by Lee
and Masuda [10] (see also Kulperger and Yu [8] and Yu [28] in the context of time series analysis).

2 Lévy-driven SDE with ergodic property

Let (Ω,F , (Ft)t∈R+ , P ) be a complete filtered probability space endowed with a nontrivial centered
Lévy process Z = (Zt)t∈R+ admitting an Lévy-Itô decomposition

Zt = σwt +

∫ t

0

∫
zµ̃(ds, dz), (2)

where σ ≥ 0, w is a univariate standard Wiener process, and µ̃(ds, dz) = µ(ds, dz) − dsν(dz) with
a Poisson random measure on R\{0} having Lévy measure ν (we refer to the monograph Sato [17]
for a detailed description of Lévy processes). On this space, we consider a solution X = (Xt)t∈R+

to the SDE (1), where α ∈ Θα ⊂ Rpα and β ∈ Θβ ⊂ Rpβ , with Θα and Θβ being convex domains.
We write θ = (α, β) and Θ = Θα × Θβ , and denote by p := pα + pβ the dimension of the all
unknown parameters involved. The initial variable X0 is F0-measurable and independent of Z, and
the coefficients a : R×Θα → R and b : R×Θβ → R are known measurable functions. We denote by
θ0 = (α0, β0) ∈ Θ the true value of θ, supposed to exist. We observe X at time points tni = ihn, so that
available data is X0, Xhn , . . . , Xnhn . Throughout this paper we work under the “rapidly increasing
experimental design”:

hn → 0, Tn := nhn → ∞, nh2
n → 0. (3)
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Here and in what follows asymptotics are taken for n → ∞ unless otherwise mentioned.

Remark 2.1. As in Kessler [5], it is possible to relax (3) in our framework by gaining the order of
the Ito-Taylor expansion. However, our results then becomes complicated to implement.

Our underlying statistical model is the parametric family (Pθ)θ∈Θ, where Pθ stands for the image
measure of X associated with θ ∈ Θ. For simplicity, we abbreviate Pθ0 as P0.

We use the following notation.

• ∆iX := Xtni
−Xtni−1

.

• fi−1(v) := f(Xti−1 , v) for a variable v ∈ V and a measurable function f on R× V .

• →p and →d denotes the convergence in P0 probability and the convergence in law under P0,
respectively.

We impose the following regularity conditions on the coefficients.

Assumption 2.2. Either one of the following two holds true.

1. (Bounded smooth coefficients plus uniformly nondegenerate b(x, β))

• a ∈ C∞,2(R×Θα) and b ∈ C∞,2(R×Θβ).

• sup(x,θ)∈R×Θ{|∂j
x∂

k
αa(x, α)| ∨ |∂j

x∂
k
βb(x, β)|} < ∞ for each j ∈ Z+ and k ∈ {0, 1, 2}.

• inf(x,β)∈R×Θβ
|b(x, β)| > 0.

2. (Globally Lipschitz smooth coefficients plus nondegenerate b(x, β))

• a ∈ C∞,2(R×Θα) and b ∈ C∞,2(R×Θβ).

• sup(x,θ)∈R×Θ{|∂xa(x, α)| ∨ |∂xb(x, β)|} < ∞.

• sup(x,θ)∈R×Θ{|∂j
x∂

k
αa(x, α)| ∨ |∂j

x∂
k
βb(x, β)|} ≤ C(1 + |x|)C for each j ≥ 2 and k ∈ {0, 1, 2}.

• sup(x,β)∈R×Θβ
|b(x, β)|−1 ≤ C(1 + |x|)C .

Under Assumption 2.2, the SDE (1) admits a unique strong solution without reference to the
concrete structure of Z; see, e.g., Protter [15] for details. The reason why we separate the cases 1
and 2 in Assumption 2.2 is related to validity of the (conditional-) moment estimates we repeatedly
need in the proofs. In prior literatures concerning estimation of discretely observed SDEs, it is most
often assumed that supt E[|Xt|q] < ∞ for every q > 0 (see, among others, Kessler [5], Masuda [11],
Shimizu and Yoshida [18], Sørensen [19]); specifically, this is required since it is also supposed that
the coefficients together with their partial derivatives are of (at most) polynomial growth uniformly in
both of state variable and parameters, while in most cases the positive-order derivatives are uniformly
bounded. The Lp-boundedness ofX often rules out important classes ofX, such as Langevin diffusions
with heavy-tailed invariant density g, described by

dXt =

(
1

2
b2(Xt)∂ log g(Xt) + b(Xt)∂b(Xt)

)
dt+ b(Xt)dwt, (4)

with b being bounded; in this case X may exhibits a kind of long-range dependence in the sense that
the mixing (absolutely-regular) rate is at most subexponential or polynomial (see, e.g., Roberts and
Tweedie [16, Theorem 2.4], Stramer and Tweedie [20, Theorem 3.1(i)], and Veretennikov [22, 23]).
A little bit surprisingly, this point does not seem to have been specified in the literature although
it is obvious, hence we incorporate it as the first one of Assumption 2.2; in case of the second one
of Assumption 2.2, we will additionally assume supt E[|Xt|q] < ∞ for every q > 0. Clearly, possible
upper bound of q depends on the growth orders of a and b as well as of their partial derivatives, and
on the tail of ν. Here we do not specify this intermediate case for the sake of simplicity.

The next condition is the ergodicity of X.
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Assumption 2.3. There exists a unique invariant distribution π0 (possibly depending on θ0) such
that we have the law of large numbers:

1

Tn

∫ Tn

0

f(Xt)dt →p

∫
f(x)π0(dx) (5)

as soon as f ∈ L1(π0).

Several sets of sufficient conditions to verify Assumption 2.3 when Assumption 2.2 are available:
see, e.g., the references of Masuda [12, 13] and Kulik [6, Appendix A.1]. Especially for the compound-
Poisson case (i.e., ν(R) < ∞), quite simple conditions are given by, e.g., Masuda [13].

Finally, we impose moment conditions on the driving Lévy process Z of the form (2).

Assumption 2.4. There exists an integer q > (p∨8) such that E[|Zt|q] < ∞, and E[Z2
t ] = t for each

t ∈ R+.

We have imposed the condition “q > (p ∨ 8)” just for providing a consistent estimator of the
asymptotic covariance matrix in Theorem 3.4 in a direct manner. This condition may be relaxed by
taking a closer look at the series of estimates in the proofs.

3 Approximate quadratic martingale estimating function

Here we derive an asymptotic normality result concerning the M -estimator of θ based on an approxi-
mate quadratic martingale function, which essentially amounts to the local-Gaussian transition fitting.
Needless to say, how to choose an estimating function could be a lot of things, possibly depending on
specific structure of the jump part of the driving Lévy process. Nevertheless, as seen in the quasi-
likelihood analysis in the time-series literature, the quadratic type estimating function is expected to
possess high versatility, thereby being of “practical” use.

Let A : R × Θα → Rpα and B : R × Θβ → Rpβ be measurable functions. We define a class of
random functions Qn : Θ → Rp by

Qn(θ) =

(
Q1

n(θ)

Q2
n(θ)

)
=

n∑
i=1

(
Ai−1(θ)(∆iX − hnai−1(α))

Bi−1(θ){(∆iX − hnai−1(α))
2 − hnbi−1(β)

2}

)
. (6)

We target at estimators θ̂n = (α̂n, β̂n) of θ such that Qn(θ̂n) = 0 (for n large enough). Note that we are
in a semiparametric framework in the sense that we only impose moment structures about the driving
process Z. Needless to say, the estimator treated here may be far from being asymptotically efficient
in the presence of jumps. Nevertheless, it has an obvious advantage, robustness to the specification
of Z’s Lévy measure.

Remark 3.1. Of course, our estimating function Qn(θ) stems from the leading-term approximation
of the genuine quadratic estimating function

Q∗
n(θ) =

n∑
i=1

(
Ai−1(θ)(Xti − Ei−1

θ [Xti ])

Bi−1(θ){(Xti − Ei−1
θ [Xti ])

2 − Ei−1
θ [(Xti − Ei−1

θ [Xti ])
2]}

)
,

where Ei−1
θ [·] := Eθ[·|Fti−1 ]. This can be explicit if, for example, a(x, α) is linear in x. We here

do not pay special attention to this case, however, it is obvious from the proof of Theorem 3.4 below
that asymptotic behavior of the M -estimator associated with Q∗

n(θ) can be obtained under appropriate
conditions in a manner similar to the case of Qn(θ). Sørensen [19] studied general approximate
martingale function for diffusion processes, including the efficiency result in Kessler [5].

We introduce some additional assumptions.

Assumption 3.2. Either one of the following holds true.

1. We have Assumptions 2.2.1, 2.3, and 2.4. Additionally,
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• A(x, ·) ∈ C2(Θ) and B(x, ·) ∈ C2(Θ) for every x ∈ R,
• sup(x,θ)∈R×Θ{|∂k

θA(x, θ)| ∨ |∂k
θB(x, θ)|} < ∞ for k ∈ {0, 1, 2}.

2. We have Assumptions 2.2.2, 2.3, and 2.4. Additionally,

• A(x, ·) ∈ C2(Θ) and B(x, ·) ∈ C2(Θ) for every x ∈ R,
• supθ∈Θ{|∂k

θA(x, θ)| ∨ |∂k
θB(x, θ)|} ≤ C(1 + |x|)C for each k ∈ {0, 1, 2},

• supt∈R+
E0[|Xt|q] < ∞ for every q > 0.

Typically, the last condition in Assumption 3.2.2 follows from a kind of Foster-Lyapunov criteria,
which is usually easy to verify: see Masuda [12, 13] for details.

We write π0(f(·, θ)) =
∫
f(x, θ)π0(dx) for a function on R × Θ, and abbreviate π0(f(·, θ0)) to

π0(f). We also impose the identifiability condition:

Assumption 3.3. The matrices π0(A∂
⊤
α a) and π0(B∂⊤

β b2) are nonsingular, and the following iden-

tifiability condition holds true: |π0(A(·, θ){a(·, α0) − a(·, α)})| + |π0(B(·, θ){b2(·, β0) − b2(·, β)})| = 0
iff θ = θ0.

Put νk =
∫
zkν(dz) for k ∈ N; νk for k ≥ 3 is nothing but the kth cumulant of L(Z1), hence we

have ν3 = E[Z3
1 ] and ν4 = E[Z4

1 ]− 3 under Assumption 2.4. Under the aforementioned assumptions,
the following p× p symmetric matrices are well-defined:

V ′
0 = diag(V11, 2V22), V ′′

0 =

(
V11 ν3V12

Sym. ν4V22

)
,

where

V11 = {π0(A∂
⊤
α a)⊤}−1π0(A

⊗2b2)π0(A∂⊤
α a)−1,

V12 = {π0(A∂
⊤
α a)⊤}−1π0(AB⊤b3)π0(B∂⊤

β b2)−1,

V22 = {π0(B∂⊤
β b2)⊤}−1π0(B

⊗2b4)π0(B∂⊤
β b2)−1.

For a function f(x, θ) on R×Θ we write

Ŝn(f) =
1

n

n∑
i=1

f(Xti−1 , θ̂n).

Our main claim in this section is as follows.

Theorem 3.4. Suppose Assumptions 2.4, 3.2, and 3.3. Then, there exists a σ(Xtni
: i ≤ n)-measurable

Rp-valued sequence θ̂n such that P0[Qn(θ̂n) = 0] → 1, and any such sequence fulfils θ̂n →p θ0.
Moreover:

if ν(R) = 0, then
(√

Tn(α̂n − α0),
√
n(β̂n − β0)

)
→d Np(0, V

′
0); (7)

if ν(R) > 0, then
√

Tn(θ̂n − θ0) →d Np(0, V
′′
0 ). (8)

Consistent estimators of the asymptotic variances can be given through through the following: in case
of (7),

V̂11,n = {Ŝn(A∂
⊤
α a)⊤}−1Ŝn(A

⊗2b2)Ŝn(A∂⊤
α a)−1

V̂22,n = {Ŝn(B∂⊤
β b2)⊤}−1Ŝn(B

⊗2b4)Ŝn(A∂⊤
α a)−1;

and in case of (8), V̂11,n is the same as above, while

ν̂3V12,n = {Ŝn(A∂
⊤
α a)⊤}−1

(
1

Tn

n∑
i=1

AB⊤(Xti−1 , θ̂n){∆iX − hnai−1(α̂n)}3
)
Ŝn(B∂⊤

β b2)−1,

ν̂4V22,n = {Ŝn(B∂⊤
β b2)⊤}−1

(
1

Tn

n∑
i=1

B⊗2(Xti−1 , θ̂n){∆iX − hnai−1(α̂n)}4
)
Ŝn(B∂⊤

β b2)−1.
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The diffusion case (7) is well known and formally not new, and we know the optimal choices of A
and B leading to the asymptotic efficiency. Nevertheless, the author could not find any literature that
specify the claim under possibly heavy-tailed L(Xt), which may occur under Assumption 2.2.1: in
prior literatures, it is most often imposed that supt∈R+

E0[|Xt|q] < ∞ for q > 0 large enough, and X
possibly having heavy-tailed L(Xt) does seem to have been ignored so far. Hence we include it for the

sake of completeness. On the other hand, (8) is new, but in this case θ̂n must not be asymptotically
efficient. We do not consider the efficiency issue in this paper, and leave it as an important future
work.

Thus we have seen that the approximate quadratic estimating function can be used regardless of
the presence of jumps. However, within our underlying model (1) with Z unknown, we beforehand
do not know which of a diffusion or a process with jumps is more appropriate to given data. This
underlines the importance of testing normality of Z, presented in the next Section.

• We can formulate the result in case where nhr → 0, r ≥ 2, r ∈ N, however, the resulting
estimating function then looks much more complicated and its optimization becomes harder.

• In view of Schwarz’s inequality, it is easy to see that A(x, θ) = ∂αa(x, α)/b(x, β)
2 and A(x, θ) =

∂β [b(x, α)
2]/b(x, β)4 is an asymptotically optimal choice when ν3 = 0 and pα = pβ = 1. In

general, we do not know the asymptotically best possible choice of A and B.

• We could also deduce a mighty convergence result for multivariate X. This will be reported
elsewhere.

4 Normality test for the driving noise

In this section we are concerned with testing the normality of Z against presence of any nontrivial
jump component:

H0 : Z is a standard Wiener process.

H1 : Not H0.

Since we presuppose that Z is nontrivial, the alternative hypothesis specifically means that ν(R) ∈
(0,∞]. The Gaussian component of Z may or may not degenerate under H1.

For convenience, we remark the prototype of the Jarque-Bera test for normality. Let ξ1, ξ2, . . . be
a sequence of i.i.d. random variables, and for k ≥ let

κ̂(k)
n :=

n−1
∑n

i=1(ξi − ξ̄n)
k

{n−1
∑n

i=1(ξi − ξ̄n)2}k/2
,

where ξ̄n := n−1
∑n

i=1 ξi. Then the Jarque-Bera statistics

Jn := n

[
(
√
nχ̂

(3)
n )2

6
+

{
√
n(χ̂

(4)
n − 3)}2

24

]
weakly tends to χ2(2) as soon as the law of ξ1 is normal, providing a simple procedure of testing
normality. This test is based on the fact: if

√
n(Vn − V ) →d Np(0,Σ) for some constants V ∈ Rp and

Σ ∈ Rp ⊗ Rp, then it follows from the continuous mapping theorem that Σ−1
n [{

√
n(Vn − V )}⊗2] →d

χ2(p), where Σn →p Σ.

We consistently use the notation introduced in Section 3. Let

ϵni(θ) :=
∆iX − hnai−1(α)

bi−1(β)
√
hn

(9)

for i ≤ n and θ ∈ Θ, and ϵ̂ni := ϵni(θ̂n), where θ̂n = (α̂n, β̂n) is the estimator introduced in Section 3.

Write ¯̂ϵn = n−1
∑n

i=1 ϵ̂ni, Ψ̂
(k)
n = n−1

∑n
i=1(ϵ̂ni − ¯̂ϵn)

k, and Φ
(k)
n = Ψ̂

(k)
n (Ψ̂

(2)
n )−k/2 for k ∈ N. Our test

statistics is then defined to be

Tn =
n

6

{
Φ̂(3)

n − 3
√
hn

n

n∑
i=1

∂xb(Xti−1 , β̂n)

}2

+
n

24
(Φ̂(4)

n − 3)2. (10)
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Given a value of θ̂n, it is straightforward to evaluate Tn. This simple test statistics turns out to be
asymptotically distribution-free and consistent.

Theorem 4.1. Suppose that the conditions of Theorem 3.4 are in force. Then Tn →d χ2(2) under
H0, while P0[Tn > K] → 1 for every K > 0 under H1.

Here are some remarks on Theorem 4.1.

• Theorem 4.1 extends Lee and Masuda [10], where we targeted at constant b(x, β). Although
the construction of our test statistics (the Jarque-Bera methodology) is somewhat analogous,
we need to be careful in handling the dispersion term b(x, β). The test statistics Tn are different
from what is proposed in Lee and Masuda [10]: in the present setting, we have a bias-correction
term in the sample-skewness part. We note that Tn reduces to that of Lee and Masuda [10]
in cases where b(x, β) is constant. It is possible to construct Tn based on higher-order self-
normalized partial sums of residuals, however, performance of Tn under H0 may then deteriorate
since higher-order sample moments appear in the statistics, while power can be gained due to
resulting bigger variance of Tn.

• In order to deduce the asymptotic behaviors of Tn under H0 and H1 simultaneously, we have
to specify the behaviors of θ̂n to some extent under H0 and H1 simultaneously. In our case it
is crucial that θ̂n is rate-optimal under H0 and at the same time

√
Tn-consistent under H1. If

instead of θ̂n we adopt some estimator θ̃n, which is only
√
Tn-consistent even under H0, then,

it is clear from the proof of Theorem 4.1 that Tn does not work: more precisely, the required
rate of θ̂n mentioned above are enough to conclude that the effect of plugging-in θ̂n vanishes in
the leading term of Tn (see the proof of Theorem 4.1 for details). In this sense, the approximate
quadratic estimating function is quite natural to adopt in our framework, for it produce possibly
the simplest rate-optimal estimator under H0, and at the same time,

√
Tn-consistency under H1.

• For computing Φ̂
(k)
n , the factor

√
hn in the denominator of (9) is clearly redundant. However,

we put it for convenience of references in the proof.

5 Proofs

Throughout this section we use the following notation.

• R1(x, θ) (resp. R2(x, θ)) denotes generic functions on R × Θ such that supx,θ |R1(x, θ)| < ∞
(resp. supθ |R2(x, θ)| ≤ C(1 + |x|)C). Dimensions of Rj(x, θ) vary depending on the context.

• ρk stands for the kth moment of the standard normal distribution.

• For random sequences (xn) and (yn), xn . yn means that xn ≤ Cyn a.s. for every n large
enough.

• ζ ′ni := ∆iX − hnai−1(α0) and ζ ′′ni := {∆iX − hnai−1(α0)}2 − hnbi−1(β0)
2.

5.1 Preliminary lemmas

For later repeated use, we first summarize some preliminary lemmas.

5.1.1 Leading terms of Itô-Taylor expansions

First we mention a fundamental fact concerning conditional size of X’s increments.

Lemma 5.1. Let g(x, θ) := |a(x, α)| ∨ |b(x, β)|. Fix any q ≥ 2 such that E[|Zt|q] < ∞. Then

Ei−1
θ

[
sup

s∈[ti−1,ti]

|Xs −Xti−1 |q
]
.

{
h
q/2
n g(Xti−1 , θ)

q, if ν(R) = 0,
hng(Xti−1 , θ)

q, otherwise.
(11)

In particular, the left-hand side of (11) are essentially bounded if so is g.
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Proof. Let ν(R) > 0, and τi−1,K := inf{s ≥ ti−1 : |Xs| ≥ K} for K > 0. By means of Assump-
tion 2.2, triangular and martingale inequalities (consult, e.g., Protter [15, Section V.11] with minor
modifications), we see that ξi−1,K(s) := Ei−1

θ [supu∈[ti−1,s∧τi−1,K ] |Xu − Xti−1 |q] fulfils ξi−1,K(ti) .∫ ti
ti−1

ξi−1,K(s)ds + hng(Xti−1 , θ)
q, the upper bound being a.s. finite according to the definition of

τi−1,K . Hence the claim follows on applying Gronwall’s inequality and then letting K → ∞. The case
where ν(R) = 0 is similar (see also Kessler [5, Lemma 6]).

For a smooth function f : R → R the generator of X under Pθ is formally given by

Aθf(x) = a(x, α)∂f(x) +
1

2
b(x, β)2∂2f(x)

+

∫
{f(x+ b(x, β)z)− f(x)− ∂f(x)b(x, β)z}ν(dz). (12)

Successive applications of Itô’s formula yield for m ∈ N

Ei−1
θ [f(Xti)] =

m∑
l=0

hl
n

l!
Aθf(Xti−1

) +

∫ ti

ti−1

∫ sm

ti−1

. . .

∫ s1

ti−1

Ei−1
θ [Ak+1

θ f(Xs0)]ds0ds1 . . . dsm

+
m∑
l=1

∫ ti

ti−1

∫ sl−1

ti−1

. . .

∫ s1

ti−1

Ei−1
θ [M(Al

θf)
s0
ti−1

]ds0 . . . dsl−1 + Ei−1
θ [M(f)titi−1

], (13)

where, for t ≥ s,

M(g)ts :=
1

2

∫ t

s

∂g(Xu)b(Xu, β)dwu +

∫ t

s

∫
{g(Xu− + b(Xu−, β)z)− g(Xu−)}µ̃(du, dz). (14)

(13) is valid as soon as all the appearing conditional expectations a.s. exist.
For i ≤ n and k ∈ N, we let

Fk,i(θ) := Ei−1
θ [{∆iX − hnai−1(α)}k].

We need the leading terms of the stochastic expansions of Fk,i(θ) in h-power series (the so-called Itô-
Taylor expansions), which play a central role in deriving the asymptotic behaviors of our estimator
and test statistics.

Lemma 5.2. Suppose ν(R) = 0, so that X is a diffusion process. Then, for each i ≤ n we have,
under Assumption 2.2.1,

F1,i(θ) = h2
nR1(Xti−1 , θ),

F2,i(θ) = hnbi−1(β) + h2
nR1(Xti−1 , θ),

F3,i(θ) = 3h2
nb(Xti−1 , β)

3∂xb(Xti−1 , β) + h3
nR1(Xti−1 , θ),

also, for k ≥ 4,

Fk,i(θ) =

{
h
(k+1)/2
n R1(Xti−1 , θ), for k odd,

h
k/2
n ρkb(Xti−1 , β)

k + h
(k+2)/2
n R1(Xti−1 , θ), for k even.

The same expressions except that all the R1 are replaced by R2 remain valid under Assumption 2.2.2.

Proof. We only prove the lemma under Assumption 2.2.1; the proof under Assumption 2.2.2 is iden-
tical. Let fk,x(y) := (y − x)k. Since

Fk,i(θ) =
k∑

l=0

(
k

l

)
{−ai−1(α)}k−lhk−l

n Ei−1
θ [(∆iX)l], (15)
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it suffices to look at Ei−1
θ [fk,Xti−1

(Xti)]. It is clear that |Al
θfk,x(y)| ≤ C(1 + |y − x|2l). Hence, in

view of the expression (14) with the purely discontinuous local martingale part dropped out, it follows
from Lemma 5.1 and Burkholder-Davis-Gundy inequality that

Ei−1
θ

[
sup

s∈[ti−1,ti]

|M(Al
θfk,Xti−1

)sti−1
|2
]
≤ Chn.

Hence the third term in the right-hand side of (13) vanishes as a matter of fact (see Protter [15,
Theorem I.51]). Moreover, the second term in the right-hand side of (13) can be bounded by Chk+1

n .
In view of (12) we easily see that: Al

θfk,x(y) ≡ 0 for l ≤ [k/2] if k ∈ N is odd; also, Al
θfk,x(y) ≡ 0 for

l ≤ [k/2]− 1 if k ∈ N is even. Now we deduce the claim by easy computations.

The leading terms of Fk,i(θ) are of Op(hn) whatever k ∈ N is in the presence of any nontrivial
jump component.

Lemma 5.3. Suppose that ν(R) ∈ (0,∞] and E[|Zt|k] < ∞ for some k ∈ N. Then for each i ≤ n we
have under Assumption 2.2.1,

Fk,i(θ) =

 h2
nR1(Xti−1 , θ), for k = 1,

hnb(Xti−1 , β)
2 + h2

nR1(Xti−1 , θ), for k = 2,
hnνkb(Xti−1 , β)

k + h2
nR1(Xti−1 , θ), for k ≥ 3.

(16)

The same expressions except that all the R1 are replaced by R2 remain valid under Assumption 2.2.2.

Proof. Again we only prove under Assumption 2.2.1; the proof under Assumption 2.2.2 is similar with
minor modifications.

Fix a k ∈ N, and set fk,x(y) = (y−x)k as before. We need to look at (13) and (14) for f = fk,Xti−1

and m = 1 in more detail. Then, from (12)

|∂(Aθfk,x)(y)| . |∂fk,x(y)|+ |∂2fk,x(y)|+ |∂3fk,x(y)|

+

∣∣∣∣ ∫ (∫ 1

0

u

∫ 1

0

∂3fk,x(y + uvb(y)z)dvdu

)
b(y)2z2ν(dz)

+

∣∣∣∣ ∫ (∫ 1

0

∂2fk,x(y + ub(y)z)du

)
b(y)∂b(y)z2ν(dz)

∣∣∣∣
. 1 + |y − x|+ · · ·+ |y − x|k−1,

where we used the condition
∫
|z|kν(dz) < ∞. Similarly, we see that the same upper bound remains

valid for |∂2(Aθfk,x)(y)|. Hence, from the expression

A2fk,x(y) = a(y)∂(Aθfk,x)(y) + 2−1b(y)2∂2(Aθfk,x)(y)

+

∫ {∫ 1

0

u

∫ 1

0

∂2(Aθfk,x)(y + uvb(y)z)dudv

}
b(y)2z2ν(dz),

we also deduce the estimate |A2fk,x(y)| . 1+ |y−x|+ · · ·+ |y−x|k−1. This combined with Lemma 5.1
readily implies that, in (13), Ei−1

θ [M(Al
θf)

s0
ti−1

] = 0, Ei−1
θ [M(f)titi−1

] = 0, and Ei−1
θ [|A2fk,x(y)|] . 1;

here, the first two can be verified just like the proof of Lemma 5.2. Thus we obtain

Ei−1
θ [fk,Xti−1

(Xti)] = hnAθfk,Xti−1
(Xti−1) + h2

nR1(Xti−1 , θ).

The claim now follows on noting that Aθf1,x(x) = a(x, α), Aθf2,x(x) = b(x, β)2, and Aθfk,x(x) =
νkb(x, β)

k for k ≥ 3, and then using the binomial expansion (15).

Remark 5.4. The higher-order expansions can be derived through straightforward but messy and
lengthy computations; they might be practically intractable in optimization of the corresponding esti-
mating functions. Needless to say, the principle can apply to a more general multivariate diffusions
with jumps, where diffusion and jump-part coefficient functions may differ. Although we do not need
them in this paper, it may be used to construct estimating functions for diffusions with jumps.
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5.1.2 Tightness criteria for C1 random fields

Just for convenience, we recall

Lemma 5.5. Let {Un(h) : h ∈ H}n∈N be random fields of class C1 defined on a bounded convex
domain H ⊂ Rp. Suppose the following conditions.

1. Un(h) →p 0 for each h ∈ H.

2. Either one of the following holds true:

(a) supn E[suph |∂hUn(h)|] < ∞;

(b) supn,h E[|Un(h)|q] < ∞ and supn E[suph |∂hUn(h)|q] < ∞ for a constant q > p.

Then suph |Un(h)| →p 0.

It is easy to prove that Un(·) is tight with respect to the uniform metric on H under the conditions
1 and 2(a). See Kallenberg [4, Corollary 16.9] for details concerning the tightness under the conditions
1 and 2(b).

5.1.3 A central limit theorem for approximate martingale-difference arrays

We remark the well known CLT for triangular arrays of random variables.

Lemma 5.6. Let {(Uni)
n
i=1}n∈N be arrays of Rr-valued random variables in L2(P ), each Uni being

Fti-measurable. Suppose the following conditions:

1.
∑n

i=1 E
i−1
0 [Uni] →p 0 and

∑n
i=1 |E

i−1
0 [Uni]|2 →p 0;

2.
∑n

i=1 E
i−1
0 [U⊗2

ni ] →p V for some constant V ∈ Rr ⊗ Rr;

3.
∑n

i=1 E
i−1
0 [|Uni|2+ϵ] →p 0 for some constant ϵ > 0.

Then
∑n

i=1 Uni →d Nr(0, V ).

See Dvoretzky [1] for details.

5.2 Proof of Theorem 3.4

We rely on a Cramér-type result from general M -estimation theory.
We need to show the convergence in P0 probability of several random sequences uniformly in θ ∈ Θ.

In this respect it is the most convenient to rewrite (6) as

Q1
n(θ) = hn

n∑
i=1

Ai−1(θ){ai−1(α0)− ai−1(α)}+
n∑

i=1

Ai−1(θ)ζ
′
ni, (17)

Q2
n(θ) = hn

n∑
i=1

Bi−1(θ){bi−1(β0)
2 − bi−1(β)

2}] +
n∑

i=1

Bi−1(θ)ζ
′′
ni

+ hn

n∑
i=1

Bi−1(θ)2ζ
′
ni{ai−1(α0)− ai−1(α)}+ h2

n

n∑
i=1

Bi−1(θ){ai−1(α0)− ai−1(α)}2. (18)
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Under the assumptions we can differentiate these quantities to obtain

∂αQ
1
n(θ) =

∑
i

∂αAi−1(θ)ζ
′
ni + hn

∑
i

[∂αAi−1(θ){ai−1(α0)− ai−1(α)} −Ai−1(θ)∂αai−1(α)], (19)

∂βQ
1
n(θ) =

∑
i

∂βAi−1(θ)ζ
′
ni + hn

∑
i

∂βAi−1(θ){ai−1(α0)− ai−1(α)}, (20)

∂αQ
2
n(θ) =

∑
i

∂αBi−1(θ)ζ
′′
ni + hn

∑
i

∂αBi−1(θ){bi−1(β0)
2 − bi−1(β)

2}

+ 2hn

∑
i

ζ ′ni[∂αBi−1(θ){ai−1(α0)− ai−1(α)} −Bi−1(θ)∂αai−1(α)]

+ h2
n

∑
i

[∂αBi−1(θ){ai−1(α0)− ai−1(α)}2 − 2Bi−1(θ){ai−1(α0)− ai−1(α)}∂αai−1(α)],

(21)

∂βQ
2
n(θ) =

∑
i

∂βBi−1(θ)ζ
′′
ni + hn

∑
i

∂βBi−1(θ){bi−1(β0)
2 − bi−1(β)

2}

+ 2hn

∑
i

[∂βBi−1(θ)ζ
′
ni{ai−1(α0)− ai−1(α)} −Bi−1(θ)bi−1(β)∂βbi−1(β)]

+ h2
n

∑
i

∂βBi−1(θ){ai−1(α0)− ai−1(α)}2. (22)

(Note that we presuppose that α and β do not possess any common component.)

Let us prove that there exist Rp-valued measurable functions θ̂n = θ̂n(Xti : i ≤ n) such that

P0[Qn(θ̂n) = 0] → 1, and that any such sequence fulfils θ̂n →p θ0. Put

Q(θ) =

(
Q1(θ)

Q2(θ)

)
:=

(
π0(A(·, θ){a(·, α0)− a(·, α)})
π0(B(·, θ){b2(·, β0)− b2(·, β)})

)
. (23)

Under Assumption 3.3, Q(θ) = 0 iff θ = θ0, therefore,

∀ϵ > 0 inf
θ∈Θ:|θ−θ0|≥ϵ

|Q(θ)| > 0. (24)

Moreover, Q is of class C1(Θ) with the partial derivatives given by

∂αQ
1(θ) = π0(∂αA(·, θ){a(·, α0)− a(·, α)})− π0(A(·, θ)∂αa(·, α)), (25)

∂βQ
1(θ) = π0(∂βA(·, θ){a(·, α0)− a(·, α)}), (26)

∂αQ
2(θ) = π0(∂αB(·, θ){b2(·, β0)− b2(·, β)}), (27)

∂βQ
2(θ) = π0(∂βB(·, θ){b2(·, β0)− b2(·, β)})− π(B(·, θ)∂βb2(·, β)). (28)

So ∂θQ(θ0) is diagonal, and Assumption 3.3 implies that

∂θQ(θ0) = diag[−π0(A∂⊤
α a),−π0(B∂⊤

β b2)] is nonsingular. (29)

In view of the general M -estimation theory combined with (24) and (29), it remains to prove (see,
e.g., Yoshida [27]):

sup
θ∈Θ

∣∣∣∣ 1

Tn
∂l
θQn(θ)− ∂l

θQ(θ)

∣∣∣∣ →p 0 for l ∈ {0, 1}; (30)

1

Tn
Qn(θ0) →p 0. (31)

For clarity, from now on we focus on the proof under Assumption 3.2.1 with ν(R) > 0. We mention
the remaining cases at the end of this proof.

The following facts are well-known and repeatedly used in the sequel without mentioning:
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• Assumption 2.3 yields that n−1
∑n

i=1 F (Xti−1) →p π0(F ) for any smooth bounded function F

with bounded derivatives (this is true as E0[|T−1
n

∫ Tn

0
F (Xs)ds− n−1

∑n
i=1 F (Xti−1)|] .

√
hn);

• for vector-valued triangular arrays (χni)i≤n with each χni being Fti-measurable and a random
vector χ, the convergence |

∑n
i=1(χni − E0[χni])| →p 0 is implied by

∑n
i=1 E

i−1
0 [|χni|2] →p 0;

• if E[|Zt|q] < ∞ for some integer q > (p ∨ 2), T > 1, and c is a predictable process, then the

Burkholder-Davis-Gundy inequality gives E0[|
∫ T

0
cs−dZs|q] . T q/2−1

∫ T

0
E0[|cs|q]ds.

Proof of (30). This follows by using Lemmas 5.1, 5.3, 5.5, and 5.6, together with the expressions (17)
to (22), (23), and (25) to (28). We only prove supθ∈Θ |T−1

n Q1
n(θ)−Q1(θ)| →p 0; all the others can be

deduced in a similar manner.
We have

sup
θ∈Θ

|T−1
n Q1

n(θ)−Q1(θ)| ≤ sup
θ∈Θ

∣∣∣∣ 1n
n∑

i=1

Ai−1(θ){ai−1(α0)− ai−1(α)} −Q1(θ)

∣∣∣∣
+ sup

θ∈Θ

∣∣∣∣ 1

Tn

n∑
i=1

Ai−1(θ)ζ
′
ni

∣∣∣∣
=: sup

θ∈Θ
|W 1

n(θ)|+ sup
θ∈Θ

|W 2
n(θ)|.

The θ-pointwise convergences to 0 of W 1
n and W 2

n follow from Ei−1
0 [ζ ′ni] = h2

nR1(Xti−1 , θ) and

Ei−1
0 [ζ ′ 2

ni ] = hnci−1(β) + h2
nR1(Xti−1 , θ) (cf. Lemma 5.3), and the uniformity of the convergence

of W 1
n are implied by using Lemma 5.5 under the condition 2(a) therein. As for the uniformity of the

convergence of W 2
n , we are going to apply Lemma 5.5 under the condition 2(b) therein. Fix an integer

q > (p ∨ 4). Noting that

|W 2
n(θ)|q . 1

Tn

n∑
i=1

|Ai−1(θ)|q
∫ ti

ti−1

|a(Xs, α0)− ai−1(α0)|qds

+

∣∣∣∣ 1

Tn

∫ Tn

0

( n∑
i=1

1(ti−1,ti](s)Ai−1(θ)b(Xs, β0)

)
dZs

∣∣∣∣q,
we deduce, using Lemma 5.1 in part,

sup
θ,n

E0[|W 2
n(θ)|q] . sup

θ,n

{
1

Tn

n∑
i=1

∫ ti

ti−1

E0

[
Ei−1

0 [|Xs −Xti−1 |q]
]
ds

+
1

T
q/2+1
n

∫ Tn

0

E0

[( n∑
i=1

1(ti−1,ti](s)|Ai−1(θ)b(Xs, β0)|
)q]

ds

}

. sup
θ,n

(
hn +

1

T
q/2+1
n

n∑
i=1

∫ ti

ti−1

E0[R1(Xs, θ)]ds

)
. 1,

hence the first condition in 2(b) of Lemma 5.5. The second condition in 2(b) of Lemma 5.5 can be
verified in a similar manner. Hence we obtain the uniformity of the convergence of W 2

n .

Proof of (31). This is automatic according to the form of Q(θ) and (30) for l = 0.

We now turn to the proof of the asymptotic normality; we may focus on the event {ω ∈ Ω :

Qn(θ̂n) = 0}, whose P0 probability tends to 1. By means of the first-order Taylor expansion

T−1
n ∂θQn(θ̃n)

√
Tn(θ̂n − θ0) = −T

−1/2
n Qn(θ0), the convergence (30) for l = 1, and Slutsky’s lemma, it

suffices to prove the central limit theorem

1√
Tn

Qn(θ0) =:

n∑
i=1

(
ξ1ni
ξ2ni

)
→d Np

(
0,

(
π0(A

⊗2b2) ν3π0(AB⊤b3)
Sym. ν4π0(B

⊗2b4)

))
, (32)
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where ξ1ni ∈ Rpα and ξ2ni ∈ Rpβ . From Lemma 5.3 we easily get Ei−1
0 [ξjni] = h

3/2
n R1(Xti−1 , θ) and

Ei−1
0 [|ξjni|q] = n−1T

1−q/2
n R1(Xti−1 , θ) for j ∈ {1, 2} and q > 2, so that, in view of Lemma 5.6 it

remains to prove the convergence of the predictable quadratic covariation matrix. As a matter of fact,
Lemma 5.3 leads to the desired convergence:

n∑
i=1

Ei−1
0 [ξ1ni

⊗2] =
1

n

n∑
i=1

A⊗2
i−1(θ0)

1

hn
Ei−1

0 [ζ ′ni
2] +Op(hn)

= π0(A
⊗2b2) + op(1),

n∑
i=1

Ei−1
0 [ξ1niξ

2⊤
ni ] =

1

n

n∑
i=1

Ai−1(θ0)B
⊤
i−1(θ0)

1

hn
Ei−1

0 [ζ ′ni
3] +Op(h

2
n)

= ν3π0(AB
⊤b3) + op(1),

n∑
i=1

Ei−1
0 [ξ2ni

⊗2] =
1

n

n∑
i=1

B⊗2
i−1(θ0)

1

hn
Ei−1

0 [ζ ′ni
4] +Op(hn)

= ν4π0(B
⊗2b4) + op(1),

leading to (32). Thus we have proved Theorem 3.4 under Assumption 3.2.1 with ν(R) ∈ (0,∞].

Concerning the consistent estimators of V ′
0 and V ′′

0 , the case of (7) is obvious from Assumption
2.3 and Lemma 5.5. Turning to the case (8), we only mention ν4V̂22,n. Put ν4V̂22,n =

∑n
i=1 ηni. By

means of Lemma 5.2 we readily get
∑n

i=1 E
i−1
0 [ηni] = ν4V22 + op(1). Moreover, since ν8 < ∞ under

Assumption 2.4,
∑n

i=1 E
i−1
0 [η⊗2

ni ] = T−1
n {ν8n−1

∑n
i=1[(B

⊗2)⊗2b8](Xti−1 , θ0) + op(1)} = op(1) as was
to be shown.

Finally, let us briefly mention the remaining cases in proving Theorem 3.4. The proof for cases
where ν(R) > 0 under Assumption 3.2.2 can be achieved in the same way as above except that we
should replace all the appearing R1 by R2. As for the diffusion cases under Assumption 3.2, the
only difference is, of course, that we need to use Lemma 5.2 instead of Lemma 5.3, together with
the different norming of Qn. We may omit the details, for it is well known in the literature under
Assumption 3.2.2 (cf. Kessler [5] and Sørensen [19]), and the proof under Assumption 3.2.1 can be
achieved all without distinction by making use of Lemma 5.1 with g bounded.

5.3 Proof of Theorem 4.1

Put ϵni = ϵni(θ0), and define

H(k)
n :=

1

n

n∑
i=1

ϵkni, Ĥ(k)
n :=

1

n

n∑
i=1

ϵ̂kni, M̂ (k,j)
n :=

1

n

n∑
i=1

ϵk−j
ni (ϵ̂ni − ϵni)

j .

It is convenient to expand Ψ̂
(k)
n and Ĥ

(k)
n as follows: for k ∈ N,

Ψ̂(k)
n = Ĥ(k)

n − kĤ(1)
n Ĥ(k−1)

n +
k∑

j=2

(
k

j

)
(−Ĥ(1)

n )jĤ(k−j)
n , (33)

Ĥ(k)
n = H(k)

n + kM̂ (k,1)
n +

k∑
j=2

(
k

j

)
M̂ (k,j)

n . (34)

We are going to only prove the claim for the case of bounded (a, b), since the case of possibly
unbounded Lipschitz (a, b) can be treated in the same way under the condition supt∈R+

E0[|Xt|q] < ∞
for every q > 0.

5.3.1 Under the null hypothesis

First we prove Tn →d χ2(2) under H0. We write ᾱn =
√
Tn(α̂n − α0) and β̄′

n =
√
n(β̂n − β0), both

being Op(1). In what follows we abbreviate bi−1(β̂n) to b̂i−1, and also, R1(Xti−1 , θ) to Ri−1.
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First we note the following direct consequences of Lemma 5.2:

H(k)
n →p ρk for each k ∈ N, and especially H(1)

n = Op(1/
√
n). (35)

The next lemma shows that, thanks to the centering factor ¯̂ϵn in the summands of Ψ̂
(k)
n , the effect of

“plugging-in α̂n” disappears from the expressions up to order op(1/
√
n).

Lemma 5.7. For each k ∈ N we have

Ψ̂(k)
n = (H(k)

n − kH(1)
n H(k−1)

n )− kρk√
n
γ(b)
n β̄′

n + op(1/
√
n), (36)

where γ
(b)
n := n−1

∑n
i=1(∂

⊤
β bi−1/bi−1)(β0).

Proof. Applying the Taylor expansion under Assumption 3.2, we obtain

√
n(ϵ̂ni − ϵni)

= b̂−1
i−1

[
− ϵni

{
∂βbi−1(β0)β̄

′
n +

1√
n

(∫ 1

0

u

∫ 1

0

∂2
βbi−1(β0 + uv(β̂n − β0))dvdu

)
[β̄′

n
⊗2]

}
−
{
∂αai−1(α0)ᾱn +

1√
Tn

(∫ 1

0

u

∫ 1

0

∂2
αai−1(α0 + uv(α̂n − α0))dvdu

)
[ᾱ⊗2

n ]

}]
= b̂−1

i−1

{
− ϵni∂

⊤
β bi−1(β0)β̄

′
n − ∂αai−1(α0)ᾱn + ϵni

1√
n
Ri−1[β̄

′
n
⊗2] +

1√
Tn

Ri−1[ᾱ
⊗2
n ]

}
, (37)

where G[ᾱ⊗2
n ] := ᾱ⊤

nGᾱn for G ∈ Rpβ ⊗ Rpβ , with a similar notation for G[β̄′
n
⊗2]. In the same way,

b̂−1
i−1 = b−1

i−1 +
1√
n
Ri−1β̄

′
n. (38)

It follows from (35), (37), and (38) that for k ∈ N

√
nM̂ (k,1)

n = − 1

n

n∑
i=1

ϵkni

(
∂⊤
β bi−1

bi−1

)
(β0)β̄

′
n − 1

n

n∑
i=1

ϵk−1
ni

(
∂⊤
α ai−1

bi−1

)
(θ0)ᾱn +Op(1/

√
n)

= −ρk
1

n

n∑
i=1

(
∂⊤
β bi−1

bi−1

)
(β0)β̄

′
n − ρk−1

1

n

n∑
i=1

(
∂⊤
α ai−1

bi−1

)
(θ0)ᾱn +Op(1/

√
n)

= −ρkγ
(b)
n β̄′

n − ρk−1γ
(a)
n ᾱn +Op(1/

√
n), say. (39)

In particular, (39) implies that M̂
(k,1)
n = Op(1/

√
n). On the other hand, in view of (37) we see that

n−1
∑n

i=1 |
√
n(ϵ̂ni − ϵni)|l = Op(1) for any l ∈ N under Assumption 3.2, so that for j ≥ 2

|
√
nM̂ (k,j)

n | = n(1−j)/2

∣∣∣∣ 1n
n∑

i=1

ϵk−j
ni {

√
n(ϵ̂ni − ϵni)}j

∣∣∣∣ = Op(n
(1−j)/2) = Op(n

−1/2).

Hence we have obtained that for k ∈ N:

M (k,j)
n =

{
Op(1/

√
n), j = 1;

Op(1/n), j ≥ 2.
(40)

Combining (34), Lemma 35, and (40) now gives Ĥ
(k)
n = Op(1), and especially Ĥ

(1)
n = Op(1/

√
n).

Therefore (33) and (34) actually become Ψ̂
(k)
n = Ĥ

(k)
n − kĤ

(1)
n Ĥ

(k−1)
n + Op(1/n) and Ĥ

(k)
n = H

(k)
n +

kM̂
(k,1)
n +Op(1/n), from which we get

Ψ̂(k)
n = (H(k)

n − kH(1)
n H(k−1)

n ) + kF̂ (k)
n +Op(1/n) (41)

for each k ∈ N, where F̂
(k)
n := M̂

(k,1)
n − H

(k−1)
n M̂

(1,1)
n . Now substituting (39) in (41) and then

rearranging the resulting terms, we arrive at (36).
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Put C
(k)
n = n−1

∑n
i=1 E

i−1
0 [ϵkni] and H̃

(k)
n = H

(k)
n −C

(k)
n ; note that C

(k)
n →p ρk. As seen in the next

lemma, the self-normalizing factors (Ψ̂
(2)
n )k/2 in the definitions of Φ̂

(k)
n disable the effect of “plugging-in

β̂n” up to order op(1/
√
n).

Lemma 5.8. For each k ∈ N we have

Φ̂(k)
n − C(k)

n =

(
H̃(k)

n − kρk−1H̃
(1)
n − k

2
ρkH̃

(2)
n

)
+ op(1/

√
n). (42)

Proof. In view of Lemma 5.7, we see that

Ψ̂(k)
n = C(k)

n +
1√
n
{
√
nH̃(k)

n − kρk−1

√
nH̃(1)

n − kρkγ
(b)
n β̄′

n}+ op(1/
√
n). (43)

This in particular yields that for k ≥ 2

(Ψ̂(2)
n )k/2 =

{
1 +

1√
n
(
√
nH̃(2)

n − 2γ(b)
n β̄′

n) + op(1/
√
n)

}k/2

= 1 +
k

2
√
n
(
√
nH̃(2)

n − 2γ(b)
n β̄′

n) + op(1/
√
n), (44)

since C
(2)
n = 1+Op(hn) = 1+ op(1/

√
n) under nh2

n → 0. Thus expanding the fraction Ψ̂
(k)
n /(Ψ̂

(2)
n )k/2

by using (43) and (44), we get

Φ̂(k)
n − C(k)

n =
1√
n

{√
nH̃(k)

n − kρk−1

√
nH̃(1)

n − kρkγ
(b)
n β̄′

n

− k

2
C(k)

n (
√
nH̃(2)

n − 2γ(b)
n β̄′

n)

}
+ op(1/

√
n).

It is obvious that the right-hand side being identical to that of (42).

Now we apply Lemma 5.6 to the expressions (42) for k = 3 and 4.

Lemma 5.9. We have

√
n

 Φ̂(3)
n − 3

√
hn

n

n∑
i=1

∂xb(Xti−1 , β̂n)

Φ̂(4)
n − 3

 →d N2

((
0

0

)
,

(
6 0
0 24

))

Proof. By Lemma 5.2 and Taylor’s expansion of β0 7→ ∂xb(Xti−1 , β0) around β̂n, we have

C(3)
n =

1

n

n∑
i=1

{3
√
hn∂xb(Xti−1 , β0) + h3/2

n R1(Xti−1 , θ)}

=
3
√
hn

n

n∑
i=1

∂xb(Xti−1
, β̂n) +Op

(
(|β̄′

n|
√
hn/n) ∨ h3/2

n

)
=

3
√
hn

n

n∑
i=1

∂xb(Xti−1 , β̂n) + op(1/
√
n).

Hence it follows from (42) that

√
n

{
Φ̂(3)

n − 3
√
hn

n

n∑
i=1

∂xb(Xti−1 , β̂n)

}

=

n∑
i=1

1√
n

{
(ϵ3ni − Ei−1

0 [ϵ3ni])− 3(ϵni − Ei−1
0 [ϵni])

}
+ op(1). (45)
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We similarly get C
(4)
n = 3 +Op(hn) = 3 + op(1/

√
n), so that

√
n(Φ̂(4)

n − 3) =
n∑

i=1

1√
n

{
(ϵ4ni − Ei−1

0 [ϵ4ni])− 6(ϵ2ni − Ei−1
0 [ϵ2ni])

}
+ op(1). (46)

We deduce the claim by applying Lemma 5.6 together with Lemma 5.2 to the first terms of the
rightmost sides of (45) and (46).

Lemma 5.9 combined with the continuous mapping theorem completes the proof of Theorem 4.1
under H0.

5.3.2 Under the alternative hypothesis

Next we prove that P0[Tn > K] → 1 for every K > 0 under H1. Write β̄′′
n =

√
Tn(β̂n − β0), which has

the Gaussian weak limit as specified in Theorem 3.4. Fix any K > 0 in the sequel. According to the
definition of Tn, it suffices to show that

P0[|Λ(3)
n | > K] → 1, (47)

where Λ
(3)
n =

√
n{Φ̂(3)

n − 3n−1
√
hn

∑n
i=1 ∂xb(Xti−1 , β̂n)}.

Using (33), we rewrite Λ
(3)
n as

Λ(3)
n = (Ψ̂(2)

n )−3/2 1

hn

{√
nh2

nĤ
(3)
n − 3

√
nh2

nĤ
(1)
n Ĥ(2)

n + 2
√
nh2

nĤ
(2)
n

− (Ψ̂(2)
n )3/2

√
nh3

n

1

n

n∑
i=1

∂xb(Xti−1 , β̂n)

}
. (48)

It is convenient to note ∆iX − hnai−1(α̂n) = ζ ′ni + δni
√
hn/n, where δni = Ri−1ᾱn. Then

Ĥ(k)
n = h−k/2

n

{ k−1∑
j=0

(
k

j

)
n−j/2h1+j/2

n

1

Tn

n∑
i=1

b̂−k
i−1ζ

′
ni

k−jδjni + n−k/2 1

n

n∑
i=1

b̂−k
i−1δ

k
ni

}
, (49)

from which combined with Lemma 5.3 we deduce

Ĥ(1)
n =

√
hn

1

Tn

n∑
i=1

b̂−1
i−1ζ

′
ni +Op(1/

√
n) = op(1),

Ĥ(2)
n =

1

Tn

n∑
i=1

b̂−2
i−1ζ

′
ni

2 + 2

√
hn

n

1

Tn

n∑
i=1

b̂−2
i−1ζ

′
niδni +Op(1/n) = 1 + op(1).

(We used b̂−2
i−1 = bi−1(β0)

−2+T
−1/2
n Ri−1β̄

′′
n for the latter.) Hence we also have Ψ̂

(2)
n = Ĥ

(2)
n −(Ĥ

(1)
n )2 =

1 + op(1), so that (48) becomes

Λ(3)
n =

1

hn
(1 + op(1))(

√
nh2

nĤ
(3)
n + op(1)).

We are going to prove that
√

nh2
nĤ

(3)
n does not tends in P0 probability to 0, from which (47) follows.

Using (49) with Lemma 5.3 as before, we note

√
nh2

nĤ
(3)
n :=

n∑
i=1

1√
Tn

b̂−3
i−1{ζ

′
ni

3 − hnν3b
3
i−1(β0)}+ ν3

√
Tn

1

n

n∑
i=1

(
bi−1(β0)

b̂i−1

)3

+ op(1)

=

n∑
i=1

1√
Tn

b−3
i−1(β0){ζ3ni − hnν3b

3
i−1(β0)}+ ν3

√
Tn

1

n

n∑
i=1

(
bi−1(β0)

b̂i−1

)3

+ op(1)

=: I1n + I2n + op(1).

16



Write I1n =
∑n

i=1 χni, then Lemma 5.3 gives that Ei−1
0 [χni] = T

−1/2
n h2

nRi−1. Also, for each δ ∈
(0, q − 2) we have

n∑
i=1

Ei−1
0 [|χni|2+δ] . T−δ/2

n

1

Tn

n∑
i=1

Ei−1
0 [|ζ ′ni3 − hnν3bi−1(β0)

3|2+δ]

. T−δ/2
n

1

Tn

n∑
i=1

(Ei−1
0 [|∆iX|6+3δ] + h6+3δ

n + ν2+δ
3 h2+δ

n )

. T−δ/2
n

1

n

n∑
i=1

(1 + h5+3δ
n + ν2+δ

3 h1+δ
n ) = Op(T

−δ/2
n ) = op(1).

Moreover,

n∑
i=1

Ei−1
0 [|χni|2] =

1

Tn

n∑
i=1

bi−1(β0)
−6{Ei−1

0 [ζ ′ni
6]− 2hnν3bi−1(β0)

3Ei−1
0 [ζ ′ni

3] + h2
nν

2
3bi−1(β0)

6}

=
1

n

n∑
i=1

(ν6 − hnν
2
3) + op(hn) →p ν6.

Thus Lemma 5.6 yields that I1n →d N1(0, ν6). On the other hand, we have I2n ≡ 0 if ν3 = 0, but
otherwise the sequence (I2n) is not stochastically bounded since I2n = ν3

√
Tn(1 + op(1)). The proof

of Theorem 4.1 is thus complete.
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