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ON ASYMPTOTIC BEHAVIORS OF SOLUTIONS TO
PARABOLIC SYSTEMS MODELLING CHEMOTAXIS

YOSHIYUKI KAGEI' AND YASUNORI MAEKAWA?2

ABSTRACT. This paper deals with large time behavior of solutions to
a Keller-Segel system which possesses self-similar solutions. By taking
into account the invariant properties of the equation with respect to
a scaling and translations, we show that suitably shifted self-similar
solutions give more precise asymptotic profiles of general solutions at
large time. The convergence rate is also computed in details.

1. INTRODUCTION

In this paper we consider the two dimensional parabolic systems modelling
chemotaxis:

(L1) 20M —AQW 1 V. (QVUVQP) =0, t>0, zecR?
' 2,03 — AQ® — o) = q, t>0, zeR?

with the initial condition
(1.2) QW o=V, a® =%,  zeRr2

The system (1.1)-(1.2) is called a Keller-Segel system. Unknown functions
QW and Q@ represent the population of the organism and the concentration
of the chemical at € R? and t > 0, respectively. This system possesses an
invariant property under the scaling

(1) M (\3
o, < QW (z,1) ) :: AQ ()\lzx, At) 7 >0
x Q@ (N2, At)

Indeed, it is easy to check that if Q = (QM), Q)T solves (1.1) then ©,Q
also satisfies (1.1). If Q satisfies (1.1) and 0,2 = Q for all A > 0, then Q is
called a self-similar solution to (1.1). The existence of self-similar solutions
to (1.1) is proved by Biler [1], and Naito [12] showed that general solutions
to (1.1)-(1.2) behave like self-similar solutions at time infinity. Let us be
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more precise. We mean by Vf € LP(R?) that 0;f belongs to LP(R?) for
each j = 1,2. Then the following theorem is proved in [12].

Theorem 1 ([12]). If ||Qél)||L1 and ||VQ(()2)HL2 are sufficiently small, then
there is a unique solution § to (1.1)-(1.2) such that
(1.3)

1 1 1
stulgtlﬁ||Q(1)(t)|pr+iugtT6||VQ<2)(t)HLq <00, 1<p<oo, 2<q<cc.
> >

Moreover, if (1 + |m]2)Q((]1) € L'(R?) and VQ((]Z) € LY(R?) in addition, then
it follows that

1 1 ‘
g e - 0l =0, to o,
for some o € (0,%). Here (t_lU(gl)(%), (§2)(%))T is the self-similar solu-

tion to (1.1) with [g. Uél)(m)daz =0, where § = [go Q(()l)(z:)dx.

In this paper we study the asymptotic behavior of solutions estimated as
(1.4) in more details. Especially, we will give a more accurate asymptotic
profile in terms of the profile function Us. For m,m’ > 0 set

L2 = L2((1 + |z 2 da), H', = H'((1+ |z*) % dx).
Our main result is

Theorem 2. Let m > 2. Assume that ”QOHL%XH#_Q < 1 and that [ Q(()l)(m)dx =

d # 0. Let Q be the solution to (1.1)-(1.2) in Theorem 1. Then Q belongs
to C([0,00); L2, x H} ) and there exist 7j(§) € R and §* € R? such that
(1.5)

_ 4y

QW) — (14 UM

holds for all € > 0 and 1 < p < 2. Here the number 1n(0) depends only
on 0 and satisfies lims_g7(0) = 0. Furtheremore, if m > 3 then there are
n(6) € R and y* = (§*,y3) € R? x R such that

L)HLP <O+ t)_2+%+"(5),
T+t+y;
holds for 1 < p < 2. Here the number n(J) depends only on § and satisfies

lims_,on(d) = 0. Moreover, n(d) is positive if 0 is positive, and negative if §
18 negative.

1 . m—1 ~
Ve < Ce(1 + t)~ 1y minthZ5m ()t

9

(1.6) QD) — (14t +y35) UM

Remark 1. Let m > 3. Then, since

- +y o101, -+ 241
1+~ g Aty UM () < O+t :
H( ) k) (\/m) ( yS) k) ( 1+t+y§)HLP = ( ) P

(1.6) implies that 7(6) + e =01if 6 < 0 and 77(d) + € =7n(d) if § > 0 in (1.5).
Therefore, (1.6) gives more precise asymptotic profile than (1.5) if m > 3
and § < 0.
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Theorem 2 states that if the self-similar solution is suitably shifted, then it
describes the large time behavior of solutions more precisely. This phenom-
enon was observed also for the one dimensional viscous Burgers equation;
see Miller-Bernoff [10] and Yanagisawa [14]. The proof of [10] and [14] heav-
ily depends on the use of the Hopf-Cole transformations which reduces the
problem to a linear heat equation. Recently an observation similar to (1.5)
was made for a one dimensional KS:

) 20 —AQW + v . (QVQ?)) =0, t>0, z€R,
' 202 — AQ® + 0@ — o) =, t>0, zeR.

As for (1.7) it is proved in Nagai-Yamada [11] and Kato [7] that general
solutions behave like constant multiples of the heat kernel as time goes to
infinity. Nishihara [13] then proved that a suitably shifted heat kernel gives
more precise asymptotics as in (1.5) by introducing a time dependent shift
parameter in the spatial variable in a heuristic way.

We will prove Theorem 2 by applying the abstract results in [6] which are
based on the spectral properties of the linearized operator around the profile
function Us in connection with the symmetries of the equation: translation
and scaling invariances. Our approach delineates the nature of the equa-
tion to yield the phenomenan as those in Theorem 2. However, as is seen
in Sections 3 and 4, in order to verify this application one needs detailed
analysis of (1.1) around the self-similar solution, which highly depends on
the nonlinearity.

In general, when evolution equations possess a scaling invariant prop-
erty there is an associated ”similarity transform”; see (2.13). For (1.1) this
transform is written as

uM(z,t) \ etQ(l)(e%x, el — 1)
u@(z,t) ) Q(Z)(e%x, et—1) )’
and the problem is converted to the stability problem of the profile function

Us in this new variables. The linearized operator around Uy, denoted by Ls,
is then given by

Ls= A+B_N,(U5)7
where

AfQ 2.V 4+ 1)fW
A= atlip ) mr=(CETRT),

and

(1) (2)
N'(Us)f = ( VIV 4V (GOVU) > |

See Section 3 for details. The next result on the spectrum of Ls is important
to obtain the decay rate in (1.6). For m > 0 let L2, and H2, be the Hilbert
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spaces defined by
Ly, = {0’ | / (1+ |2[*)™p(2)|*dz < oo},
R2

o = {¢elLl |dopecLl, |I| <2},

where the inner products of L2, and H?2, are defined in a natural way. Set
X = L2, x H2,_, and let 0(Ls) be the spectrum of Ls in X,,.

Theorem 3. Assume that m > 2. If |0| is sufficiently small then there exist
n'(6) € R and X\;(8) € C, i = 1,2, such that
(1.8)

o(Ly) C {0, —%, “ 1A (0), 20(6)} U {Re(A) < — min{%, mT_l} +f (6))

Here 1/ (0) satisfies %in(l)n’(é) = 0, and each X\;(9) has the asymptotics at

6 — 0 as follows.

1 1
(1.9) M6 =-1+ 167775 + 0(9), Ao(0) = —1— 5852
Especially, 0 is a simple eigenvalue whose eigenfunction is JsUs, —% s a
semisimple eigenvalue with multiplicity 2 whose eigenfunctions are 0;Us, j =
1,2. Moreover, if m > 3 then: —1 is a simple eigenvalue whose eigenfunction
is BUs; M(0) is a simple eigenvalue; A2(0) is a semisimple eigenvalue with
multiplicity 2.

6% + o(6%).

The eigenvalues A\1(d) and A2(d) given in Theorem 3 are closely related
to the decay rate in (1.6). In fact, we can see from [6, Lemma 6.2] that the
value of n(9) in (1.6) is given by

1 . 1 .

n(0) = 1—0+0(0) if5>0, n(d) = _W‘SQ +0(0?) if 5§ <0.
The asymptotics of \;(d) in Theorem 3 are established through the power
series representation of Us and the reduction process in the perturbation the-
ory of linear operators. However, some delicate calculations are required in
order to obtain the exact asymptotics (1.9) due to the nonlinear interaction
of Ug.

This paper is organized as follows. In Section 2 we summarize the results
of [6]. In Section 3 we check several conditions assumed in the abstract
results of [6], which gives (1.5) and a part of Theorem 3. In Section 4 we
complete the proof of Theorem 3 and (1.6) by investigating the spectrum of
Ls.

2. PRELIMINARIES

In this section we recall the results in [6], where the nonlinear evolution
equation in a Banach space X is discussed:

(E) %Q—AQJFN(Q):O, t>0.
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Here A is a closed linear operator in X and N is a nonlinear operator. In
[6] a scaling and translations in abstract settings are introduced as follows.

We denote by R* the multiplicative group {\ € R | A > 0} and by R*
the additive group R. Both groups are endowed with the usual Eucledian
topology. Let B(X) be the Banach space of all bounded linear operators in
X. Then

Definition 1 (Definition 2.1 [6]). (1) We say R = {Rx}xerx C B(X) a
scaling if R is a strongly continuous action of R* on X, i.e.,

(2.1) Ry xn, = Ry Ry, A, A € R
(2.2) Ry =1,
(2.3) Ryu — Ryu in X when N — X\ for each u € X.

(2) We say T = {14}aer+ C B(X) a translation if T is a strongly contin-
uous group acting on X.

For one-parameter family of translations {Tp}toer with Ty = {Ta0}acr+,
we say that it is strongly continuous if 7,0 (f) — Tao(f) in X as ¢ — 0
for each a € R™ and f € X. When there are n one-parameter families of
translations {’Z;(])}geR, j=1,---,n, we say that they are independent if for
all a,a’,0 € RY it follows that

(2.4) O =0 1<ij<n

The generator of {R)}\crx and {Tg(j)}eeR are denoted by B and Déj)7

respectively. We also consider a linear operator I', g which is a derivative of
Tq,0 With respect to 0:

(25) Dom(Typ) = {f€X| lim Taon(S )h_ T00l0) ists 1,

Tap(f) = lim Ta,9+h(f)h—7a,e(f)’

A scaling R = { Ry} erx naturally induces an action on C((0,00); X) as
follows. For f € C((0,00); X) we set

(2.6) OA(f)(t) = BA(f(AD)), AER™.
We call {O,}\erx the scaling induced by R.

Definition 2. Let {O)}\crx be the scaling induced by R = {R)} crx. We
say that f € C((0,00); X) is self-similar with respect to {Ox} \erx if

(2.7) o\(f) = f, A € R,

Then we easily see that

f € Dom(T,y).

Proposition 1. The function f € C((0,00); X) is self-similar with respect
to {Ox}xerx if and only if f can be expressed as

(28) £(t) = Ry (h)
with a function h € X



6 YOSHIYUKI KAGEI! AND YASUNORI MAEKAWA?2

In [6] it is assumed that .4 generates a strongly continuous (Cp) semigroup

e in X, which gives a mild solution to the linear equation
d

Definition 3. We say that Q(t) € C((0,00); X) is a mild solution to (E) if
fg e~ AN(Q(s))||xds < oo for any t > 0 and Q(t) satisfies the equality

t
(2.9) Q(t) = e*=40(s) — / AN (Q(7))dr, for all t > s > 0.

Moreover, if Q(t) satisfies in addition

t—0

t
(210)  ImQ@)=QeX,  lm / e DAN(Q(s)) | xds = O,
—YJo

then we say that (t) is a mild solution to (E) with initial data .

Definition 4. We call Q(t) € C((0,00); X) a self-similar solution to (E)
with respect to {Ox}rerx if Qt) is a mild solution to (E) and is self-similar
with respect to {Ox} \crx -

With the definition of mild solutions we define the invariance of (E) with
respect to a scaling or translations as follows.

Definition 5. Let R = { Ry} crx be a scaling and let {Ty}ocr be a strongly
continuous one-parameter family of translations.

(i) We say that (E) is invariant with respect to {Ox}rerx if Ox(Q)(t) s
a mild solution to (E) with initial data Rx(£2) for each A € R* whenever
Q(t) is a mild solution to (E) with initial data .

(ii) We say that (E) is invariant with respect to {ZTg}ocr if Tat+0(2(¢))
is a mild solution to (E) with initial data 749(Q0) for each a € RYT,0 > 0
whenever Q(t) is a mild solution to (E) with initial data €.

Let (Eg) be invariant with respect to {O)} \crx and {7p}ger. Then the
above definition is expressed by the relations such as

(2.11) Ry M = AR,
(2.12) Ta’t+96t"4 = etATaﬂ.

When (Ep) is invariant with respect to {©y }yerx induced by R = { R} \crx
we introduce the ”similarity transform”

(2.13) O(t) = Rpel® DA = (1=¢ D4R, ¢ >0,
Then we have

Lemma 1. [6, Lemma 2.1] The one parameter family {©(t) }+>0 defined by
(2.13) is a strongly continuous semigroup in X.

The generator of ©(t) is denoted by A. Then it follows that Dom(.A) N
Dom(B) € Dom(A) and

(2.14) Af =Af+ Bf, for f e Dom(A)NDom(B).
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2.1. Several assumptions. In this section we collect several assumptions
on (E) and operators stated in [6].

2.1.1. Assumptions on (Ep). We first state the assumptions on (Ep). As
stated in the previous section, the operator A is assumed to generate a
strongly continuous semigroup e in X.

(E1) There is a scaling R = {Rx}rerx Such that (Ey) is invariant with
respect to {Ox} \crx -
(E2) There are finite numbers of strongly continuous one-parameter fam-

ilies of translations {%(j)}geR, 1 < j < n, such that they are independent
and (Ey) is invariant with respect to {’];-,(j)}geR for each j.

Let B, Déj ), and ng z be the generator of Ry, the generator of 7—9(]' ), and the
derivative of T(E]g with respect to 6 defined by (2.5), respectively. For a pair of
linear operators L1, Lo its commutator is defined by [Ly, Lo] = L1Lo— LoL;.
The next assumption represents the relation between the scaling R and

translations {’Z;(j ) }oer-

(T1) For alla,0 € R and j =1,--- ,n the inclusion
79) (Dom(A) N Dom(B) N Dom(Dy”) N Dom(I'Y)))  Dom(B)

holds, and there is a u; > 0 such that
(2.15) 1B, 79)1f +0TY) f = —au; DY) 71 f

holds for f € Dom(A) N Dom(B) N Dom(rgz) N Dom(Déj)).

(T2) For any nontrivial f belonging to Dom(A)ﬂDom(B)ﬁﬂ?leom(ng))

the functions {Bf, Dil)f, e ,Dgn)f} are linearly independent.

The values p; in (T1) are related with the eigenvalues of A and they play
important roles in our arguments. We set

(216) /14* :max{/n,-'- 7”7171}7 Hox :min{,ul,--- 7,U’TL)]-}'

2.1.2. Assumptions on A. We recall that A is the generator of the strongly
continuous semigroup O(t) = Rye® DA Let (A) be the spectrum of
A and let 7e(et4) be the radius of the essential spectrum of e*4; see [2,
Chapter IV] for definitions.

(A1) There is a positive number o such that o(A) C {0}U{u € C| Re(p) <
—o}. Moreover, 0 is a simple eigenvalue of A in X.
(A2) There is a number ¢ such that ¢ > max{o, u*} and ress(et) < e ¢t
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Let wp be the eigenfunction to the eigenvalue 0 of A normalized to be
1 in X. Then we introduce the eigenprojections Pgo and Qg , which are
defined by

(2.17) Poof =< f,wyg >wo, Qoof =f—Poof

where <,> is a dual coupling of X and its dual space X*, and wy is the
eigenfunction to the eigenvalue 0 of the adjoint operator A* in X* with
< wp,w; >= 1. From (A2) the set {¢x € 0(A) | Re(n) > —(} consists

of isolated eigenvalues with finite algebraic multiplicities; see [2, Corollary
IvV-2-11].

2.1.3. Assumptions on N'. Finally we give the assumptions on the nonlinear
operator . For a linear operator ' we denote by |- ||pom(r) the graph norm

of T, ie., || fllpom(ry = [Ifllx + 1T flx-

(N1) NV maps Dom(A) into Qo0X and there is ¢ > 0 such that [N (f)|x <

CIf I poa ) holds for any || |pom(ay < 1.
(N2) There are a € (0,1], 8 € [0,1), and €y € [0, 0) such that for each
t > 0 the operator
(2.18) N(t,-) = N ()
is a C1* map from Dom(A) into QooX satisfying the estimates
(219) [Nt )b = N (1, hhllx < O )P0 — gl hlx,

forall f, g, h € Dom(A) with a constant C > 0 depending only on «, (3, o,
€0, and M > 0 when || f||x + |lgl|x + [|hl]|x < M. Here N'(t, f) is a Fréchet
derivative of N (t,-) at f.

(N3) There is a dense set W in X such that \R\N = N'Ry and 7(5‘7;9)1\/ =
NTX(,) hold in W for any A € R*, a € RT, § € R, and j.

2.2. Results of [6]. Now let us state the results in [6]. The first result gives
the existence of self-similar solutions to (E). Let wg, wg, Poo, Qoo be the
functions and the projections in (2.17).

Theorem 4 (Theorem 2.1 [6]). Assume that (E1), (A1), (N1), (N2),
and (N3) hold. Let {©)} \crx be the scaling induced by R in (E1), and
q,a be the numbers in (N1), (N2). Then there is a number 6y > 0 such
that the following statement holds. There is a family of self-similar solutions
{R%Ug}wg(go to (E) with respect to {O)}xerx such that Us is C'+ in X
with respect to § and written in the form Us = dwo+vs for some vs € Qo0X
with, [|vs]|pom(ay < C[6]'T.

The second result is on the existence of time global solutions to (E) and
their self-similar asymptotics at time infinity.
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Theorem 5 (Theorem 2.2 [6]). Assume that (E1), (A1), (A2), (N1),
(N2), and (N3) hold. Let p, €y be the numbers in (A1), (N2). If ||Qol x
is sufficiently small, then there is a unique mild solution Q(t) € C([0,00); X)
to (E) with initial data Qg such that

(2.20) IR1+6(t) — Usllx < C(1+14)72Q — Usllx, ¢>0.
Here 6 =< Qo,w; > and Us is the function in Theorem 4.

The estimate (2.20) in Theorem 5 implies that solutions are approximated
by the self-similar solution in large time with accuracy up to O(f%). In
view of (A1) and (A2), the rate O(t~2) could be improved but in general
at most up to O(t7¢%¢) for any € > 0. The aim in [6] was to present an
abstract method to capture more precise asymptotic profiles of solutions by
making use of symmetries of equations, translation and scaling invariances.
Especially, in many applications our method gives a suitable shift of the
self-similar solution as an asymptotic approximation with accuracy beyond

O(t™9).
For y = (y1,--- ,yn+1)T € R"*! we define the shift operator
S ¢ ) (n)
(221) S(ya f) - Ty1,1+yn+1 cee Tyn,l—iryn“R%

Note that if @ c R"*! is a sufficiently small open ball centered at the
origin, then S(y; f) is a continuous map from O to X. The following lemma
represents the relations between symmetries of (Ep) and the operator A.

Lemma 2 (Lemma 2.3 [6]). Assume that (E1), (E2), (T1), (T2), and
(A1) hold. Let wg be the eigenfunction for the eigenvalue 0 of A in (A1)
with ||wo|lx = 1. Suppose that S(- ;wo) : O — X is C*. Then Bwy and

D§j)wo are eigenfunctions of A for the eigenvalues —1 and —pu1;, respectively.
Moreover, wy, Bwgy and ng)wo, 7 =1,---,n, are linearly independent.

If in addition (A2) holds, then the set {u € 0(A) | Re(n) > —p*} with
w* = max{1, u, -, p,} consists of finite numbers of eigenvalues with finite
algebraic multiplicities (note that the relation u* > p holds by (A1) and
Lemma 2). Let Eg be the total eigenprojection to the eigenvalues {u €
o(A) | Re() > —pu*}, that s,

1
2.22 Eo=-— [ (A—A)'d\
(222 0= gy [ A
where 7 is a suitable curve around {u € o(A) | Re(u) > —p*}.

Set
(2.23) epp = wo, €on+1 = Cont1Bwo, ep; = C(),]‘D](_])’LUO, j=1,---,n.
Here cp; is taken as [legj|[x = 1. Then {eod}?;r& forms a part of the
basis of the generalized eigenspace EgX = {Eof | f € X}. So there are
{ea j ;Li& C X* which forms a part of the basis of the generalized eigenspace
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associated with the eigenvalues {u € o(A*) | Re(u) > —p*} to the adjoint
operator A* and satisfies the relations < eo,j,eak >= J;i, where <,> is a
dual coupling of X and its dual space X*, and 0, is kronecker’s delta. By
(A1) at least ef o(= wg) is the eigenfunction for the simple eigenvalue 0 of
A*. We set the projections as

(2.24) Po;f=<feg;>e0j, Qoif=f—-Posf, 0<j<n+1,
n+1
(2.25) Pof=>» Po;f, Qof=f—Pof.
§=0
Let —1 be the growth bound of e?!Q0AQo  that is,
(2.26)
—vp = inf{p € R | 3C, > 0 s.t. |!QAWf||x < CLe||fllx, Vf € QoX]}.
Note that we always have o < 1y < (, where p and ¢ are the numbers in
(A1) and (A2). Next we set

(2.27) H(yo,y3 Us) = S(y; Ussyo)-

Then H (yo,y; Us) is continuous from (—dg + 8,50 — §) x O C R"*2 to X for
each § € (—dp, dp). Moreover, from the proof of Theorem 4 we will see that
H(yo,y; Us) is C1* with respect to yo in X and

(2.28) Oyo H (Y0, Y3 Us)ls=yo—0 = S(y; wo).
The main contribution of [6] is as follows. Set
(229) Ho = 07 Hn+1 = 1.

Theorem 6. [6, Theorem 2.3] Assume that (E1), (E2), (T1), (T2), (A1),

(A2), and (N1) - (N3) hold. Suppose that S(y;wo) is C' near y = 0 and

H(yo,y; Us) is CY*7 near (yo,y) = (0,0) for some v > 0. Let Q(t) be

the mild solution in Theorem 5 with § # 0 and let vy be the number in

(2.26). Assume that vy > p* and {—p; ;‘;1 are semisimple eigenvalues of

A — N'(Us). Then there exist n(5) € R and y* € R™ L such that for any

€ > 0 the following estimate holds for t > 1:

(2.30)

|Ruse(t) = Sl =l S UG) x < o148 0100,
1+ t)m (L+t)m 1T+t

Here n(9) satisfies lims_gn(d) = 0 and C¢ is independent of t > 1. Es-

pecially, if vo > p* and |9 is sufficiently small, then each of {—p; ;L;rll 18

semisimple, and thus (2.30) holds in this case.

Remark 2. The value of 7(d) in Theorem 6 is determined by the spectrum
of the linearized operator Ls = A — N'(Us). Indeed, in [6, Lemma 6.2] it
is proved that there exists an n(J) € R with lims_o7(d) = 0 such that the
spectrum of Lg is included in the set

(2.31) {—n;}3%0 U{p € C | Re(p) < —vo +1(6)}.
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The number 7(9) in Theorem 6 is nothing but 7(d) in (2.31).

Remark 3. Let ¢ be the number in (A2). As stated in [6, Remark 6.4], for
the linearized operator Ls = A — N’(Us) there is a number 7/ (d) satisfying
%in(l)n’(é) = 0 such that the spectrum {p € o(Ls) | Re(u) > —¢ + 1'(d)}

consists of isolated eigenvalues with finite multiplicity. Especially, if ¢ > vy
and all eigenvalues in {y € o(A — N'(Us)) | Re(n) > —vo + n(d)} are

semisimple in Theorem 6, then we can take € = 0 in (2.30); see [6, Remark
6.4] for details. This fact will be used to obtain (1.6).

In Theorem 6 we consider the shifts of Us with respect to both translations
and scaling. We can also consider the shifts of Us with respect to only
translations under weaker assumptions on A. Set

(2.32) f* = max{p1, -, fin},

and

(2.33) Pof=> Poif, Qof =f-Pof
i=0

Let —7p be the growth bound of etQ‘)AQO, that is,
(2.34)

—ip = inf{p € R | 3C, > 0st. [ QAQf|x < Cpet|fllx, Vf € QoX ]}

In this case the assumption (A2) is weaken to

(A2)’ There is a number ¢ such that ¢ > max{g, ji*} and res(ett) <
e ¢t

For § = (y1,--- ,yn) ' € R" let us define the shift operator S(g; f) by
S~ ~ 1 n
(2.35) S f) =5(9,0; f) = Tél,)l e Tzfn,)lf.

Then we have

Theorem 7. [6, Theorem 2.4] Assume that (E1), (E2), (T1), (T2), (A1),
(A2)’, and (N1) - (N3) hold. Suppose that S(y;wg) is C* near y = 0 and
H(yo,y;Us) is C'* near (yo,y) = (0,0) for some v > 0. Let Q(t) be
the mild solution in Theorem 5 with § # 0 and let Uy be the number in
(2.34). Assume that vy > i* and {—p;}7_; are semisimple eigenvalues of
A — N'(Us). Then there exist n(d) € R and §* = (y},--- ,y}:) such that for
any € > 0 the following estimate holds for all t > 1:
(2.36)
I1RuesS0) = S (g i gy Vo) e < Cell 0400
Here 1(6) satisfies lims_g7(d) = 0 and C¢ is independent of t > 1.
Especially, if vy > i* and |0| is sufficiently small, then each of {—,uj}?:l 18
semisimple, and thus (2.36) holds in this case.
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Remark 4. As in the case of Theorem 6 the number 7(d) in Theorem 7
is related with the spectrum of Ls = A — N'(Us). Under the setting of
Theorem 7 the spectrum of Ly is included in the set

(2.37) {—13}7% U{p € C | Re(n) < —in +17()},

see [6, Section 6.4]. In particular, the number 7(¢) in Theorem 7 is the one

in (2.37).

3. ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO (1.1)

In this section we apply the results stated in the previous section to the
Keller-Segel system (1.1). Let us introduce function spaces. For positive
number m and nonnegative integer s let L2, and Hg, be the complex Hilbert
spaces defined by

12, = {pec PR | / (1+ [2f2)™ () P < oo},
R2

< 61,62 >pz = / 61 ()82 @) (1 + [2]?)"da,
]RQ
H; = {¢ell |doell, |I| <s},

where the inner product of Hj, is defined in a natural way. Let G(z) =

_l=? . . . . .
ﬁe 1 be the two dimensional Gaussian. We also introduce a Gaussian

weighted L? space:
5 dx

2 _ 22 T 00
= e 2®) | [ ol <o

4
<ondazr= | o@nE g,

HS, = {oeli|0oelL, |l <s}
Let m € (2,00] and let X,,, be the Hilbert space defined by
(3.1) X = L2 x H2 5.

For (E) we take X = X,, and the operators A and N are respectively

given by
(A0 _ V- (QWvQ®)
A= < I A > . N(Q) = ( 0 .

Then the domain of A is given by
Dom (A) = {f = (fO, /)" € Xpn | Af € Xin}

LY, YT e X |03 fW e L2, 032D € 12 5, [s1] <2, |s2] < 4}

We introduce a scaling { Ry} crx:

QO (z AW (A3 g
R*( 9(2)255; > . ( Q<2>((Aéx) )
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and one parameter families of translations {’2'90 )}QGR, ji=12:

7V =TW = (1M}, 1V (@) = Qo + 0, 22),

a

7?9(2) =T = [z gz, (720)(2) = Az, 22 + a).

a

Then the generators of {R)}\crx and {Tg(j)}geR, j = 1,2, are respectively
given by

5-V+1I 0 G) 4) 9; 0
B —pWi (Y%
B_< 0 g-v>’ pf) =D =5 5 )

and F((Ij; (the derivative of {Té]g }a.0er With respect to 6) is zero. Now it is
not difficult to see

Proposition 2. Let m € (2,00) and X = X,,,. Then for the above A,
{R)}xerx, and {%(J)}QG]R, j = 1,2, the assumptions (E1), (E2), (T1) and
(T2) are satisfied with p; = %, j=1,2.

The proof is omitted. To study the semigroup e*4 = e(lfe_t)ARet let us
introduce the differential operator

(3.2) £:A+§V+1,
whose associated semigroup is given by
t _la—yl?
(3.3) etrg = 47r2(t) /]12{2 e~ Halh g(yedy, a(t)=1—e"

One can check that et is represented by

tA etﬁf(l)
e f= et {2 4 (1 — e~t)et f) ) -
Then we have

Proposition 3. Let m € (2,00] and X = X,,. Then o(A) = {-% | k =
0,1,2,---}U{u € C | Re(n) < -1} and 0 is a simple eigenvalue of A in
X with the eigenfunction wg = (G,G)". The associated eigenprojection is
given by

(3.4) Poof = c(f)wo, c(f) = /}R2 fO(z)dz.

Moreover, we have Tegs(ett) = e_mT_lt, and if m > k+ 1 then —% s a
semisimple eigenvalue with multiplicity k + 1 + max{k — 1,0}. Especially,
the multiplicity of f% is 2 when m > 2, and the multiplicity of —1 is 4 when
m > 3.

Proof. We first observe that if 4 € C is an eigenvalue of £ in L?, then y is
an eigenvalue of A in X,,,. Indeed, let f) € Dom(L) = {¢ € L2, | Lo € L2}
be an eigenfunction to the eigenvalue p. We note that Dom(L) = {¢ €
H2 | 2-V¢ € L2} with equivalent norms (for example, see [6] when m < oo)
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and by the elliptic regularity we can also show that Dom(£?) < HZ2. Then
it is straightforward to see that f = (]"(1),]‘"(1))—r € H} x H} satisfies
Af = pf. Let 2 < m < oco. In [5, Theorem A.1] it is proved that u € C

with Re(p) < —251 is an eigenvalue of £ in L2,. It is also shown that
if k € NU {0} satisfies m > k + 1 then —% is a semisimple eigenvalue of

L whose eigenspace is spanned by {8i1 8%2G}11+12:k. Since the spectrum is
closed, we have { € C | Re(p) < —252}U{-% | k e NU{0}} C o(A). Set

11 ol l1 ql -1
Gll,lz = allylzallafGa Ayl = HallafGHLgo’

For each k € {—1,0} UN satisfying m > k + 1 let P,gl) be the projection
on L2, defined by

1 1
(3.5) 'P]i )(]5 = Z < (;5, Gh,lz >L§o Gll,lga 'P(_l)gb =0.
l1+lo=k
Let n be the integer such that n+1 < m < n+2. Weset forl = —1,0,--- ,n,

l
(3.6) oMo =1~ P

k=—1

Then by [5, Proposition A.2] we have for any € > 0,

L 1 C _ l+14min{0,m—1—2—c}
37) (|0 02et QMg < —— e : U £z,
a 2

where a(t) = 1 — e~*. Especially, by the relation 9;e** = e%etﬁ@- and the

semigroup property of e*£, it is easy to verify
__m—1+e€
(3.8) e QW dllry, < Cee™ 2|11y,

for any nonnegative integer s. For m > 2 andn € Nwithn+1 <m <n+2,
we set

(39)  Puf=(I—-0Q.)f Quf=(QWfM oW, fONT  fe X,

Note that n — 2 > —1 and QSZQf@) is well-defined for f(Q) € L%%Q. Then
from (3.8) we have for any € > 0,

__m—1+4¢€
(3.10) e Qn fllx,, < Cee™ 2 fllx,.
Since e*4P, is a finite rank operator, we have from (3.10) that res(et4) =

m—1

Tess(€¥4Q,) < e” 2 t. On the other hand, by [2, Corollary IV-2-11], for any
w > 1logress(e), the set { € o(A4) | Re(n) > w} must be finite. This

implies 7¢qs(et4) > e~ "7 since each p € C with Re(p) < =251 is already

shown to belong to o(A). Hence ress(etd) = e~ "7 ! holds. Since et4 is

expressed as

ol S P,gl)f(l)

etA — GtAQn +
! P\ ez pO 0 (- et s P g0

)
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" &
= etAan+ kt2 Zk:—l € Qtplgl)f(l) & )
22 e B L - e T e P

one can check that —% is a semisimple eigenvalue of A if k € NU{0} satisfies
m > k + 1, and its eigenspace is spanned by

{(d1r0a, 0 02G)T |1y + 1y = k} if k=0,1
{(01102G, 01 02G)T | 11 + 1, =k} U{(0,8802)T | i +1a=k—2} if k>2.

Especially, the projection Pgq is given as in (3.4).

When m = oo, it is well-known that £ is self-adjoint in L2, and its
spectrum consists of semisimple eigenvalues {—% k =0,1,2,---} whose
eigenspace is spanned by {(f?i1 8%2G}11+l2:k for each —%; for example, see [3].
Moreover, instead of (3.7) the estimate

C ENES
— 555 ¢ t||¢HLgo,
a(t) 2

(3.11) |67 03¢ 0V g 2, <

holds for any ¢ > 0. Indeed, in L2, by the spectral decomposition theorem
we have

> k
€t£Q§1)¢ = Z e_at Z < (b: Gl1,l2 >Lgo Gll,lz'

k=Il+1 l1+1la=k
and so (3.11) holds for j; = jo = 0. From (3.3) it is not difficult to see
“8{18%28tc¢‘|Lgo < WH(ZﬁHLgO, 0<t<l.
a 2

Thus by the semigroup property we get (3.11). Then instead of (3.8) and
(3.10) we have

_ntl
(3.12) €O || s, < Ce™ "2 !¢l s,
and

_ntl
(3.13) 1€ Qn fllxo < Ce™ "2 || flxoe -

As in the case of m < oo, the expansion of the semigroup shows that —% is

a semisimple eigenvalue of A in X, for each k£ € NU{0} and its multiplicity
is kK + 1 4+ max{k — 2,0}. This completes the proof of Proposition 3.

Proposition 3 immediately yields
Corollary 1. Let X = X,,. If m > 2 then (A1) and (A2)’ hold with
0= %, ¢ = mTfl Furthermore, the number iy defined in (2.34) is given by
7o = min{1, 22}, If m > 3 then (A1) and (A2) hold with the same o and
¢ as above. Furthermore, the number vy defined in (2.26) is given by vy = 1.

Next we consider the nonlinear term N(Q) = (V - (QMVQ®),0)" in
(1.1).
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Proposition 4. Letm € (2,00) and X = X,,,. Then N (Q) in (1.1) satisfies
(N1), (N2), and (N3) withq=a =2, = %, and €y = 0.

Proof. Since it is easy to check (N3), we show only (N1) and (N2). We
first note that

Set b(z) = (1 + |x\2)% and let m € (2,00). Then (N1) follows from the
definition of Pg o and

INOlx,, = V- @DV,

[ VOW - O 2 + b2 AR 5

[V OD 12 [ VO | oo + B2 2 | AQP |
CIQ D 192 1z, _, + CIOD ez 192 s,
CllUDom(a):

Here we used the Sobolev embedding theorem. Since N is bilinear, in order
to prove (N2), it suffices to estimate

teyy . (v ®)
tA o (& V (Q VQ )
€ MQ)‘( (1—eHettv . (QWVOQR) |-

ININ TN

(3.14)

IN

Let p € (1,2). From [5, Proposition A.5] it follows that

C
”et£¢”L$n < iHbm(ﬁHLp, 0<t<I1.
a(t)r 2

Then by using the relation e_%ajew = ew@j, (3.7), and the semigroup
property, we get

Cc  _:
(3.15) €00l 12, < ——€ 2 |[b™¢| e, t>0.
a(t)r

Thus we have

t
Ce™ 2

19 - @OV | < SO pma®va®)|,,
alt)?
C’e_%
< L2100 IV s
a(t)» L==p
t
2 2(1-1 2
(3.16) < C a0 ). v va@)p,

=)
—~
~
S~—
3 =
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Here we used the Gagliardo-Nirenberg inequality in the last line. Next we
see from (3.7),

(1 - e)25eeY - (@YD) p < C(1 - e a(5)” T |eEEV - (QOVRD) 1y
Ce 3 2-2 2 1
< — 19V IV T Ve .
a(t) 2 P
Hence we have
(3.17)
- 2 2
|y(1—e*t)ewv.(Q(l)vm?))”H?n < Ce > ||Q<1)”Lgn||v2g<2)||;p||VQ<2)H£2 '
a(t)r

Combining these above with p = %, we get

_t
Ce™ 2

3
1

1 1
(318) [N @lx, < — 19Dl 19O, 19D,

a

This gives (N2). The proof is complete.

From Proposition 2 - Proposition 4 we can apply Theorem 4 and obtain
(real-valued) the self-similar solutions R1Us with Us = dwy + v5 € Dom(A)
for sufficiently small |§]. In order to a;t)ply Theorem 6 or Theorem 7 we
need to show more regularities of Us. Recall that vs = (v(gl), 1)((52))—r is the
(real-valued) solution to

(3.19) —EU((;I) + V- {(6G + v((;l))V((SG + ng))} =0, T € R
. —(E—I)v((;g) —U((;l) =0, T € R2

From the definition of Py o we see that vs satisfies fR2 vél) (z)dz = 0, and the
uniqueness of v5 such that [|vs||pom(a) < C6? also follows by [6, Theorem
4.1].
Let ¢ = (o, o T € H2 x HE, Jxe oM (z)dz = 0, be the solution to
—LoM +V - (GVG) =0, x € R?,
(3.20) @) (1) _ 9
—(L =1\ — ) =0, x € R

It is not difficult to see that ¢ uniquely exists and is radially symmet-
1

ric. Indeed, since L is self-adjoint in L2, and satisfies —£ > 5 in {¢ €
L2, | [ ¢(z)dz = 0}, the terms (V) = (—£)71V - (GVG) € Dom(L) and
©?) = (=L 4+ I)71o) € Dom(£?) make sense. Since the radial symmetry
is preserved under the action of (—£)~!, we get the radial symmetry of ¢.
Below we will freely use the relation Dom(£) < H2 and Dom(L£?) — H2,
(in fact, we can show the equality with equivalent norms).

Then we have
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Proposition 5. Let m € (2,00) and X = X,,. If |0| is sufficiently small,
then the function Us € X in Theorem /j for (1.1) satisfies
(3.21) Us = dwg + 6% + 6325,

where z5 is C% with respect to 6 in H:, x HY, and 25/l 2. x e, < C. More-
over, Us is radially symmetric.

Proof. We first observe that v((;l) € H?2, satisfies the equation
LoV +9(6G+08) Vol + {A G+ o)) = =V {66V (6G + 0.
Since v§2) € H? ,, we have HV((5G+1)§2))||L00 + ||A(6G+v§2))|\Loo < oo and
Jim,_ sup (1V(5G + o) @)+ MGG + o) (@)]) = 0.

Now we can apply Proposition 12 in Appendix below and then v((;l) belongs to

Dom(L) — H?2 ; in fact, we can show the Gaussian decay such as \vgl)(x)] <
C'Ee_%pc|2 for any ¢ > 0 by [9, Proposition 1.1, Lemma 1.1]. Again by
Proposition 12 we have v((;z) € HZ, since v§2) solves (—L + I)v((sz) = v((sl).
Moreover, since v§2) = (—L’—i—[)*lv((;l) and v((;l) € Dom(£) in L2, we conclude
U§2) € Dom(£?) C HZ..

We set zs € H2, x HY as vs = 0%¢ + §%z5. Then zs satisfies the equation

(3.22) —Azs + N'(6G + 6%p)zs + 0°N(25) = —N"(G)p — SN ().
That is, z5 is a fixed point of the map
(3.23)

Us(f) = —(=A) " HN(6G +8%) [+ N (f)} = (= A) THN (G)p+N(9) }.
Since N is bilinear, we have 2N (f) = N’(f)f and thus it suffices to prove

the estimate such as
(3.24) I(=A) TN (Hhllgz xms. < ClF iz s 1Bl 2 < -
Indeed, since | is sufficiently small, (3.24) leads to ||zs|| g2 x g4 < 00 and to
C? regularity of zs with respect to § in H2, x H by the uniform contraction
mapping theorem. Set z = (—A)~'A’(f)h. Then we have

21l 2. x s

1202, + 122 s,

= 1(=0)7'v - (fOVRE + ROV D) gz + (=L + D) 720 g,

IN

IN

ClIV - (fUVHE 4+ OV ) .

By arguing as same as in (3.14), the last term is bounded from above
by C|fllaz, xma 1Pl 2, < ga - Tt is not difficult to show that zs is radially
symmetric. Indeed, if zs5 is a fixed point of Wy, then z5(0-) is also a fixed

Cl(=£)7'V - (fOVRE + BOV D) pomey + CI(=L + 1) 2V Ipom(c2)
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point of Wy for any orthogonal matrix O. Hence by the uniquness of the
fixed point (which follows from the contraction mapping theorem) we get
z5(+) = 2z5(0-), i.e., zs is radially symmetric. Then the radial symmetry of
Us follows from the radial symmetry of wg, ¢, and zs. This completes the
proof.

By Proposition 5 the function Us belongs to H2, x H3, and is C? with re-

spect to ¢ in this space. Recalling the definition H (yo, y; Us) = 7?511 )7’?53 'R, Ustyo
1+y3

we have

Corollary 2. Let m € (2,00) and X = X,. If |0] is sufficiently small, then
H(yo,y; Us) is C% in X near (yo,y) = (0,0) € R x R3,

The proof of this corollary is omitted. We are now in position to prove
(1.5) in Theorem 2.

Proof of (1.5) in Theorem 2. Let m € (2,00) and X = X,,. We first
assume that Qo € X and || Qol|x < 1 with [p. Q[()l)(a:)dx # 0. Then, since
Dg = min{1, mTfl} > % = p1 = pa by Corollary 1 and Proposition 2, we can
apply Theorem 7 to (1.1) and obtain

i = g((l ilt)%’ (1 —th)% 1Us)||x, < Cel1 + )7 min{ =g 0 e,

for ¢ > 1. From the definitions of Ry and S we have for 1 < p <2,

_1 1 y, "ty
L0 @) - gty
0100 - 0 (Dl

< C & U Y.
< COf[RiQ(t) = S( s Us) |-

(1+6)2 (1+18)2
Combining these above, we get the desired estimate when Q¢ € X, =
L2 x H2 . If Qy € L2 x H! _, and 1022, xm1 , < 1, then we can
show the existence of solution Q € C([0,00); L2, x H ) to (1.1) such
that Q € C((0,00); Ly, x Hy,_5) with [|Qfi=1l12 xp2 | < 1; see Appendix

below. So the problem is reduced to the case Qo € X,,, = L2, x H2,_,. This
completes the proof of (1.5).

4. BEHAVIOR OF THE EIGENVALUE —1 TO THE LINEARIZED OPERATOR

In this section we will show Theorem 3 which leads to (1.6) in Theorem
2 by applying Theorem 6 and Remark 3 to (1.1). Let A be the generator of
the semigroup e(lfe_t)ARez. As is seen in the previous section, for (1.1) this

is given by
A:A+B:<§ EO_I>,
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where £ = A + § -V + I. The Fréchet derivative of N at ¢ is given by

(WY ) NEiAV )
N/(¢>f:< V- @OVIE) V- (1OVe ))_

We first consider the case 2 < m < 3. By Remark 4 and Corollary 1 the
spectrum of Ls = A — N'(Us) in X,,,, 2 < m < 3, satisfies

(41) o(Ls) € {0,~3, 1} U{p € C | Re(u) < —min{1, "2} +7(5)},

if |§] < 1, where 7(9) is a number satisfying %irr(l) 7(0) = 0. From [6, Lemma

6.2] we see: 0 is a simple eigenvalue whose eigenfunction is 95Us; —% is
a semisimple eigenvalue with multiplicity 2 whose eigenfunctions are 0;Us,
j =1,2; —1 is an eigenvalue which has the eigenfunction BU;. Especially,
Theorem 3 holds for 2 < m < 3.

In order to prove Theorem 3 for m > 3 we note that, by Remark 3, the set
{1 € o(Ls) | Re(n) > =21 + 1/(8)} consists of isolated eigenvalues with
finite multiplicity. Here 7'(d) is a number satisfying %i_r)% n'(§) = 0. Since

o(A) = {—g | k=10,1,2,---}U{pu € C | Re(n) < =21} by Proposition 3,
from the general perturbation theory the eigenvalues in {y € o(Ls) | Re(p) >
—m=L 4+ /(6)} must be near {—% | k € NU{0}, k <m — 1} when |§| < 1.
Hence if m > 3 and |§] < 1 then we have instead of (4.1),

(4.2) o(Ls) C {0, —%, —1}U{p € C | Re(p) < —min{g, mT_l} +1'(6)}

U {eigenvalues of Ls near — 1}.

So when m > 3 the main task is to study the behavior of the eigenvalues
near —1 to the linearized operator Ls. From the general perturbation the-
ory, at least for sufficiently small |§|, the rank of the eigenprojection to all
eigenvalues near —1 is 4 since the one to the eigenvalue —1 of A is 4 by
Proposition 3. The following proposition reduces the eigenvalue problem
of Ls in X,, to the one in L2 x L2, in which some calculations become
simpler.

Proposition 6. Let m > 2. Assume that i € C satisfies Re(u) > —21.
Let f € H2, x HY _, be a solution to

(4.3) (A—=N'(Us))f = pf.

Then f € H2, x H . Especially, u is an eigenvalue of Ls = A — N'(Us) in
L2, x L%,

The proof of Proposition 6 is almost the same as in [9, Proposition 1.1],
although real-valued functions are considered there. For convenience to the
reader we give the proof of Proposition 6 in Appendix.
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4.1. Spectral analysis in L2 x L% . In this section functions are assumed

to belong to L2, x L?,. We first prove

Proposition 7. Let f € H2 x H%. Then N'(f) is relatively bounded with
respect to A in L2 x L2,. More precisely, we have

(4.4) ||/\//(JL7)U||Lgongo < CHfHHgongo ”uHDom(A)a

for all uw € Dom(A) = {u € L2 x L2 | Lu), Lu® e L2} equipped with
the graph norm.

Proof. From the definition of A" and Dom(L£) — HZ2 in L%, it suffices to
show

(4.5) IV - (FOVu) 2, < CIF DNz [u® |z, -

Then we have from the Holder inequality and the Sobolev embedding
theorem,

V- (FOVu) 2 < 1672V D Vu®| 2 + G2 fD A 2
IV DN | G2 Va® | o + | f D 2o | G2 AP 2
ClFD N2 llG2Vu® | s + ClLFD | g [0 | 2.

IN

IN

Hence it suffices to show ‘|G7%VU(Z)HL4 < C’Hu@)HHgO. To see this we
note that [[z¢|| ;2. < C|¢[ g1, which is verified from the equality

1 1
(46) Vo2, = /R V(G E0)Pdr + el + 5613,
If we set d; = Gféc‘)ju@), then we have from the Sobolev embedding
theorem,
~ ~ _1
16lls < Clldllm < CIVIGT20;u)|| 12 + Cllu®|| g1,
Cllzd;u® |7+ Cllu? |72,

Cllu® |2

N

IN

This completes the proof.

As a corollary of Proposition 7, we have

(A7) IN'U) fllrg xrz, < CllUsllz, <z, Ibomcay < ClOM1f Ipom(a):

from Proposition 5. Since || is sufficiently small, we see A — N'(Us) is
realized as a closed operator with the domain Dom(A — N’(Us)) = Dom(A)
in L2 x L2; see [8, Theorem IV-1-1].

In order to study the eigenvalue problem of Ls in L2, x L2, we prepare
several invariant subspaces as follows. Set

(4'8) Gjl:jZ = ajl»j28{1652G’ Q1,52 = ‘|8{18%2GHZ§10
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Then it is well-known that {G}, j, };, j,enufoy forms a complete orthonormal
basis of L% . Moreover, each Gj, ;, satisfies

it

(4.9) LG, j, = 5 G, jo-
Then we set
L?XmL — a closed subspace of L% spanned by {Gak21} i 1en0{0}
L§o72 = a closed subspace of L% spanned by {G2k41,2041 i 1enugo)
i = Lc2>o,1 X Lgo,l
Yo = L2 5% L2,

It is clear that Y] and Y, are orthogonal to each other. Let O be the
orthogonal matrix defined by

o (% 4)
V22
Ys={feY1| f(O) €Yo}

Proposition 8. Fach Y;, i = 1,2,3, is invariant under the action of Ls.
More precisely, if f € Dom(Ls) NY; then Lsf €Y.

Proof. The assertion follows from the definitions of A and N’ (Us), and
the facts that Us is radially symmetric and O is an orthogonal matrix. We
omit the details here.

Then we also set

The next proposition is essential to obtain Theorem 3.
Proposition 9. The eigenvalues of Ls in Y1 near —1 consist of three simple
eigenvalues {—1,\1(9), A2(0)}, where
1
28372
at |0] < 1. Moreover, Xo(9) is the eigenvalue of Ls also in Ys.

(4.10) M(3) = —1+ %5 +0(6), Ao(6) = 1 82 + 0(5?),

The proof is given in Section 4.1.1 and Section 4.1.2 below based on the
reduction process in [8, Section II-2-3].

4.1.1. Proof of Proposition 9: First order reduction process. We first note
that, from the definition of L2, the eigenspace of the eigenvalue —1 of A

00,1

in Y1(= L%, ; x LZ, ;) is spanned by

o — AG o — (02 —93)G o — 0
te AG )’ 2 (97 —95)G )’ 5 G )
Then the associated eigenprojection is

3
(4.11) Pf=> <fe >xe, X =12 xIL%,

i=1
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. AG . 0% —02)G . -G
A R A !

Note that < ey, ej- >x= 0;; holds. Let L;s be the linear operator defined by
Ls = A— N'(Us) with the domain Dom(L;) = Dom(A) = {f e V1 | Lf1) €
qul, Lf? e Lgo’l}. We consider the eigenvalue problem

where

(4.12) Lsu = \(0)u, u € Dom(Ls).

Since Us is C? with respect to § in H2, x H2, by Proposition 5, we see from
(4.4) that N'(Us) is continuously depending on ¢ as a bounded operator
from Dom(A) to Y1. Hence the eigenvalue A\(d) is continuous with respect
to 9.

By Proposition 5 N'(Uy) is decomposed as

N'(Us)u = SN (wo)u + 6*N'(@)u + N (z5)u
=: 0Byu+ 0°Bou + 6B3(d)u
0B(d)u

Note that B; and B are independent of §. Let A € p(A) and set R(A,\) =
(A—XI)~1. We have from (4.4) that

IBOR(A, N llsvry = 167N (Us)R(A, Mllsvi)
< Clo| M |Us ) 2, xmiz, < C-

Here the constant C' is uniform in |§| < 1. Then the resolvent R(Ls, ) =
(Ls — AI)~! is expanded as

R(Ls,\) = R(A NI —0B(6)R(A,N)7!
= R(A,)\) i S8 (B(8)R(A,N))k
k=0
= R(A,)\) 4 6R(A,\)B1R(A,\)
+0%{R(a, \)B2R(A, \) + R(A, \)(B1R(A, \))*} + 6201 5.

Here O15 € B(Y1) satisfies ||O15]|pv;) < C|d]. This expansion leads to the
expansion of the projection
1

(4.13) P(0) =~ - R(Ls, \)dA,

where I'_; is a sufficiently small circle around —1 oriented counter clockwise.
Since —1 is a semisimple eigenvalue of A, we have P(0) = P where P is given
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by (4.11), and [ (A + 1)R(A, A\)d\ = 0 holds. Then

(Ls+ DP(5) = _2%, [+ DR D
- —% (A -+ 1)[R(A,\) + 6R(A, \) BiR(A, \)
e |
+O2{R(A, \)B2R(A, ) + R(A, \)(B1R(A, \)? + 01 5}]dA

Recall that R(A, \) has a Laurant expansion around —1:

_ P - k1
(4.14) R(A,\) = H1+kZO(A+1) S

where S is the reduced resolvent

(4.15) S = lim (I—P)R(A, ).

Then we have from the Cauchy integral theorem,
(Ls + 1)P(0) = 6A1(6),

where
(4.16)
A(6) = -PBP—-6{PB,;P+SBPBP+PBSBiP+PBPBS}+0,5,

with [|O25l5v;) < C|d]. Hence we have
0 = (Ls—A0))u=(Ls+ 1)P(0)u— (1 4+ X(0))P(d)u
= 0A1(0)P(0)u— (1+ A(0))P(d)u,
which gives
14 A(9)
9

So the behavior of A(d) is determined by pi(d) which are eigenvalues of
P(5)A1(6)P(0). Since P(0)A1(5)P(6) is continuous with respect to J in
B(Y7), its eigenvalue p1(0) is also continuous. Especially, if |§] < 1, p1(9) is
near £1(0) which are the eigenvalues of the bounded operator

(4.18) P(0)A1(0)P(0) = —PB;P.

Let us calculate the eigenvalues of —P B1P. Recall that

(4.17) P(5) A1 (5)P(6)u

u=:p1(0)u.

3
Pu=>) <ue >xe;, X =12 x L%,
=1

where e;, € appear in (4.11), and

V- (GVu®) + V- (uDVEG) )

Biu = N (wp)u = < 0
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Since
3
—~PB;Pu = —PBlz <u,e;f >x e = —ZZ < Biej,e; >x< u,e; >x ej,
i=1 j=1i=1

the matrix representation 7" = (;;)1<; j<3 of —PBP is

(4.19) tij =—< Blej,e;‘ >x .
Then the direct calculations by using the integration by parts yield that
1
(4.20) - / VG () 2de = ——
R2 167
(4.21) t L / G(x)d !
. = —_— x T = ———
1 2 Jre 167"
2
and t;; = 0, otherwise. Hence the eigenvalues of T" are t1; = 1%.—1” = ﬁ and
0, whose eigenspaces are respectively given by
{(al,O,O)T ‘ a] € (C}, {(0,&1,0)T + (aQ,O,CLQ)T | a; € C}
So each of the eigenvalues 16% and 0 to T is semisimple. Equivalently, the

eigenvalues of —PB1P are t;; > 0 and 0 which are semisimple, and the
associated eigenspaces are

(4.22) {a1e1 | a1 € C},

(4.23) {a1e2 + az(e; +e3) | a; € C},

respectively. Moreover, the eigenprojection Py of the eigenvalue 0 for —P B P
is given by

(4.24) Piu=<u,e; >x ex+ < u,e5 >x (e; + e3).

From the above arguments and the fact that —1 is an eigenvalue of Ls in Y7
with the eigenfunction BUj since Uy is radially symmetric, the eigenvalues
of Ls in Y7 near —1 consist of

(4.25) —1, M) =-1+ 16%5 +o(l6]),  Aa(6) = —1+o(|8]).

It is now important to study the behavior of A\2(d) = —1 + o(|d]), or
equivalently, the behavior of the eigenvalues () of P(8)A1(0)P1(d) in
(4.17), which is of the form u1(d) = o(]d]).

4.1.2. Proof of Proposition 9: Second order reduction process. As in the
previous section, by the arguments of reduction process we consider the
behavior of the eigenvalues near 0 for the operator

(4.26) L1(6) := P(6) A, (6)P(5).

Here A;(9) is given by (4.16) and P(9) is the eigenprojection of Ls defined
by (4.13). Set

(4.27) Ay = 4;(0) = —PB;P.
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Then from PS = SP = 0 and PA;P = A; it is not difficult to see that
L1(0) is expressed as

(4.28) L1(6) = Ay — 6D(6)

where

D((S) = PB2P + PBlsBlP — SBlAl — AIBIS + 03’5

with [|O3s||5v;) < C|6]. Hence we have

(4.29) D(0) = PBoP + PBySBP — SB1 A, — A1 B;S.
We set

(4.30) PL(0) = —QLM, [ R(L@), M

where I’y is a sufficiently small circle around 0 oriented counter clockwise.
Then as in the previous section, we have from (4.28) the expansion of the
resolvent

R(L1(5), /\) = R(Al, )\) + (5R<A1, )\)D(O)R(Al, )\) + (50475
with ||O4,§

B(vy) < C|d|. This gives
L1 (6)P1(6) = 645(0),
where
A(8) = —P1(0)D(0)P1(0) + Os5
with [|O5sl|5v;) < C[d]. Thus we see
0 = Li(6)u—M(0)u=Li(0)P1(0)u — A1 (d)u
= 0A2(0)u — A\1(0)u,
which yields
A1(6)
o

Since A3(9) is continuous with respect to § in B(Y7), so is ua(6). Especially,
p2(6) is near p2(0), which are the eigenvalues of the operator

P1(0)A42(0)P1(0) = —P;D(0)P; = —P,(PB,P+PB,SBP)P;
(4.32) = —P,B,P, — P,B;SB,P;.

Here we used (4.29), P1P = PP, = Py, and P;S = SP; = 0, which are
verified from (4.11) and (4.24). For simplicity of notations, we set

(4.31) P1(0)A2(6)P1(6)u =

u=: p2(d)u.

* * * *
(4.33) €1 = e, €] = €5, €2 = €1 + es, €y = €3.

Then from (4.24), Py is written as
2
(4.34) Piu= Z <u,€ >x €.
i=1
Let M = (mjj)1<ij<2, N = (nij)1<i j<2 be the representation matrices of
—P1B2P1, —PlBlsBlPh respectively.
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(i) Calculations of M

It is easy to see that m;; = — < Baej, €f >x. Recall that
Aoy AuD @)
Bou = N'(0)u = < V- (pWVul)) —(I)—V (W HIV'?)) > 7

where ¢ = (M), )T is the solution to

—LpM +V(G-VG) =0, z e R,
—(L-D)p@ —pM =0,  zeR?

satisfying fRQ w(l)(x)dm = 0. We note that ¢ is radially symmetric. Hence
if u is radially symmetric, so is Bou by the definition. Especially, Baes is
radially symmetric. Then mio = 0 since ¢ = ey € Y3 is orthogonal to
radially symmetric functions. Moreover, we have

dz

Moy = — {V-(«p(l)VAG)JrV-((AG+G)V¢(2))}(—G)G
RQ

= 0.
Hence it suffices to calculate mq;. Set
H, = (0} — 02)G.
We observe that
mi1 = — < Bey,e5 >x

= —{< V- (oWVHy), Hy >p2 + < V- (HoVep®), Hy >p5 }
—Ifll) . 12(11)

By the integration by parts we have

m z

2
1

= —< H%,g Ve > g, +5 < H3.V - (G'Ve?) >,

1§ —<H3,S Ve > — < Hy GV VHy >

1
= - <H},Z Ve > = <HY W > g

In the last line we used the relation (A + 5 - V) = —pM),
If a given ¢ € L2, is radially symmetric, we can check that

1
(4.35) <H3 0 >p.= o5 < 0]a|'G? > 1y
Hence we have
Ién)
1 T 1
= 55 <5 VeLIal'G? >~ <M ol G >

1 1 1
= 3*2{—* <@ |2/°G? >r2, +3 < RN >zt — 61

1 7 < oW, [2*G? > 12 .
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The direct calculations show that
122G? = 2L£G? + 262,
2|*'G? = 2L(|2>G?) + 16LG? + 8G?,
125G? = 2£(|z[*G?) + 28L(|z|*G?) + 160LG? + 48G>.

Then from the facts that £o®) = o3 — (1) and £ is self-adjoint in L2,
we have

<P |z2G? > = <P 2LG? +2G? > 12
= 2< Lo G? >r2, +2 < o G2 >r2
= 4<p® G > —2<oW G2
Similarly, we have
<90 L a'G? >12 =32 < G >0 —2 < oW [22PG? > 12 —20 < o) G2 >4
@ [2/5G? > 12 =384 < @), G? >0 —2 < oW |2|'G? > 2.
—32 < W, 226G > —256 < P, G? > .

Thus we get
1
=7 <P 12°G? > s +3 <) J2|'G? >y
1
= 5< oW, |2['G? > +2 < W |2]PG? > +4 < o) G2 > s

which gives

iy _ 1
16

On the other hand, we see

1
< oW, |z2G? >r2 +o

4.36 1§
(4.36) 5 S

< (P( ),G2 >Lgo .

1 1
I(U) =<V-(p (1)VH2)’H2 >z = —1<<p |x‘ G? >r2 +§<80 |5U‘ G >L2, -

Hence we have

my = _1511) _ 12(11)
1 3 1
= —§<Q0 |3§‘|4LGI'2 >L2 +16 (1),|$|2G2 >Lgo —§<§0(1),G2 >Lgo .
Now by direct calculations we can check that
1
(4.37) eV =G - —
8
satisfies —Lp) + V- (GVG) = 0 and [, pMdz = 0.
Thus
2 1.1 1
4,2 _ 1 22 _
< oW, |z*G >z = (g - ?)ﬁ: < oW, |z[*G 2= T 5322

1

1 2 _
<§0( ),G >Lgo—m.
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Then we obtain

1
(438) mi1 = W
(2) Calculations of N
Since —P1B1SB1Pju = _Zlgi,jSQ < u,€f >x< B1SBi¢€j,€j >x €, we
see
(4.39) ny = — < BlsBlej,G: >x .

Let us recall that

and S is the reduced resolvent of A:

S = lim (I -P)R(4,\) = lim (I —P)(A - )7L

We note that €; € Y3 and e is radially symmetric, which is preserved
under the action of B1SB;. This implies

(4.40) nig = Ng1 = 0,

since Y3 is orthogonal to the subspace of all radially symmetric functions in
L%, x L?,. Moreover, since < By f, €5 >x=0 for any f € H2 x H2 by the
definition of By and €5, we also have

(4.41) ngg = 0.

Hence it suffices to compute n11. The direct calculations show PBie; = 0.
Hence if we set

21 = SBjey,
then z; is the solution to
(L+ D) = {V(G-VHy) +V(Hy-V@)},  zeR?
P 4+ Y =, z € R?,

and satisfies Pz = 0.
It is easy to check

22 — 22
V(G-VHs)+V(Hy-VG) = %(W —6)G=.
Set
il

1 _ xi—a3 5 o
(4.42) oY =2mG = T2 e L

00,1

and let vgz) be the solution to

(4.43) Ev?) + vf) =0, / v§2) (x)dx = 0.
R2
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Then z; is given by

3
(4.44) z1:v1—Z<v1,ej >x ej:01—<v1,e’{ >x €1,
Jj=1
where v1 = (U&l), U§2)>T. Hence we have
nyy = —< BlsBlél,ET >x=—< Blzi,e”{ >x
= —< Bl’l)1,641< >y + < 1]1,61< >x < qu,q >x
(445) = —< .811)1,61< >x .

Here we used the fact that < Bjeg, €] >x= 0 by the direct calculations. We
note that

d
(4.46) — < By, el >x=— | {V-(GVv'?)+V. (v?)vc)}Hzg,

R2
and at least the second term can be computed explicitly. Indeed, from (4.42)
we have

(1) dr 1
(447) - R2 V * ('Ul VG)HZZ — —W

Hence the problem is to determine the exact value of [z, V- (Gvaz))H 2%.

It seems to be difficult to find the exact representation of vgz) or to use the

argument in the calculations of M. So instead, we use a series expansion
here in order to compute the value of the above integral. For this purpose,
we first observe that

[ v ev?)m®E — / W LHyde = / v\ Hyda
R2 G R2 R2

1
(4.48) = 5< o ol >

Here we used LHy = —H and (4.42).

Since Uil) € LgOJ it is expanded as

o~ k
(4.49) o) = Z Z k1 G2 2k—215

k=11=0

where
(4.50) Cp,1 =< U%l), GQZ’Qk_Ql >L<2>o .

Since L is self-adjoint in L2 we have from (4.9),

(2)

2 —1 2
- < U% )7G2l,2k—2l >r2 =k7 <v, LGy k-2 >z =< £U§ )7G21,2k—21 >r2, -
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(2) (1)

Then recalling Lv,” = —v;’, we get
1 1 &
2) (1 2
5 < U§ ),U§ ) >z, = 5 E Cr,l < v§ ),G2z,2k—2z >r2

=0

k
-1 1
k ch,z < v§ )7G2l,2k72l >rz
1=0
k

-1 2
k Z ck,l‘
=0

I
E’?‘M‘}_‘ Eond
NERANGERNNE:

(4.51) =

N
Bl
I

1

From the definition of v%l) we see

kg = 2< (07 —03)G, Guop—o >12
= 20g05-2(=1) (|01 057G 7. — 101057 1G172),
where agyok_21 = Ha%lag’“—?’GH;%w. Now we use
Proposition 10. For each k, | € NU{0} we have
(2k)!(20)!
8u&k+LEI’

The proof will be given in Appendix 5.3. As a corollary of Proposition
10, we have

k!
CXel =

0¥ O5GI17> = = oFrl

Corollary 3. Set ,,,Cp—r, = n!(nT%nin)!' Then it follows that

2 o 1 (k:—2l)22l
kil 6472 16k

Ct 2(k—1)Cr—1;

Proof. We first observe from Proposition 10 that
|05 GllZ — 0105~ Gl
1 (20 + 2)1(2k = 20)! (2D (2k — 21 + 2)!
= Srerril G+ DIk—0!  U(k—1+1) }
(20 — k) (20)!1(2k — 21)!
16785 (k-1
Then by applying Proposition 10 again, the assertion follows from the

definition o2, ,, = [|07"05 G Hzi . This completes the proof of Corollary 3.

From (4.51) and Corollary 3, it remains to compute the value of
00 1 k
(4.52) K=Y TG > (k= 20)°%C -1y Crr-
k=1 =0

Proposition 11. Let Ky be the number defined by (4.52). Then K; = 1—78.
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Proof. To calculate Ky we set for 0 < r < %,

00 k 00 k
=> k"> 90C o Chots Fa(r) = D> "> 1C ak-1yCroty
k=0 1=0 k=0 =0

o0

k
=> kY P ah-1yCrets
k=1 1=0

and

0o k s k
=Y > G nCrrs  Ha(r) =) r* > PuCigp-iyCre

k=0  1=0 k=0  1=0
These functions converge when 0 < r < i. Then K is decomposed as
1 1 1
4F: 4F:
1) ~ 4F2(gg) +4Bs(3p)-

By using the equality (3277 ar) (350 br) = S50 SoF_o aibg_; for abso-
lutely convergent series Y p g ap and Y o by, we observe that

(4.53) Ky = Fi(

Hy(r) = (O r*aCr)?, Zkﬂ“ 2tCl) Zrkzkck),
k=0 k=0
Hy(r) = () kQTkszk)(Z 9k Cr).
k=0 k=0
Now we set
fir) =Y r*awCr, for) =Y krFaCr,  f3(r) =D kKrFoCr.
k=0 k=0 k=0

Then for 0 < r < i we have

= Z krk=1y.Cr = Zrk_12(2k = Do(k—1)Cr-1
=1

= Z Tk2(2k + 1), Ck
k=0

= drfi(r)+2f1(r).
Solving this differential equation with f1(0) = 1, we get

1 1
fl(r):m, 0§r<1.
Moreover, we can check the relations
2r
fa(r) = 7 _47,f1( r), fs(r) = 1—1 (3f2(r) + f1(1)).
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Hence we have
2r r 3

PO = B0 = )
This implies
H1(7“):1_;4r, Fz(r):(l_zim H3(T):ﬁ(— 1—347")
Since
Fi(r) = rHi(r), Fi(r) = r~'Hy(r),
we have
4r 3 1 1
B =gz BU=sa—ay ia-a s

Combining these and (4.53), we finally get K1 = 1—78. This completes the
proof.

From Proposition 11 we have

00 k
L _ @, o
g <uhu >y = 1287722 z; —20)%5C 2(k—1)Ck—1
7
4.54 = —.
(4.54) 18 - 12872
From (4.45), (4.46), (4.47), (4.48), and (4.54), the value of ny; is
7 1 11

(455) nil1 = - ==

1812872 6372 283372
Then, from (4.38) and (4.55) the representation matrix of P1(0)A;(0)P1(0) =
_PlB2P1 — PlBISBlpl is

1 _ 0
M+N:< 28%2 )

0
That is, from (4. 31) the eigenvalues p2(d) of P1(0)A2(d)P1(9) take the
forms pa(6) = 283 s52=20 + 0(|d]) or ua(d) = o(|0]). Hence, by (4.17) the
eigenvalues of Lgs in Y7 around —1 consist of
1
(4.56) =1, M\ (9) = —1+—5+0(|5\), A2(0) = —1— 583, 252+0(]5| ).

Here we used the fact that —1 is an eigenvalue of Ly = A — N’(Us) which
reflects the scaling invariance of the equation. Moreover, these three must
be simple eigenvalues of Ly in Y7 from the general perturbation theory, for
—1 is a semisimple eigenvalue of A in Y; with multiplicity 3. From the
above proof it is not difficult to see that A2(d) is in fact a bifircation from
the eigenvalue —1 of A with the eigenfunction es € Y3. Especially, A2(0) is
an eigenvalue of Ls in Y3. This completes the proof of Proposition 9.

As a corollary of Proposition 9, we have
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Corollary 4. The eigenvalues of Ls in L% x L2, near —1 consist of three
eigenvalues {—1,A1(0), A2(0)} as in Proposition 9. Moreover, —1 and A1(9)
are simple eigenvalues, and \2(0) is a semisimple eigenvalue with multiplic-
ity 2.

Proof. Since we have already known that the rank of the eigenprojection
around the eigenvalues near —1 must be 4, it suffices to show that the
multiplicity of A2(d) is 2. Let f be an eigenfunction of the eigenvalue Ay(9)
in Y7. Then by Proposition 9 we have f € Y3. From the definition of Y3 we
have f(O-) € Y, and hence, f(O-) and f(-) are linearly independent since
Y1 and Y5 are orthogonal to each other. Moreover, since O is an orthogonal
matrix, we have Ls(f(O-)) = (Lsf)(O-) = A2(d)f(O-) and so the function
f(O-) is also an eigenfunction to the eigenvalue A2(9). Hence there are two
linearly independent eigenfunctions to the eigenvalue \2(0), which gives the
claim. This completes the proof.

4.2. Proof of Theorem 3 and (1.6). Corollary 4 yields Theorem 3, and
hence, (1.6) in Theorem 2 as follows.

Let m > 3. Then by Proposition 6 the eigenvalues of Ls in X,,, near —1
are those of Ls in L2, x L2, Hence by (4.2) and Corollary 4 we get (1.8).
The asymptotics (1.9) follows from (4.10). This proves Theorem 3.

Next we prove (1.6). Let m € (3,00). As in the proof of (1.5), we may
assume that Qo € X,,. The conditions (E1), (E2), (A1), (A2), (N1)-
(N3), and the regularities of S(y;wo) and H (yo, y; Us) required in Theorem
6 have already been checked by Proposition 2, Corollary 1, Proposition 4,
and Corollary 2. The numbers vy and p* are vy = p* = 1 in this case. From
Theorem 3 the spectrum of Ls in X, satisfies

o(Ls) € {0, ~5, 1} U { € C | Re() < ~1 + ()}

with n(6) = 4=6 + o(6) if & is positive and n(5) = —ﬁ(ﬁ + 0(6?) if
d is negative. Moreover, the eigenvalue —1 is simple, and the set {u €
o(Ls) | Re(p) > —1 + n(d)} consists of semisimple eigenvalues. Hence we
can apply Theorem 6, Remark 2, and Remark 3, to (1.1) and obtain

(4.57) [|Ri4e2(t) — S(—2 T = T Y Us)lx,, < C(1+1)~1+n0),
(14+t)2 (1+t)2 L+t

for all t > 1 with the above 7(J). Then (1.6) follows by the same arguments

as in the proof of (1.5). This completes the proof of (1.6).

5. APPENDIX

5.1. Solvability of (1.1)-(1.2) for initial data in L2 x H} ,. Let m > 2
and X,, = L2, x H2,_,. In this section we prove the unique existence of mild
solutions to (1.1)-(1.2) when the initial data Qg belongs to L2, x H! , and
satisfies [Qol/z2 g1 < 1. Moreover, we show the estimate [|(1)[x,, <
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CllQ0l 2, x 2 _,» Which enables us to deal with the problem in X, as stated

in the proof of Theorem 2 and the beginning of Section 4.
By [6, Lemma 3.2] it suffices to solve the integral equation

t
(5.1) u(t) = Qo — / e AN (u(s))ds, t>0,
0

which is equivalent with the integral equations for (1.1)-(1.2) through the
similarity transforms. Especially, for a solution u to (5.1) the function Q(¢) =
R%u(log(l + t)) becomes a mild solution to (1.1)-(1.2).

+t

Let Qo € L2, x H}, _, and we solve (5.1) in the closed ball
Br = {f €C((0,00); Ly, x Hy,_) |

£l = sup | FD @) 12z, +sup 1f P @) s, +supa(®)? | FP @)z, < B},
t>0 t>0 t>0

2

where a(t) = 1 — e~t. From the representation of e!4

otL (1)
6tAf —
e—tetﬁf(Q) + (1 _ e—t)etﬁf(l) )
and the estimates for e/* in (3.7), it is not difficult to see
(5.2) 490l < Coll 0l w1 -

On the other hand, we have from (3.18) that
¢
I[N s)islx,

b s _30.1) @)/ 3 @) (12
< C/Oe zalt =) 4SOz 17 g N7 () ds
(53)< CIfI*

Hence if we set the right hand side of (5.1) by ®(u)(t), we get from (5.2)
and (5.3),

12w < CollQollz2,wm,_, + Cllull®.
From the bilinear structure of N it is not difficult to see
[ (u1) = (ug)|| < C([Juall + [luz|)llus — us]]
Hence ®(u) is a contraction mapping on Bp if
R = 2CO||QO||L2><H}n_2 < 1.

So there is a unique fixed point of ® in B, which is a solution to (5.1). More-
over, the fixed point u satisfies the estimate [lu(log 2)| x,, < C[|Qol[z2 xm1

from the construction. The continuity of u(t) at t = 0 in L2, x H' , follows
from the density arguments, but we omit the details here. This completes
the proof of the assertion.
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5.2. Proof of Proposition 6. Since U € Hgo X Héo by Proposition 5, we
have HVU;Q)HLOO + HAUég)HLm < oo and

(5.4) lim sup (\VUéQ)(:c)\ + \AUéz) (x)]) = 0.

R—oo |z|>R

If f € H2 x H: , is a solution to (4.3), then f) and f® solve the
equations

—Lf® 4 VU(§2) VD 4 AU§2)f(1) +uf®M =_v. (Uél)Vf@)),
—LfP 4 (14 p)f@ =y,

Note that V - (U(gl)Vf(Q)) € L2, by the Sobolev embedding theorem. We
first prove

Proposition 12. Let p € C and g € L%. Let B € (L®(R?))? and d €
L>(R?) be functions satisfying

(5.5) lim sup |B(z)| = lim sup |d(z)| =0.
R—oo |z|>R R—oo |z|>R

Assume that ¢ € H2, is a solution to
(5.6) ~Lp—B-Vé—do+ po =g, z € R?.
If Re(p) > =L, then ¢ € Dom(L) in L2,. Especially, ¢ € HZ,.

Proof. We first show that e_lzs;e|m|2u(:n) € L*(R") for all e > 0. For k > 1,
e>0,1>1,and 0 € [0,m], we set

(1-oklz|? l

(5.7) Pre(T) =€ htlel® Go(x)

— m(l + |x!2)9.

These test functions are used in [9], which were originally motivated by
Fukuizumi-Ozawa [4]. Then we multiply both sides of (5.6) by (;9pk ¢ and
get from the integration by parts,

_ 1
[ GomdVords e [ 396 V@omdo+ g [ [6Pe- ViGaprdo
R2 R2 R2
B 1 ~
— Re/ CLopk,edB - Vodr +/ Copr,e (Re(d — p) + 5) |¢|*dx + Re/ CLoPk,cgPdT.
R2 R2 R?

Since

0 1 8(1 — €)k?p.cx

vCl,@ = 2$(1 + ‘SL’|2 - l + |ZL"2)Q’9’ vpk,e = W’




KELLER-SEGEL SYSTEM 37

we have for n; > 0,

Re [ 6V6-V(Goprda

= _/Rz 9l Vi +9|:c\2 a lJrllaslz)Q’@pk‘}daj - C/Rz f’f"’:';\éﬁda:
+Re /R? 8(1(4_]{:6_3_172%2’(;2%’6 oz - Vodx
> [P e Ve~ [ 10 TS
+ [ loPo v oo [ flfj’;’|;|¢|2dx
e
> 8090 [ i s - [ (T o S o
(=) [ Gopn V0P - - ;)12 /. k;f;@f“’;"?;’zdx,
and

! / 6Pz - V(Gopre)da

](I2 . 2
Jdz +2(1 — e)/ ok dx.

/ CLopi.el ol ( e (k£ [22)?

1+ ]x]Q I+ |z|?

Here the constant C' > 0 does not depend on [, k, and e. Set { = (1+|z|?)’.
We observe that we can take the limit [ — oo in each term above by the
Lebesgue convergence theorem, and obtain for 72,13 > 0,

(5.8)
2 (1= Opncledl? 1= 2m +e 80
_ . d : - d
(m 772)/]1%2 Copr,e| Vo 9C+/]R2 @k + o) ( 1—m 1+ \mP) g
< ¢ (—— c + Re(d — )—|—1+7| |2+ )|§f>|df'3+/C Hdw
— Jr2 6Pkse 14 |z|? : 4ny A |

Now we take 71 = 72 = 3 and @ = m in (5.8). Then, from (5.5) and
Re(p) > —™=1 there is an R > 0 independent of k > 1 such that if 53 > 0
is sufficiently small, then we have

k2 . 2
1-0c [ i< [ omadoPiss oo [ oo
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where C' is independent of k£ > 1. Hence by the Fatou lemma we get

(1 e)e/ (1+ [2])me T |2 2da
RQ

1 —c
< C(R) / \62dx + — / (14 [z[?)me 71 g% da,
|z|<R 4n3 Jgre

which gives e%qub(x) € L%(R?) for all € > 0. Next we take ; = %, No = é,

n3 =1, and § = 0 in (5.8). Then by the Lebesgue convergence theorem we
have

L / TN P | 2+ 1 / ¢ 5P o 2da
24 g2

8 Jeo
EEMEIN 1 L—c|g2| 12
< C | e g|*dx+ =~ [ e 7 *7|g|*dx,
RQ 4 RQ

where C' does not depend on € > 0. This inequality yields that

1 l1—e 2 1—6 l1—e 2
L[ 5l v 2g / 122 2
8/]1@26 |Vo|“dx + 18 R2€ |zp|“dx
< of PGPy [ TP,
| <R/ 4 Jr2

for some R’ > 0 independent of ¢ > 0. Taking the limit ¢ — 0, we obtain
¢ € H,. Then by Eq. (5.6) we have L¢ € L% . Hence ¢ € Dom(L). This
completes the proof of Proposition 12.

Now it is easy to show Proposition 6. Indeed, by Proposition 12 we first
observe that f(1) € Dom(£) < H2, and then, again by Proposition 12 we
also have f?) € Dom(L) — HZ since f? is assumed to belong to H2, ,
and 1+ Re(p) > 1 — mrl = —m=2=1 Gince f@ = (—£ +I)~1fM) and
fM e Dom(L), we have féz) € Dom(£2?) — H2 . The proof of Proposition
6 is complete.

5.3. Proof of Proposition 10. Let A(s) be the one dimensional Gaussian,

s2
ie, A(s) = \/%677. Then since G(x) = A(x1)A(x2) we have

kol )2 d* o d o

10705G |72 = HdskAHL?(R)HdSZAHH(R)’

kol 4)12 "o d o
10705Gl72. = HdskAHL?(A*lds)”@AHL%A*MS)'

Hence it suffices to show
(5.9)
dk 9 (2k)! dF 9 k!
M= lggeMliee =5 g Mon = Igghlizaa) = oe
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By the Plancherel equality, we have
I g1 = / F2FHUA(5)%ds.
R

. N2 _32
Since A(§) = ce™*" for some constant ¢, we have

2k 4+ 1)c? .
Hl Bl = _/ 728 dS _ ( —Z )C /R§2k6252d§
2k +1
= 115 &.
1 1,k
This implies 11y, = %ks)ikl To calculate Il j, set £ = 1%22 + %d% +
%. Then it follows that E(l) dk A = —%js—kkA. Hence we have from the
integration by parts,
dk dk
My = <2££A4344\>L%A*MQ
2 dF dk
= _]{} ds kA E(l)d kA >L2(A 1ds)
9 dk:-‘rl dk—H 1 dk dk
2 1

= -II — —1II
2kt — 2k

which gives 1y 1 = k—;lﬂzk, and thus, Ily; = 5—; holds. This completes
the proof.
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