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On Simulation of Tempered Stable Random Variates
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Abstract

Various, existing and new, simulation methods for tempered stable random variates are inves-
tigated with a view towards practical implementation, in particular simulation of increments
over a very short stepsize. The methods under consideration are based on acceptance-rejection
sampling, a Gaussian approximation of a small jump component, and infinite shot noise series
representations. Numerical results are presented to discuss advantages, limitations and trade-
off issues between approximation error and computing effort. With a given computing budget,
an approximative acceptance-rejection sampling technique [] is both most efficient and hand-
iest, and any desired level of accuracy may be attained with a small amount of additional
computing effort.

Keywords: acceptance-rejection sampling, compound Poisson, Gaussian approximation, infi-

nite shot noise series, tempered stable distribution, characteristic function.
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1 Introduction

The class of tempered stable distributions was first proposed by Tweedie [T]. Several featuring
properties of tempered stable distributions and processes were revealed by Rosiniski [T8], such as a
stable-like behavior over short intervals, the absolute continuity with respect to its short-range lim-
iting stable process, an aggregational Gaussianity and an infinite shot noise series representation in
closed form. Tempered stable distributions and processes have been used in a variety of applica-
tions, such as statistical physics [T4, T3], mathematical finance [4], financial econometrics [3] and
mathematical biology [16], to mention just a few. Simulation of the tempered stable distribution

have thus been of great practical interest, in particular, for validation and estimation purposes.
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On the one hand, it is well known that their increments with stability index smaller than one can
be simulated exactly through, either single or double, acceptance-rejection sampling. Hence, we do
not discuss the case of stability index smaller than one. To the best of our knowledge, on the other
hand, there exist no practically exact simulation methods for tempered stable random variates with
stability index greater than one. We will investigate various possible, existing and new, simulation
techniques and discuss their advantages, limitations and trade-off between approximation error and
computing effort, with a full view towards practical implementation.

The rest of this paper is organized as follows. After summarizing background material in brief
on stable and tempered stable distributions in Section I, we discuss acceptance-rejection sampling
methods of Devroye [7] and Baecumer and Meerschaert []. The method of [7] yields an exact
simulation in principle, but requires very time-consuming numerical integration for each funda-
mental quantity, while the approach of [2?] provides an approximative, yet very handy and efficient,
simulation method. In Section B, we investigate simulation methods based on a suitable decom-
position of the Lévy measure into small and large jump components. We apply the well known
Gaussian approximation of Asmussen and Rosinski [[] to the small jump component. A trade-off
issue between approximation error and computing effort has not been discussed. We also propose
further compound Poisson extraction schemes on the small jump component. In Section B, we
discuss yet another simulation method based on infinite shot noise series representations. In prin-
ciple, the infinite shot noise series only provides an exact simulation method for tempered stable
Lévy processes since it simulates complete information of sample paths, that is, size, direction and
timing of every single jump. A closed form of such a series representation is given in Rosifiski [T8]
(first introduced in his discussion section of the article [B3]). From a computational point of view,
however, the form of infinite sum has raised important issues of finite truncation to be addressed.
(See Imai and Kawai [[T(].)

2 Preliminaries

Let us begin this preliminary section with the notations which will be used throughout the paper.
We denote by R the one dimensional Euclidean space with the norm |- |, Ry := (0,4o0) and
R_ := (—o0,0). Let N be the collection of positive integers with Ny := NU {0}. We denote by

Z and ﬁ respectively, identity and convergence in law. We write f7(z) for a smooth probability
density function of a distribution L. We fix (Q,.%,P) as our underlying probability space. We
denote by C’,j (R; R) by the class of k-time differentiable functions from R to R which, together
with all their derivatives, are bounded. Finally, let us note that I'(—s) < 0 for s € (0,1), while
['(—s)>0forse(1,2).



2.1 Spectrally Positive Stable Processes

Let {L,(S) : t > 0} be a rotally positively skewed stable (Lévy) process satisfying

. o (s)
E [e’ny ] = exp [tal"(—a)cos (%) y|* (1 —itan ?sgn(y))}

exp |1 fy, (€25 1) aHdz} if a € (0,1),
exp |1 f, (€2 —1—iyz) ‘Hldz} if o € (1,2),

2.1)

with some a > 0. Throughout this paper, we exclude the case a = 1. We write S(@,a) := % (Lgs)).
Note that the random variable Lgs) takes values only in R if & € (0,1), while in R if o € (1,2). It
holds that for each t > 0, Z(L, (S)) S(a,ta), and by the scaling property, X(FI/O‘Lt(S)) =S(a,a).
Note that the distribution S(c,ta) has density 1~/ Is(aay(t™ 1/@x). The distribution S(c,a) can
be simulated in the exact sense through the well known representatlon, due to Chambers et al. [5],

1—o

S(ctsa) Z (—al(—at) cos(nar/2))"/* (sziffisz)el)/a (COS((l —au- 9))a, 2.2)

where 0 := arctan(tan(we/2)), U is a uniform random variable on (—7x/2,7/2) and E is a stan-
dard exponential random variable independent of U. See Zolotarev [22] for complete details on
the stable distribution.

2.2 Spectrally Positive Tempered Stable Processes

Let {L,(ts) 1t > 0} be a centered and totally positively skewed tempered stable (Lévy) process
satisfying

. o (ts) . —bz
E {e’yL't } =exp lt/ (e"*—1—iyz) aea+1 dz} = exp [tal'(—at) ((b—iy)* —b* +iyab® )] .
R, z

When a € (0, 1), by adding back the centering term as L,(ts) +1I(1 — a)ab®~!, we can recover the
tempered stable subordinator. Throughout the paper, we will use the notations

TS(ot,a,b) = & (Lg‘s)) , (2.3)
and
TS (0t,a,b) =L (L( VL T(1— a)ab®~ 1) 2.4)
It is known that
esz —bz al'(—
—— 7S () = fs a.a)(2) = frs(a.ap)(2) (2.5)
E [e bL :|



and clearly
Jr8(0ab) (2) = ITs(aab) (z—T(1— a)ab“—l)
- eibzw((Hl)r(ia)bafs(a,a) (z—T(1—a)ab® 1. (2.6)

Those hold for every a € (0,1)U(1,2). Let us first focus on the case o € (0,1) with

—bz
dz| =exp[tal' (—a) ((b—iy)* — b%)].

(L T (1—a)ab® 1) | _ iy e

E | T(1—a)ab®"") —exp |t . (el)z_ 1)aza+1

(Note that this never holds for o € (1,2).) Based upon this fact and the density function (Z3), it is

well known (for example, [, R]) that when o € (0, 1), the tempered stable distribution 7S’ (@, a, b)
can be simulated exactly through acceptance-rejection sampling as follows.

Algorithm 0;
Step 1. Generate U as uniform (0, 1) and V as S(o,a).
Step 2. If U < e PV exit with V. Otherwise, return to Step 1.

For example, this exact acceptance-rejection sampling paves the way for efficient simulation of
tempered stable Ornstein-Uhlenbeck processes. (See Kawai and Masuda [IT, 12].) Moreover,
another exact double rejection method is developed in [8] based on the Zolotarev integral rep-
resentation [22] of the density function fg(4 4)(z). In what follows, we concentrate on the case
a € (1,2), for which there exist no exact simulation methods. Without loss of generality, we focus
on a centered and totally positively skewed tempered stable random variate X (A) satisfying

(A ) esz
9a(y) = E [ —exp {A | (=1 =ivg)a s
+
= exp [Aal'(—a) ((b—iy)* —b* +iyab®1)]. (2.7)

Let us note that simulation of increments of general infinite-variation tempered stable Lévy pro-
cesses (with bilateral jumps) is within our scope. This can be done simply through a convolution of
two independent tempered stable random variables totally skewed in the opposite directions. (See
Remark BTl for a related discussion.)

Remark 2.1. Let Lt(s) and L,(ts) +tT'(1 — &)ab®~! be random variables respectively with distribu-
tions S(a,ta) under the probability measure Q and 7'S'(ct,7a,b) under P. It is a straightforward
application of Theorem 33.3 of Sato [1Y] to evaluate an expected value related to tempered stable
random variables by the density transform

Ep [cp (L,(“))] =Ty

with @ : R — R such that Ep[|d>(L,(tS))|] < +oo. Here, the Radon-Nykodym derivative is given in
closed form (dP/dQ)|y = bl /Eqg [e_bLEA)], Q-a.s., where ¢ is the minimal o-field generated

%}gcp (L,(S))] : (2.8)
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by the random variable L,(S). The equality (ZR) is valid for every o € (0,1)U (1,2). Evaluation
(ts)

of expectations based on (Z8) does not require simulation of L,ts , but only requires simulation
of L,(S), which is simple through the representation (). This density transform formulation is
found useful in the computation of Greeks under an asset price model driven by tempered stable
processes. (See Kawai and Takeuchi [T3] for details.) However, this formulation is not valid for

simulation of replications but only valid for evaluation of expectations. [

3 Acceptance-Rejection Sampling

In this section, we discuss two (one exact and the other approximative) acceptance-rejection sam-
pling techniques for simulation of tempered stable random variables.

3.1 Exact Sampling Using Density Function

It holds by the well known result of Devroye [[Z] that for z € R,

G (A
J15(a.pa,p)(z) < min [Cl (A), 2z(2 )] :=qa(2), (3.1

where . |
Ci(A) :i=— dy, Cy(A):=— A(v)|d 3.2
@)= o [losldy, €)= o [ [oh0)] . (62)
and that
i(8) = [ as(2) = 4/ AC(A).

Let U; and U, be iid uniform random variables on (—1, +1). It is also shown that the random

variable V defined by
_ [GA)U
' Ci(A) Uy

(3.3)

has density (C3(A))~'ga(z). Based on the above facts, we can employ a simulation method based
on acceptance-rejection sampling as follows.

Algorithm 1;
Step 1. Generate V as (B3) and U as U(0, 1) independent of V. If |V | < 1/C2(A)/C;(A), then go

to Step 3.
Step 2. If

G (AU < franap) (VIV?,
then exit with ¥; (A) < V. Otherwise, go to Step 1.
Step 3. If

Ci(A)U < frsianan V),
then exit with ¥; (A) < V. Otherwise, go to Step 1.
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This is an exact simulation algorithm, that is, Y;(A) Zx (A). The acceptance rate at Step 1 of
Algorithm 1 is given by |

pi(4) = CoA)’
and thus the expected number of times Step 1 is executed is C3(A). As discussed in Remark 4 of
[8], Algorithm 1 has already been enhanced in terms of constant shift in the sense that the tempered
stable distribution is centered in our setting (7).

By recalling (Z77) and observing that
— . No—1\2 . NO—
OX(y) = —@a(y)Aa |Aal(1 - a)? (b = (b—iy)* ) + T2 — ) (b—iy)* 2|,

it seems difficult to obtain Cj(A) and C5(A) in closed form. We thus need to compute Cj(A)
and C»(A) based on (B2) through some numerical integration techniques. Note that numerical
integration here does not have to be extremely accurate, as long as the inequality (3-1) holds true.

The important point in question is how to prepare f75(q aap) (V) in Step 2 and 3 of Algorithm
1, where as mentioned, the density f7g(q,aqp)(2) is unavailable in closed form for any a € (1,2).
One straightforward approach is to compute the density by the Fourier inverse of the characteristic
function (7), while the other is to compute the density fg(q aq) (z) of the associated stable distri-
bution in order to use the relation (Z26). It would be more sensible to take the latter route since
some math tools provide a function that returns density values of the stable distribution, such as
dstable in R language. With the help of such existing functions, we may either (i) compute
Is(ana)(V —AL(1 — a)ab®~1) whenever required for each V, (ii) compute Is(a,aa) (Vi) at several
pre-selected points {v; }ren and use interpolation for each replication, or could be (iii) a combina-
tion of them. Note that they are, strictly speaking, both approximative since numerical integration
is used. Hence, the choice is, in principle, up to how many replications to be generated.

To discuss the efficiency of this numerical approach, the key quantities are C(A), C>(A) and
C3(A). Observe that for each y € R, lima o |@a(y)| = 1 and lima o |@x (y)| = 0. Hence, it holds
that limp | C1(A) = 4o and limp |0 C2(A) = 0. Also, it is more expensive to compute C;(A) with a
smaller A, while C»(A) with a larger A. Nevertheless, it seems difficult to discuss the behavior of
C3(A) with respect to A, which largely governs the efficiency of Algorithm 1.

We report in Table [ numerical results of C3(A) for various parameter settings. It seems safe to
conclude that Algorithm 1 tends to be more efficient (i) with a larger A, (i1) with a larger o, and (iii)
with a larger b. In other words, Algorithm 1 is more efficient when the tempered stable distribution
is closer to a Gaussian distribution. (It is known that the tempered stable distribution approaches
to a Gaussian distribution with larger A, b and o, while it is closer to a stable distribution with
smaller A and b. See, for example, Section 3 of [IR].) We also provide in Figure Il comparisons of
the density f7s(q,aq,0)(2) @nd its bounding function ga(z) in the inequality (BT). In conclusion, it
seems sensible to employ this approach for simulation of increments over a longer time stepsize,
but not for simulation of small increments, for example in approximation of stochastic differential
equations.



| b | a [A=0.001 [ A=0.010 | A=0.100 | A=1.000

1.2 0.280 0.317 0.382 0.483
0.1 15 0.483 0.499 0.529 0.573
1.8 0.615 0.618 0.624 0.631
1.2 0.328 0.400 0.505 0.597
1.0 | 1.5 0.512 0.550 0.596 0.626
1.8 0.623 0.629 0.634 0.636
1.2 0.350 0.435 0.544 0.615
20|15 0.527 0.571 0.612 0.632
1.8 0.627 0.632 0.635 0.637

Table 1: Numerical results of the acceptance rate p;(A) of Algorithm 1 under various parameter
settings. We fix a = 1 here.

Remark 3.1. For simulation of the bilateral tempered stable distribution, that is, with a character-
istic function

iyz ) e*b+Z e*b_|Z‘
y > exp A/}Ro (e —l—lyz) a+za+—+1]1R+<Z)+a*|Z’a—,+lﬂRf(Z) dz|,

we need to implement Algorithm 1 at least twice; once for the positive component and the other
for the negative. This is so because the simple relation (Z-6) does not hold simultaneously for both
the positive and negative components. 0

3.2 Approximative Sampling with Stable Proposal Distribution

The second acceptance-rejection sampling is an approximative method of []. Let us first state the
algorithm.

Algorithm 2;

Step 0. Fix ¢ > 0.

Step 1. Generate U as uniform (0,1) and V(A) as S(a,Aa).

Step 2. If U < e ?(V(4)+9) exit with Y5(A,c) « V(A) — AT(1 — a)ab®~". Otherwise, return to
Step 1.

This is not an exact simulation algorithm, that is, -Z(Y2(A,c)) # TS(a, Aa, b) for any ¢ € R...
The constant shift —AI'(1 — a)ab®~! in Step 2 accounts for the difference between (23) and (Z4).
Basic properties of Algorithm 2 are discussed in [Z]. The acceptance rate at Step 2 of Algorithm 2
is

pa(Ayc) i=E [e 2@+ y(A) > —c] FP(V(A) < —c).
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Figure 1: Comparison of f7g(q aqp)(2) (solid line) and ga(z) (dotted line) in the inequality (B).
We fix a =1 here.

The distribution function P(Y2(A,c) < z) and a density function f gy, (a ¢))(2) are given by

Z

1
p2(Ac)

fomac) (@) = {

P(Y2(A,c) <z) = (IP (V(A) < min(x, —c)) + e 0% £ 0. 0a) <y>dy) ,

min(x,—c)
p2<A>c)_lfS(Oc,Aa)(Z)7 ifze (_°°7 —C],
P2(A,c) e PEH) o ag (), if 2 € (—c, o).

The parameter ¢ in Algorithm 2 acts as a truncation of the entire real line R to the domain on
which the exponential tempering e~ is performed. It is also proved in Theorem 8 [2] that the
density fo(y,(ac))(z) converges in L'(R) to its target density Jrs(a,na,0)(2) @8 ¢ T +oo, and as
a consequence, the Kolmogorov-Smirnov distance Dks(A,c) := Dxs(-Z (Y2(A,¢)), TS(a,Aa,b))
converges to zero as well. Nevertheless, it is not sensible to simply aim at a smaller distribution
error by taking ¢ | +oo, since then Algorithm 3 becomes extremely inefficient due to the low
acceptance rate, that is, for each A > 0, lim.;;.p2(A,c) = 0. (Note also that for each ¢ > 0,
limpjo p2(A;c) = 1.)

Concerning the computing effort, as before, we wish to find ¢ maximizing py(A,c). Asymp-
totic behaviors of p;(A,c) with respect to ¢ are difficult to obtain in closed form. Next, it is
not clear how to choose an appropriate criterion to measure the distribution error. Natural can-
didates include L!(R)- and L*(R)-distances between f ‘2% (M) (2) and frg(q aap)(2), While the
Kolmogorov-Smirnov distance Dgs(A,¢) := Dks(-Z (Y2(A,c)),TS(c,Aa,b)) is certainly valid as
well. None of them are tractable in an explicit manner. Let us present in Table @ numerical results
of the quantity Dks(A,c¢)/p2(A,c) for different values of c. We only provide results for a single
parameter set (@,a,b) = (1.5,1.0,1.0) and A=0.1 and A = 0.01.

It can be observed that the Kolmogorov-Smirnov distance Dgs(A, c¢) decreases in ¢, while the
acceptance rate py(A,c) has to decrease as well. The quantities Dgs(A,c)/pa(A,c) indicate that



A=0.01 A=0.10

¢ | Dgs(A,c) | p2(Ajc) D]JIZS((AA,S) ¢ | Dks(A,c) | pa(Asc) DPIZS((AA,SJ

0.00 | 2.48E-2 0.954 | 2.60E-2 | 0.0 | 1.26E-1 0.878 | 1.43E-1
0.06 | 1.58E-2 0931 | 1.69E-2 || 0.6 | 3.68E-2 0.661 | 5.57E-2
0.12 | 6.28E-3 0.896 | 7.02E-3 || 0.8 | 1.29E-2 0.560 | 2.31E-2
0.13 | 5.03E-3 0.889 | 5.66E-3 | 1.0 | 2.65E-3 0.464 | 5.71E-3
0.14 | 4.73E-3 0.881 |5.37E-3| 1.1 | 9.48E-4 0.421 | 2.25E-3
0.15 | 4.73E-3 0.874 | 5.42E-3 | 1.2 | 9.10E-4 0.381 | 2.39E-3
0.18 | 4.73E-3 0.850 | 5.57E-3 | 1.3 | 9.10E-4 0.345 | 2.64E-3

Table 2: Numerical results of distribution error and acceptance rate for different levels c.

choosing ¢ greater than around 0.14 for A = 0.01 and 1.1 for A = 0.1 would not help in total,
just as can be seen from the fact that Dgs (A, ¢) does not improve anymore, while the acceptance
rate pa(A,c) still gets worse. Let us however remind again that the Kolmogorov-Smirnov distance
is simply one of various candidates as a measure of distribution error and the best choice of the
parameter ¢ may be different for different criteria. Finally, we draw in Figure @ some resulting
density functions f o (y,(a ¢)) (z) with different choices of ¢ when A = 0.1, together with the target
tempered stable density function f7g(q aap) (z). We do not provide figures for A = 0.01, while two
densities are almost indistinguishable even with a very small ¢ > 0.

N N o~

- — R

0 0 0 |

o S s

< < <

o o o

o o ol /

d T T T T T T T T C) T T T T T : : T O T T T T T T T
-1.5 00 10 20 -15 00 10 20 -15 0.0 10 20
¢ =0.0, p2(A,c) =0.878 c=0.6, pa(A,c) =0.661 c=1.1, pa(A,c) = 0.421

Figure 2: Comparison of two density functions fo(y,(a c)) (z) (solid line) and f7 S(a,Aab) (z) (dotted
line) under (a,a,b) = (1.5, 1.0, 1.0) and A = 0.10. The horizontal line indicates x = —c — AI'(1 —
a)ab® !,

The implementation of Algorithm 2 is very simple and requires no computation of a density
function unlike in Algorithm 1. In particular, when A is small, the acceptance rate remains remark-
ably high while the distribution error is negligible. We may find an optimal parameter value of
c instantaneously through a standard numerical approach, such as the Nelder-Mead direct search
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method. In total, this algorithm would be a better choice than Algorithm 1 for simulation of the
tempered stable distribution from a practical point of view.

Remark 3.2. The Zolotarev integral representation is known [27] even for a € (1,2), but has to
be expressed separately on the positive and negative domains. It thus seems difficult to develop a
double rejection method [8] of practical use. U

4 Decomposition into Small and Large Jump Components

In this section, we consider approximative simulation methods based on decomposition into a
small jump component and the remaining large jump component. To be more precise, write
—bz

e
8a(z) = AaW7 z€R4,

and decompose the characteristic exponent [p (e — 1 —iyz)Aaz~ % 'e~P%dz into three indepen-
dent components as

lnE[ X (A )} :/ (7" —1—iyz)galz)dz

+oo oo
—/ eV — 1 —iyz)ga dz+/ (€™ —1)galz )dz—ly/ 28a(2)dz,

=) +hEAD) —hEA D),
(

for some € > 0. First, the component h&i (y) clearly corresponds to a constant as

3) . Aa
o—1

(el ag=be _pa-lp(a g be)) NN
In what follows, we use the notations Hé 1A) and H' A) for random variables satisfying
(k) k
InE |:€lyHS=A:| = h(g;)A(y)a k= 1727

and call H,, (v  the small jump component and H ( A) the large jump component. It holds that for each
€>0and A > 0,

X(A)ZH +HE) 6.

4.1 Simulation of Large Jump Component
(2)

We first discuss simulation of the large jump component H, ;. This component is compound

Poisson with intensity
teo bz _ Aa (a— l)e_b8 be ¢
Z(X“—l o (X(a_l) ga ga—l

+b“r(2—a,bg)>. 4.1)

10



4.1.1 Straightforward Compound Poisson Simulation

The straightforward method is based on the summation of iid suitable random variables through
o) 2\
Hyp = kZ Yi
=1

where N; 4 is a Poisson random variate with intensity &g o and {Y }ren is a sequence of iid random
variables with common probability density

1 e bz

EA(IW, zZE (8,—|—°°).

This concept is indeed straightforward, while never as handy as often claimed in the literature,
for mainly two reasons. First, when the truncation € is chosen too small (which is in principle
desirable), the compound Poisson intensity &¢ o explodes of order €%, Also, we need to deal with
numerical integration and inversion of the common distribution of the random sequence {¥} } xen-

4.1.2 Acceptance-Rejection Sampling with Pareto Proposal Distribution

We here present an exact simulation technique for the large jump component H, ézA). Notice that the
Lévy density of the component is bounded from above as

—bz —be [0 a
e e e . £(0) oE
AaZaJrl < Aa e (Z(x+1> o és,AZoHl » ZE (8’ +°°>’ (4.2)

where g%z %!

serves as a Pareto probability density function on (&, +e<). This Pareto random
variable can easily be simulated as eU “1/a where U ~ U (0,1). Suppose that € and A are set such
that ééOA) > 1. Then, we can employ acceptance-rejection sampling for simulating the compound

Poisson component as follows.

Algorithm 3;
Step 1. Generate U and U, as independent uniform (0,1) and let V « €U, :
Step 2. If U; <e™? (V=£) exit with Y3 (A) < V. Otherwise, return to Step 1.

jo

The acceptance rate at Step 2 of Algorithm 3 is 1/ 58((2. The expected number of times Step 1 is
executed is thus 52(2, while the expected number of times Algorithm 3 is executed for simulation
of HS(ZA) is &¢ A. Therefore, Step 1 will be executed 587A§e(0A) times on average. In what follows, we

assume that the compound Poisson component H, @)

A 18 always simulated through Algorithm 3 and

will say that the expected time required for simulation of HézA) is &g Aég((g.

11



4.2 Simulation of Small Jump Component

We next discuss simulation of the small jump component HélA). Throughout, we will use the

notation . A
a
Ki(€,A) := /0 Fea(z)dz = bk—_ay(k— o, be).

)

Clearly, since the random variable Hé A consists of infinitely many jumps, the compound Poisson

simulation never applies. To investigate approximative simulation techniques for H, é 1A), let us derive
its first three moments

Note also that for each A > 0, x;(¢,A) ~ e~ %Aa/(k— a), as € | 0.

First, based on the zero mean, it would be a valid approximation to simply replace HSA) by the
mean value 0. Let us adopt the framework of Signahl [20] for evaluation of weak approgcimation
error. It holds by the Taylor theorem that for each f € C;’(R;R),

E[f (X(8))) =B | (HyX — 0es) |
2

- (o)« S (430 -

Hence, we get for each A > 0,

Bl x@)]-E[f (HR - 6ca)|| =0 (%),

as € | 0. In total, the expected time required for this approximative simulation of X (A) is same as
the one required for simulation of H (ZA) and is thus ég’Aés(OA).

€,
Next, it would be better to replace HSA) by with a normal random variable Z¢ A, where Zg o ~

N (0,63’ 4)- Let us write X©)(g,A) := Z o + HéZA) — 6 A. This Gaussian approximation was
justified in [, 6] and is true in this case since GEZ’A/‘E‘Z ~Aag"%/(2—a) T +oo, as € | 0. By the
addition of this Gaussian component, the expected time required for simulation of X (0)(8,A) is
increased by 1 and is thus

T = 1+ & a8 (4.3)

Taking into account the undesirable limit limg o & Aég(&) = +-oo, the addition of the Gaussian com-
ponent is negligible in terms of computing effort. Now, it holds by the Taylor theorem that for each

12



feCr(R;R),
E|f (xO(e.a)) | ~Elf (X(2))
_E [(ZS’A _ Hé}ﬁ) # (X(A))} ¥ %E {(zg,A —Hé}ﬁ)zf” (X(A))} T

By further Taylor expansions and using the knowledge of .Z’(Z A), we get

E[r (xOe.0)] ~Elr o) ~ CEE g [ (52 - 6e)]].

as € | 0. Recall that the true distribution has characteristic function @A(y). Meanwhile, it is

straightforward that the approximation has characteristic function

) € ) 1
L) =B [PX e8] = gy(v)exp {— / (y iyt §y2z2) & (@4

:%(y)exp[ bl A R TEENE )dz]

where 1 is a function from R to C satisfying |1 (x)| < 1 for x € R. Therefore, it holds by the
Parseval theorem that
0)._ 2
Pep = R‘fTS(a,Aa,b)(Z)—fg(xw)(g,A))(Z) dz
1 0 2
- \my) — ol av @4
T
2
/ s 0|2 [“noaceato:

dy
= 727: / P oa0)[ dy =0 (2%).

where all the asymptotics hold when € | 0.

4.2.1 Further Compound Poisson of Flat Density

The Gaussian approximation can be improved by decomposing the Lévy density ga(z) over (0, €)

into two independent components ggai(z) :=ga(€) and ga(z) — g'(;z (z). We write

1) (a) (a)
He(,A = JS?A + Ke?A

corresponding to the Lévy density g(a) (€),1s

for this decomposition. The former component J, (a) e A

gA°
clearly centered compound Poisson with intensity

Aae b€

ga

&= , 4.5)

13



with iid density U (0, €). In principle, this compound Poisson component can be simulated in the

exact sense by

Ng("aA) Aae b€

(a)
Jo— 2 el

A 1
€ = 2e

The remaining component KéaA), corresponding to the Lévy density ga(z) — ggai (z), is still centered,
is of infinite activity and is thus approximated by a normal random variable. Here, we define for

eachk e N,

K]Ea)(e,A) — /szk <gA(z) —gﬂ(z)) dz

Aa Aae bE
= 2 yk—a,be)—
pra k= 0:b8) = e
1+«
~AggFm ———
(k—a)(k+1)

as € | 0. The Gaussian approximation can easily be justified with a variance Kéa) (g,A). Let Zéai

(a)

be a normal random variable with mean zero and a variance k, ’ (¢,A). In a similar manner to the
previous case, it holds by the Taylor theorem that for each f € C;’(R;R),

where
X (g,A) i= Z\ + IS0+ H — Be

By further Taylor expansions of f and f” and using the fact that Zéag is Gaussian, we get

(a)
K ' (€,A 2
E[f (x9(e.0)] ~Elr x| ~ SEV m [ (52 - 6., ).
as € | 0. Therefore, by further introducing this compound Poisson éuA), we can reduce the weak
error by a factor of

lim

KYe,d) 1+a (13
el0 Kk3(g,A) 4 '

24
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As before, it holds by the Parseval theorem that
(@), 1 (@) |
plhi= 5 [ st~ 00| @y “6)

2

— 5 L1000 exo |- /j (@1 2) (2a(0) - 632 2] - 1]
Ln/R!%( 2B / n(z)z gA z7)— g()()>d12dy
(a)
< %/RW%(M dy,

where all the asymptotics hold when € | 0. Clearly, the expected time required for simulation of
X @ (g,A) is given by

0
o= T HER +Eeal il @7

(a)

Remark 4.1. It is straightforward that the compound Poisson component J , and the large jump
component HéZA) of Section BT can be simulated exactly as a single compound Poisson random
variable. Define

é(ﬂ)
Q) . ed (@ ._ _ Sea

r —7
oA 6(02+§£A

where 58 » and &g A are defined, respectively, in (B3) and (B). Clearly, lé g + rgg = 1. Then, it
holds that

(@)

where N a is a Poisson random variable with intensity §8(c2 + &g A and {Yk(a) Heen is a sequence of
iid random variables with common distribution which can be simulated exactly as follows.

Algorithm 3(%;

Step 1. Generate U; < U(0,1).

Step 2. If Uy < 1%}, then exit with €Uy /1)

Step 3. Generate Uz —U(0,1) and let V « 8((U1 —l )/ré3 A) e 1t U < e V=9, then exit
with V. Otherwise, go to Step 1.

We can show that the expected total time (number of implementations of Step 1) for simulation of
JéuA) +H ( A) 18

e (SN (WY
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while the expected total time for simulation of J (a g and H 8(.) separately 1s 58 AT Ee § . We can
also show that the use of Algorithm 3(a) helps reduce computing effort if € is sufﬁc:lently large,
while increases it by a factor of 2 as € | 0. We thus do not consider using this algorithm as our
interest is mainly in a small €. U

4.2.2 Further Compound Poisson of Exploding but Integrable Density

We here try to further take more compound Poisson out of the small jump component (and then
approximate the reminder by Gaussian). A straightforward approach is to extract the density

—be 1

®) . A €
8ea(2) = Aamza—_y (4.8)

for some 8 € (o — 1, &), from the Lévy density ga(z) over (0,€). As before, we decompose as

1 b
=K

(b)

where J; , indicates the centered compound Poisson random variable corresponding to the density

(ER), while the KébA) is the remaining infinite activity component to be approximated by Gaussian.
The compound Poisson intensity is given by
—be
(@.::/€<w g Aae 49
Sea 0 8ea(2)d (6—oa+1)e* 49)
Note here that this is independent of  in the sense of asymptotics of € | 0. We can derive that J, (bA)
can be simulated exactly as

(£2U,) e _ —553‘;“’87“(5—05),
G—a+1)?

&
G‘
I M>v

(b) .

where N, , is a Poisson random variable with intensity 58 4 and {Uy} is a sequence of iid uniform
random variables on (0,1) as before. Using

€
Aae b€
(k+1+6—a)ex*

= ay(k o,be) —

Aagh—®
(k—a)k+1+0—a)’

as € | 0, we can derive




as € | 0, where
XOe,8) =20 18+ HE - 0

Therefore, by further introducing the compound Poisson Js(hA), we can reduce the weak error by a
factor of

e
lim = .
el0 K3(e,A)  4+6—a
Since & can be taken arbitrarily in (& — 1, &), we can improve the approximation error down by a
factor of 1/4, compared to the simplest Gaussian approximation. Moreover, comparing with the
one introduced in Section E21l, we get

xi" (e, 4
lim — = .
el0 ,%(a)(g,A) (1+oa)4+6—-a)

Hence, we can further improve the approximation error by up to a factor of 1/(1+ a). As before,
it holds by the Parseval theorem that

OF 0) [

plihi= o [ [oatr) = o80| ay (4.10)

= % /R [NG3) 2 exp [_ /08 (eiyz —1- iyz) <8A(Z) —gS&(@) dz] -1
/ 2N / n(yz)z> (gA(Z) —g((::i(z)> dz

(o)
§< ( /‘y(PA }dy,

where all the asymptotics hold when € | 0. Clearly, the expected time required for simulation of
X©®)(g,A) is given by

2
dy

(A) —1+€ +58A§£A 4.11)

Let us close this section with some numerical results. From a practical point of view, we present
in Table B the quantities péOA), péaA) and pébA), defined respectively by (B-4), (-6) and (&-10), for the

approximation error, and T, ( g, é g and *L'é Z, defined respectively by (E3), (A1) and (E_IT), for the

0) J(a) (b)

required computing time. We computed p, 3, p, 5 and p, , as precisely as possible by numerical
integration of their definitions and did not use their asympt’otic upper bounds. To check a relatively
extreme setting for the technique of Section 272, we set 06 = @ — 1+ 0.1 in (ER). In addition,
to compare with Algorithm 2 of Section B2, we fix (¢, a, b) = (1.5, 1.0, 1.0) and present the
corresponding quantities ( [ [ f75(aa0,6)(2) = f2(1:(a,0)) (2) 2dz)'/? and 1/py(A,c) of Algorithm 2.
In short, in the Gaussian approximation framework, a lot of additional computing effort is required
for improvement in approximation error, either by taking a smaller truncation € or by introducing
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the techniques of Section B271 and B272. To achieve a similar level of approximation error to
the method of Section B2, the Gaussian approximation requires an extraordinary larger computing
effort.

A=0.01
approximation error computing time Algorithm 2
€ P.é(.)A) P.SA) PSA) Ts)A) Tg(_aA) TSA) c error time

0.033 | 348E-2 221E-2 7.79E-3 | 2.15E+0 3.77E+0 1.83E+1 || 0.00 | 8.83E-2 1.04E+0
0.030 | 3.03E-2 1.92E-2 6.74E-3 | 2.55E+0 4.41E+0 2.21E+1 || 0.12 | 2.55E-2 1.11E+0
0.020 | 1.68E-2 1.06E-2 3.65E-3 | 6.33E+0 9.80E+0 4.10E+1 || 0.14 | 1.66E-2 1.13E+0
0.010 | 6.01E-3 3.76E-3 1.28E-3 | 446E+1 545E+1 1.44E+2 || 0.18 | 5.26E-3 1.17E+0
0.005 | 2.13E-3 1.33E-3 4.52E-4 | 3.53E+2 3.81E+2 6.34E+2 || 0.20 | 2.54E-3 1.19E+0
0.003 | 991E-4 6.20E-4 2.10E4 | 1.64E+3 1.70E+3 2.24E+3 || 0.24 | 4.88E-4 1.24E+0
0.001 | 1.91E-4 1.19E-4 4.02E-5 | 4.44E+4 447E+4 4.5E+4 || 0.30 | 2.02E-4 1.32E+0

A=0.1
approximation error computing time Algorithm 2
€ Pg((.)A) PSA) PSA) TS)A) Tg(aA) TSA) c error time

0.130 | 1.59E-2 1.03E-2 4.05E-3 | 2.50E+0 4.38E+0 2.12E+1 || 0.00 | 2.02E-1 1.14E+0
0.120 | 1.43E-2 9.22E-3 3.57E-3 | 296E+0 5.09E+0 2.43E+1 || 0.60 | 6.42E-2 1.51E+0
0.100 | 1.10E-2 7.08E-3 2.68E-3 | 4.55E+0 7.42E+0 3.32E+1 || 0.80 | 2.35E-2 1.78E+0
0.010 | 3.71E-4 2.33E-4 7.94E-5 | 436E+3 4.46E+3 5.35E+43 | 1.10 | 1.93E-3 2.37E+0
0.005 | 1.32E-4 8.24E-4 2.79E-5 | 3.52E+4 3.55E+4 3.80E+4 || 1.30 | 1.63E-4 2.90E+0
0.001 | 1.18E-5 7.40E-6 2.50E-6 | 444E+6 4.44E+6 4.47E+6 | 1.50 | 9.72E-6 3.54E+0
0.0005 | 4.20E-6 2.60E-6 9.00E-7 | 3.55E+7 3.55E+7 3.56E+7 || 1.80 | 5.71E-6 4.78E+0

Table 3: Numerical results of the approximation error and the required computing time

S Infinite Shot Noise Series Representation with Finite Trun-
cation

It is known that every infinitely divisible random variable admits a shot noise series representation,
and that the series is infinite if Lévy measure 1s infinite. Here, we discuss such representations of
the tempered stable distribution with a view towards simulation. Fix (1,A;,;) € R and define
Y(A) := (Aa/o) " /*E(1/ ) — AT(1 — a)ab®~' We denote by {I'y }xen arrival times of a standard
Poisson process, by {Uy }ren a sequence of iid uniform random variables on [0, 1], by {E,El) Heen
and {E/E4)}keN sequences of iid standard exponential random variables, by {E,Ez)}keN a sequence
of iid exponential random variables with rate bA;, and by {E,@}keN a sequence of iid gamma
random variables with shape A; and scale (bA,)~!. Then, the tempered stable random variable
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X(A) can be written as

[(omy ™ EVu
Aa b

k -1/a
—(%) ] G.1)

[ —1/a
"z E]EZ)IL [, < Lefb(lfl)ﬂg) — ((X_k) (5.2)
= lb(E,Ez))““ Aa
(

+o0 - —I/OC

=4 EIE3)1 I, < A‘13 e—b(l—lz)E;£3) _ (a_k) (5.3)
k=1 | bao)h (EL)) et Aa
too [ —1/a —1/a (4) —1/a

Z (Ot_l“k) 1 (Ot_l“k> < E\ (a_k) _ (5.4)
= Aa Aa b Aa

The representation (B1) is due to [IX] and is derived with the generalized shot noise method,
while the others (82)-(54) are due to Imai and Kawai [I0U] and are derived with the thinning
method [I7] for (82) and (B3) and the rejection method [I7] for (524). (There is yet another
representation based on the so-called inverse Lévy measure method. We omit that here since the
representation is not given in closed form and is thus requires a numerical approach. It is shown in
Imai and Kawai [9, [[0] that the representation achieves a much faster convergence than the above
four representations (1)-(5-4) with respect to the common finite truncation {k € N: I’y <n}

It is obviously insensible to generate the above infinite sum for simulation of each increment
X(A), while it may make sense when many iid replications of X (A) are required. Suppose we
wish to generate N of them, N = 100000 say. Let T = NA and let {7} },cn be a sequence of
iid uniform random variables on [0,7]. Then, we can form a sequence {X;a — X—1) Atk=1..N
of iid increments with .2 (Xa — Xp) = -Z(X(A)) by generating one sample path of the tempered
stable Lévy process {L,(ts) : t € [0,T]} with the following series representation (based on (5T), for
example)

{Lt(“) te [o,T]} Z

g [[(amey e B0 ey
= ||\ Ta b O\ Ta

This procedure requires four infinite random sequences (with some finite truncation, of course)

+%y(T) e [(),T]}.

and an index search for the first component of the summands based on 1) AJ{A}(-). Clearly,
the performance is mainly up to the convergence rate of the infinite sum, while we need to pay a
lot for those factors especially when T is very large since then the convergence is extremely slow.
Note that this approach makes sense only when generating many iid replications and it seems very
difficult to analyze a trade-off between truncation error and required computing effort.
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6 Concluding Remarks

In this paper, we have investigated various, existing and new, simulation methods of the tempered
stable law with stability index greater than one, with primal interest in simulation of increments
X (A) over a very short stepsize A > 0: a suitable setting for approximation of stochastic differential
equations through the Euler scheme. From a practical point of view, we have sought a simulation
recipe of a good balance between computational load and approximation error, together with im-
plementation ease. Results can be summarized as follows. The model-free acceptance-rejection
sampling method of [R] provides an exact simulation method, in principle, but requires a lot of
computing effort for computing density values. This method exhibits quite low acceptance rate
when A is small and the stability index « is close to 2, that is, when the target is close to Gaussian.
The acceptance-rejection sampling of [2] is approximative yet very handy with both very small
computing time and approximation error. Finding an optimal value of the tuning parameter is rel-
atively straightforward and is required only once in advance. The Gaussian approximation of [1]
provides a different route to approximative simulation. We have shown that in this framework, the
approximation error can be made very small by either simulating more large jump component or
simulating more mass of the small jump component as compound Poisson random variables, while
an extraordinary large amount of computing effort is additionally required for an improvement in
approximation error. Infinite shot noise series representations of the tempered stable law can be
used for sample paths simulation. In general, we need to pay a large computing effort due to the
infinite shot noise series. Moreover, there exists a complex trade-off issue between approxima-
tion error and computing time through a finite truncation of infinite series. In conclusion, with
a given computing budget, the approximative acceptance-rejection sampling of [?] is both most
efficient and handiest based on numerical assessment of accuracy and can be used for validation
and estimation purposes.
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