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Abstract. The random walk model was introduced and investigated by D. Heyer [1]. It is a loss de-
velopment model, where the geometric Brownian motion, which is frequently used in Mathematical
Finance (for example, recall the famous Black-Scholes option pricing formula), is applied to cumu-
lative losses. While Heyer applied his model to estimating INBR (incurred but not yet reported)
losses of each accident year, he made no observation on the year-on-year loss (the loss to be paid
in the specific future year). To estimate year-on-year losses is one of urgent issues in the non-life
insurance industry. In this paper, as another application of the random walk model, the conditional
distribution and the conditional confidence interval of the year-on-year loss to be paid in the specific
future year, being given the cumulative losses of the present, will be investigated.
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1. INTRODUCTION

In the random walk model introduced by D. Heyer [1], it
is assumed that the cumulative loss development P; of age
t obeys the stochastic differential equation (SDE in short)

dPt = /J/(t)Ptdt + O'(t)PtdBt,

where p, 0 : [0,00) — R are continuous, and dB; stands for
the It6 integral with respect to the 1-dimensional Brownian
motion {B;};>o. For It6 integrals, see Section A. If u(t)
and o(t) are both constant functions, then {P;},> is the
geometric Brownian motion, which plays a key role in the
famous Black-Scholes model in Mathematical Finance.
Let n € N. For 1 <i < n, t = 0, denote by S! the cu-
mulative loss from accident year k as of age t. See Figure 1
below. In this paper, we assume that each cumulative loss
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Figure 1: Run-Off Triangle

S¢ obeys the same SDE that P; does;

(1) dS} = u(t)Sidt + o(t)SidBi, i=1,2,...,n,
where {B}};>¢,...,{Bf'};>o are independent 1-dimensio-
nal Brownian motions with B§ =0, i = 1,2,...,n. Due to

It6’s formula, it holds (Proposition 3, Sect.B) that

(2) Si

¢
St exp(u(s;t) +/ J(u)dB:L),
where .
v(s;t) = / {p(u) — 30*(u) }du.
For k with n + 1 £ k < 2n, define Ty by

2n—k
(3) Te= Y S s = Sinsia}-

=0

See Figure 2 below. By definition, T} stands for the total
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Figure 2: T}

loss to be paid in the year k. The aim of this paper is to
investigate the conditional distribution and the conditional
confidence intervals of T}, given the present cumulative loss.
More precisely, for r = (rq,...,r,) withr; > 0,1 < j S n,
denote by P(") the conditional probability given Sg =y,
1£jl<nwithj+l=n+1;

PU(A)=P(A|S)_,  =r;j=1,...,n), A€FT,



where (2, F, P) is the underlying probability space, on
which the Brownian motions {B}},>o, 1 < i < n, are de-
fined. The conditions are given on the diagonal as below
(Figure 3); In this paper, we investigate the distribution
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Figure 3: Conditioning

and the confidence intervals of Tj, under P(").

The organization of the paper is as follows. In the first
three sections, main observations will be made by assuming
several mathematical facts. The proofs of the facts are
given in Sections A and B at the end of the paper.

In the sequel, the “age” parameter ¢ in S}’s is assumed
to run over natural numbers N; For example, {S;},>¢ is
equal to {Si}i=1,2,....

2. DISTRIBUTION

Let S¢, Ty, and P(") be as in the previous section. In this
section, we investigate the distribution of T} under P(").

We start this section with introducing some notations.
For a random variable X, we write X ~ LN(m,v) if X
obeys the log-normal distribution, i.e., the probability den-
sity function f, , of X is of the form

1
V2T x

where X4 stands for the indicator function of A;

e—(log m—m)2/2vX

(0,00) (m), r e€R

fm(@) =

1, z€A,

Yale) = {0 x ¢ A

Define frm pieu : R — [0,00) by
o z 1
fm,v;é,u(z) - [w fm,v (E + ]-).fl,u(w)adwa z e R

Since Sy~ fHZ Sg:£+i_1, i = 0,...,2n — k, are in-
dependent under P(") (Proposition4, Sect.B), the distri-

bution of T} is obtained as the convolution of those of

Sp— :LH S,Z“i+i71’s. Thus it suffices to specify the distri-
bution of S}~ :LH SZ:leil under P,

By the very definition of conditional probability, under
P() it holds that

n—i n—i
Sk n—+1i Sk—n—i—i—l
n—i n—i
(4) Sk n+1i 1 Sk n+i—1 r .
qn— % qn— 4 n—te
k—n+i—1 i+1
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We first assume that k > n + 2. By Proposition4 in
Sect.B, Sp =), /Sir iy and SpTh .. /SIT! are indepen-
dent, and obey the distributions
LNw(k—n+i—1k—n+i),o*(k—n+i—1;k—n+1)),
and

LN(v(i+1;k—n+i—1),0°

respectively, where

o2 (s;t) = / t o (u)2du.

(i+1k—n+i—1)),

If we set
m(i, k) =v(k—n+i—1;k—n+i),
v(ik) =o*(k—n+i—1;k—n+i),
Likyr)=v(i+ 1Lk—n+i—1)+logr,_,
u(i, k) = o?(i4+ 1k —n+i—1),
and
Fir
then, by virtue of Proposition5 in Sect.B, f . is the prob-

= Jm(i,k),0(6,k):€(0, ki) uli k)

ability density function of S7~*

n—i (r).
k—n+1 Sk—n+i—1 under P ’

(r) (Sl? 7Zl+z

n—
Sk n+i— l_a / fkr

for every a € R.

We next assume that & = n 4+ 2. Then, the quantity

Si” T’LJM /S 1‘ in the right hand side of (4) equals to 1.
Hence we have that
P(r)(SI? ’IlLJFZ Sl?—_riwz‘—l = a)
= p(r)< M <a+ Tn_i)
SITCL rZLJrz 1
If we put
m(i;r) = v(i+ 1544+ 2) + logrp—i,
v(i) = o2(i + 1;i + 2),
and
f7i1+2,r(x) = fm(i;r),v(i) (CC - Tnfi)7 z € R,

then, by Proposition5 in Sect.B, f! 42, 18 the probability

density function of S}~ :H_l S,’::ZHA under P(");

1_(1 / fn+2r LC,

for any a € R.

STLZ

n—i
(Sk n+1i k—n+i—

Summing up the above observations, we arrive at
Theorem 1. Let f,iﬁr ’s be as above. Define

0
fkﬂ' = fkr

where * indicates the convolution. Then, fy . is the proba-
bility density function of Tj, under P");

f . 2n—k
kr koo 0

pr) Tk / fur(x)dz, for every a € R.
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3. CONFIDENCE INTERVAL
We first compute the expectation tj(r) of Ty under P(").
It holds that
n—1i

o
n—1i
Si+1

St"_i = rp_i under P,

By Proposition4 in Sect.B, under P,

SﬁH ~ LN(v(i+1;t),0%(i + 1;1)).
Si+1

We then have that

Snfi ) )

where Ep() stands for the expectation with respect to P("),
and

1
v(s;t) + 502(5;0.

pu(s;t) = /: p(u)du =

Hence

te(r) = Epe [Tk]
2n—k
_ Z Tn,i{eu(i+1;k_n+i) _ eu(i—i—l;k—n+i—1)}.
=0

For a € (0,100), choose B}, and R, so that

/tk(T)"rBZ @
for(@)der =1——,
t(r)— BT, 100

& «
- frr(z)de = 100"

Then it holds that

PU(Ty ¢ (t(r) — BL, ti(r) + BY)) = 100’
and N
PO(T, 2 RY) = —.
(T 2 R2) = 155
Hence we have that
Proposition 1. (i) The two-sided (100 — ) % confidence
interval of Ty, is (tg(r) — BL, tr(r) + BL).
(1t) The one-sided (100 — ) % confidence interval of Ty, is
[0, RE,)-
From the second assertion, we see that the total loss of
the year k is at most R/, with (100 — )% reliability.
Using the Chebychev inequality, we shall compute more
concrete confidence interval. In what follows, we denote by
Ve (X) the variance of X under P(").
Due to the Chebychev inequality, it holds that

] 1
()  PO(T—ta(r)| 2 O) £ Vo (Th), € >0,

A

By Proposition4 in Sect.B, S};:fLH

2n — k, are independent, and hence

n—i .
- Sk—n+i—17 0=

2n—k
(6) Ve (Tk) = Z Ve (S;;,‘L:’:L—‘ri - SZ:’:L+’£—1)'
i=0

By virtue of (4), we see that

n—1 n—1
Ve (Sk—n+i - Sk—7L+i—1)

Snfi

2 k—n-+1

= T‘nfiVP("j (|is’n_7 - 1:|
k—n+i—1

Plugging this, Propositions4 and 5, and (6) into (5), we
obtain that

Snfi )
k—n+i—1
X 76'"_7: .
i+1

2n—k
. 1
PO(Ti —ty(r)] 2 C) £ 75 > ra-iVil
=0

where
E _ 2u(i+l;k—n+i—1)+0o2(i+1;k—nti—1)
Vi=e
% eZu(krfnJrifl;k:fnJri)
2 g .
% {ea (k—n+i—1;k—n+i) _ 1}
+ 62,u(72+1;k7n+i71){602(i+1;k7n+i71) o 1}

> {eu(k—7l+i—1;k—n+i) _ 1}2

For a. € (0,100), choose C7, so that

2n—k

1 ) ) o
TAND ) VAL
(Cr)? ; =iV = 100
Then it holds that
P (Tk ¢ (tr(r) — Ch tp(r) + C(Z)) < %'

Thus we have that

Proposition 2. The interval
(tr(r) = Cg, ti(r) + C7)

is the two-sided more than (100 — a)% confidence interval
Of Tk .

Remark 1. For a square integrable random variable X,
E[(X — a)?], a € R, is minimized when a = E[X], i.e., the
variance of X is the minimum of E[(X —a)?], a € R. In this
sense, the above two-sided confidence interval is the best
one as far as one controls the probability P(|X —a| = C)
by E[(X — a)?] via the Chebychev inequality.

A. ITO INTEGRALS OF DETERMINISTIC
CONTINUOUS FUNCTION

In this section, we shall give a brief review on It6 inte-
grals of deterministic continuous function. For general It
integrals, see [2].



Let {0:};>0 be a 1-dimensional Brownian motion on a
probability space (Q,F, P), and o : [0,00) — R a contin-
uous function. For s < t, set T,ff =s+i(t—s)27%, and
define

2k _1

Ix(s;t) = Z U(Tij,f){ﬁT,j;{H - ﬁT;f,’f}'

=0

If m > k, then it holds that

Ii(s;t) — Im(s1)

2k_19m—k_1

= Z Z {U(le,’f)_a(T;’fgm—kHj)}
i=0  j=0

X {ﬂTs,t — Bt }

m,2m—kiti41 m,2m—kiqj

By the independent increments property of the Brownian
motion and the fact that 3, — 8, obeys the normal distri-
bution of mean 0 and covariance u — v, it holds that

E[{gTs,t

m,2m—kipji1 B ﬁT:n’,tzm—kwj}
X {IBTs,t — ﬁTs,t }]
m,2m—kptqt1 m,2Mm~kptq
- 5ip5jq27m(t — S).
Plugging this into the above identity, we have that

E[(Ix(5:t) = Im(531))7]
2k—12mF

Z Z {U(le:z‘t) - U(Trii,tszkwj)}?zim(t —s)
i=0  j=0

< s,? _ s,t 2 _
< Lfifk,rtr)lﬁa;’{mek{U(Tk’Z) O(T kg )} ](t s)
— 0 (k,m — 00).

Thus, I;(s;t) admits L2-limit, say fst o(u)dB,, which is the
It6 integral of o(u) over [s,t];

(7) lim E[(Ik(s;t) - / tg(u)dﬂuﬂ =0.

k—oo

Since stochastic integrals of deterministic function was
first considered by N. Wiener, an Ito integral of determin-
istic function is often called the Wiener integral.

B. MATHEMATICAL OBSERVATIONS

We first give an expression of S{. As remarked at the end
of the first section, we assume that the age parameter ¢
runs over N.

Proposition 3. S} satisfies that

(8) Si = Siexp <1/(5;t) + /: a(u)dBfL>,
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Proof. Let 0 < s and

t t
Xt:/ V(u)du—l—/ o(u)dB?,

where
1

v(u) = p(u) — So(u)

Applying Ité’s formula ([2]) to f(X;), t = s, where f(x) =
e®, we see that Y; = f(X;) obeys the SDE

dYy = f'(X:)dX; + %f”(Xt)dXt -dX,

=Y {v(t)dt + o(t)dB;} + %Yta(t)%t
= u(t)Yidt + o(t)YidBL.

Due to the uniqueness of solution ([2]), we have that

t t
S; = S'Y; = Slexp </ v(u)du +/ U(u)dBi).
This implies the desired expression of Sy. O

We next investigate on S} under the conditional proba-
bility P().

Proposition 4. Under the probability measure P\"), the
following assertions hold.

(i) Fori < n and s 2 i+ 1, the processes {S;" " /S "}~
and {S) ™"}, 41<v<s are independent. Moreover,

SP1/S™ ~ LN (v(s;t), 0% (s;t)).

(1) {2} i2n> {SE izn—1s-- -, 1S 120 are independent.
The proof of the proposition is broken into several steps,
each step being a lemma.

Lemma 1. Let s < t. Under the probability measure P,
Si/St ~ LN (v(s;t), a%(s;t)).

Proof. We continue to use the same notation as used in
Sect.A. Due to the observation in the previous section, if
we set

Ii(s;t) = a(T,j;;){ e

- k,j+1
j=0

: }
sty
T

then we obtain that

klln;oEKl,i(s;t) - /Sta(u)dBi)T =0,

E[I}(s;t)] = 0,
' 2k _1
E[(Ii(s:)%] = > o(Ty)?27"(t = 5) — o%(s;0).

Jj=0
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Since each If(s;t) obeys the normal distribution, these
yield that

E {exp (ﬁA / t a(u)dB;ﬂ

= lim Elexp(vV—=1AIi(s;1)]

= i -
kLH;o exp( 2

2 t )\2
= exp <J(Sé)) for any A € R.

Thus f u)dB? obeys the normal distribution of mean 0
and variance o ( t). In conjunction with (2), this implies
the desired assertion. 0

Lemma 2. Let s > 0. Under P, {S;/Si}iss and {S}},<;
are independent.

Proof. We continue to use the same notation as used in
the proof of Lemma 1. Due to the independent increment
property of the Brownian motion, we see that {I;(0;v)},<,

and {I} (s; t)}t>S are independent. By (7), this implies that
so are { [ o(u)dB! }U<S and {f dBZ}DS. Plugging

this independence into (8), we see that {S{/S!};~. and
{S7},<s are independent. O

Lemma 3. Under P, {5{},>0,{57}i>0,- -
independent.

{5 ezo are

Proof. We use the same notation as used in the proof of
Lemma 1. Due to the independence of components of n-
dimensional Brownian motion,

{Ili (05 t)}@m {113(05 t)}@o» R {II::L((); t)}tzo

are independent. Letting £ — oo, we obtain the desired

assertion. O
Proof of Proposition. (i) Leti+1S v S+ - Sop Ss5<
t1 <---<tg. Foray,...,am,b1,...,b € R, put

A={5P71/SI7 < by, 1 Sp S kY,
B = {S;’q_i <ag,1<qgSm}.

It follows from Lemmas?2 and 3 that

PM(ANB) = PANB|S!T =7rn_i)
= P(A)P(B|S! = rn-i)
:P(A|Sz+1 =rni)P(B |Szn+1Z Trn—i)
= P"(A)P"(B).

This implies first the desired independence, and then in
conjunction with Lemma 1, does the desired conclusion on
the distribution.

(ii) The assertion follows from Lemmas 2 and 3 by the sim-
ilar argument as employed to prove the assertion (i). The
details are omitted. O

We finally make some observations on log-normal distri-
butions.
Proposition 5. Let X, Y be independent random variables
such that X ~ LN(m,v) andY ~ LN (¢,u). Then,
(i) fmview is the probability density function of the random
variable Y (X — 1).

(i) The variance V(Y (X — 1)) of Y(X

2€+2u 2m+v( v 1)

+ e2£+u (6

— 1) is given by

V(X -1)) =
u 1)(€m+(v/2) _ 1)2.

Proof. (i) Let g : R — R be a bounded continuous function.
Due to the independence of X and Y, we have that

= [ oo

The Jacobi matrix for the change of variables z = y(x — 1)
and w =y is
Tw —z/w?
0 1 ’
Hence we have that

Elg(Y (X — 1))] = /

— 00

Elg(Y( v =1)) fonw () fo,u(y)dady.

o0

g(z)fm,v;f,u(z)dz.

This completes the proof.
(ii) Since E[X] = e™t(¥/2) and E[X?] = *™t?¥ due to
the independence of X and Y, we have that

V(Y(X —1))
= E[Y?|E[(X —1)%] - {E[Y]E[X — 1]}?
_ 62£+2u(€2m+2v _ 26m+(v/2) + 1)

_ 62€+u(em+(v/2) _ 1)2

— 62Z+2u62m+v(6v _ 1) + €2€+u (e

u 1)(em+(v/2) _ 1)2.

O
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